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ADVERTISEMENT 


The (\)miuitter apjxHiittHi by tlir Hojfal SociHif to tlu‘ publication o(‘ the 

Philosophical Tnuisacfioos take tl)is op})ortuiiitv b) acquaint th(‘ public that it fully 
appears, as well from the ( k^uiicibbooks and Journals of tin* Soci(^ty as from rejxiated 
declarations which have bt^en made in several former TvansactioHS, that the printing of 
them was always, from time to time, the single act of the resp(*ctive Secretaires till 
the Korty-stnamtli volume ; the Society, as a Body, n(^V(‘r inten^sting themsedves any 
further in tlieir publication than by occasionally recommending the revival of them to 
some of their Seend/aries, when from th<‘ particular circumstances of their affiiirs, the 
7Va7tsacf lo7hs had happened for any length of time to be intermitted. And this seems 
principally to have been done with a view to satisfy the public that theii* usual 
meetings were then continued, I'or the improvement of knowledge arid benefit of 
mankind : the great ends of their first institution by the Royal (/barters, and which 
they have ever since stciadily pursued. 

But the Society being of late years greatly enlargirl, and their communications more 
numerous, it was thougVit advisable that a Cknnmittee of their members should )k" 
appointed to reconsidei the papers read before them, and seh^ct out of* them sucli as 
they should judge most proper for publication in tln^ future Trfin.sactiorvs ; which was 
accordingly done upon the l36th of March, 175:1. And the grounds of their choice are, 
and will continue to lie, the importance and singularity of the subjects, or tht*. 
advantageous maniuT of treating them : without pretending to answer for the 
certainty of the facts, or propriety of the reasonings contained in th(‘ severnl papt^rs 
so published, which must still rest on the credit or judgment of their respective 
authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 
the Society, to whicli they will always adhere, never to give their opinion, as a Body, 
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upon any subject, either of Nature or Art, that comes before them. And therefore the 
thanks, which are frequently proposed from the Chair, to be given to the authors of 
such papers as are read at their accustomed meetings, or to the persons through whose 
hands they received them, are to be considered in no other light than as a matter of 
civility, in return for the re8p<ict shown to the Society by those communications. The 
like also is to be said with regard to the several projects, inventions, and curiosities of 
various kinds, which are often exhibited to the Society ; the authors whereof, or those 
who exhibit them, frequently take the liberty to report, and even to certify in the 
public newspapers, that they have met with the highest applause and approbation. 
And therefore it is hoped that no regard will hereafter be paid to such reports and 
public notices ; which in some instances have been too lightly credited, to the 
dishonour of the Society. 
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I. Some Metisurements of Atmospheric Turbulence. 
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I. Notation. 

The following notation is used throughout. The co-ordinate axes are a right-handed 
rectangular system x, y, h, in which Oh is directed vertically upwards, and Ox lies in 
any azimuth which happens to be convenient. Elements of distance to east and to 

north are denoted by de, dn, so that they are special cases of dx, dy. The 

atmospheric density is p, the pressure is p, acceleration of gravity is g, latitude </> is 
reckoned negative in the southern hemisphere, and w is the angular velocity of 
the earth. Velocities are denoted by v with a suffix to indicate the direction towards 
which they blow. Momenta per unit volume are denoted by wix, Wy, ma. The 
eddy-diffusivity is denoted by a capital K as in G. I. Taylor’s recent papers. 
Another, and in the author’s opinion a better, measure of turbulence is f discussed 
in a previous paper.* The relation K to ^ is given by 

'*) 

where x is either potential temperature, or else mass of water or smoke per mass of 
atmosphere. If p and ^ were independent of height, then from (l) we should have 

^ = I7yK (2) 

* L. F; Richardson, ‘Roy. Soc. Proc.,’ A, vol. 96 (1919), pp. 9 to 13. 

VOL. OOXXI. — A 582. B [Published June 8, 1820. 
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It is suggested that i might be named “ the turbulivity.” Its dimensions are : 
(mass)* X (length)"* x (time)"*. 

The advantage of using ^ instead of K is that the former enables one to allow for 
variations of density and of turbulence in a simple and natural manner. The 
disadvantage of ^ is that it has no name derivable from indoor physics. It is suited 
to the free atmosphere. We might compromise by using in place of K or ^ the 
“eddy-conductivity,” c, defined by the equation 

In so doing we gain an acceptable name “ conductivity,” but we lose by the explicit 
appearance of density in the equation. Either c or f allows variations of turbulence 
with height to be treated correctly, while K does not do so, as has been pointed out 
elsewhere by the author.* The dimensions of c are (mass) x (length)"* x (time)"*. 

This c is of the same dimensions as the measure of turbulence discussed by 
W. Schmidt, of Vienna, under the name of “ Austausch ” in two imjwrtant papers. 
(‘ Sitz. Akad. Wiss.,’ Wien, 1917 and 1918.) 

However much turbulence and density may vary with height 


g^pc = i- (4) 

On the contrary if there are no variations with height, 

c=pK...: ( 6 ) 


The six components of stress are denoted by xx, yy, hh, xy, yh, hx, as in the writings 
of K. Peabson. 

The convention adopted for the signs of eddy-stresses conforms to that of Love’s 
“ Theory of Elasticity.” Tractions are reckoned positive. That is to say, a direct 

stress such as xx is positive if it be a tension, negative if a pressure ; and a shearing 

stress such as xh is positive when the air on that side of a level surface for which h is 
greater {i.e., above), drags the air below in the sense of x increasing. 

The definition of eddy-viscosity adopted in this paper is 


eddy shearing stress 
rate of mean shearing strain ’ 


. . (A) 


in agreement with the definition used by W. Schmidt {loc. cit., 1917, p. 5). 

The advantage of this definition is that it is simply based on the fundamental ideas 
of stress and strain, as well as being in harmony with the definition adopted in the 
theory of viscous liquids, {qf., Lamb, ‘Hydrodynamics,’ IV. edn., § 326). 

The question may arise as to whether the viscosity defined by (A) can ever become 
infinite by the vanishing of the denominator. The point is discussed by the author 

* Loe. cit, 
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in the paper already cited (p. 13), and the conclusion is reached that such an 
occurrence would be highly improbable. 

The relation of ^ to the eddy-viscosity is most easily reached via terms dnix^ldt, 
in the dynamical equations. If pressure-gradient just balanced geostrophic 
wind we should have _ 


3 (xh) drtix 
dh ~ dt 


( 6 ) 


Now by the definition of vascosity given above 

xh = M* (7) 

Substituting (7) in (6) and inserting = pVx there results 



It is seen that this equation becomes identical with (l) if 

X = Vx and i = g^pn, (9) 

of which the latter is the required relation. 

On comparing equations (8) and (3), it is seen that eddy -viscosity, p, and eddy- 
conductivity, c, are of the same dimensions, and appear in their respective differential 
equations in the same way. Indeed, Taylok has suggested that they are equal.* 
This likeness would be a good argument for recording observations in terms of these 
two quantities instead of in terms of diffusivity K or turbulivity 


II. Shearing Stress from Pilot Balloon OnsEnvATit)Ns. 

{Condensed ayid revised January ^20.) EkmanI in a remarkable paper 
pointed out that the total momentum of water produced by a tangential stress on 
the surface of the sea, in the steady state, is directed at right angles to the tangential 
stress, and its amount is quite independent of the value of the viscosity or of the 
variation of viscosity with depth. The same applies to the atmosphere. We may 
use this principle to find the shearing stress on the ground, provided we have a 
measure of what the momentum would be if the surface stress were zero. 

I have taken the wind at a height of 1^ km. to 2^ km. as the standard of 
reference, because, by so doing, the term depending on curvature of path, and other 
small terms in the dynamical equations, are automatically allowed for to a first 
approximation. The stress at 2 km. is undoubtedly much less than that on the 
ground, and is neglected. It is best to select observations in which the momentum 
becomes nearly independent of height above 1'5 km. A table of results follows. 
They were computed with the help of Mrs. L. F. Richardson. Dr. H. Jefferys 
says the selection will select abnormal lapse-rates and so abnormal viscosities. 

* ‘ Phil. Trans.,’ A, vol. 215, p. 22. 

+ “ On the Influence of the Earth’s Rotation on Ocean Currents,” by V. W. Ekman, * Arkiv for Matcm. 
Astr. och Fysik,’ Stockholm, Bd. II., No. 11 (1906). 

B 2 



Table I. — Shearing Stresses at the Earth’s Surface. 

Here m is the mean momentum per cm.* of the air between the ground and a height 2 km. above sea level. 
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in. EDDT-visoosrry from Pilot Balloon Observations. 

{Abndgedf Janua/ry 22, 1920.) The method of the last section will give the 
difference of the shearing stresses on two surfaces of any horizontal slab of air. If we 
choose one of the surfaces so that ^vjhh = 0 and consequently also the stress 
vanishes, we obtain the stress on the other surface. This has been done for some 
very smooth means for Lindenberg (E. Gold, Met. Office, ‘ Geophys. Mem.,’ V,, p. 143). 
The results are set out in the following table : — 

Table II. — Lindenberg. 

The X axis is directed with the surface wind. The stress is that exerted by the 
upper on the lower layer. 



Eddy-shearing-stresses. 

Rates of mean shearing. 

Eddy 

viscosities. 

Height above 





] Parallel 

' Perpendicular 

mean sea) 





to wind. 

to wind. 

kilometres. 

xh 

yh 

X 

dh 

dh 

xh 

1 yh 


dynes cm."-^. 

dynes cmr^. 

sec. MO® X 

sec.”^ 10® X 

dvxIdJi 

, dvyidh 






dyne cm.”- see.' dyne cm.”^ sec. 

1‘0 

+ 0-06 

-0*09 

- 1*0 

-- 0*2 

50 

\ 450 

0*8 

■fO-Ol 

-0*37 

- 1*2 

- 1*5 

10 

I 250 

0-7 

zero ' 





1 

0-6 

-f-0-02 

-0*71 1 

1 

^ 8*2 

20 

220 

0*4 

-H0 09 1 

-0*99 

6*0 

~ 9*0 

15 

110 

0*3 

-f-0*39 

-1-06 1 

12*5 

-12*2 

31 

87 

0*2 

+ 0*69 ' 

-0*90 





0*12 ground 

+ 1*10 1 

-0*64 

21*6? 

- 17*51 

61 

37 


To obtain a quantity comparable with f we must multiply the eddy-viscosity by 
gr*p which is approximately 1100 c.g.s. units. 

The mean of thp viscosities in the two directions increases with height as we 
might expect from other observations {vide Part VIII., below, also ‘Roy. Soc. Proc.,’ 
A, vol. 96 (1919), p. 18). But the most interesting thing about this table is the 
marked lack of isotropy in viscosity. The air appears to he more viscous, for la/rge 
motions, across the wind than pa/rcdlel to it, except just nea/r the ground. 


IV. Eddy-dippusivity from Smoke or Floating Bodies. 

Some direct measurements have been made by observing the gradually increasing 
scatter of smoke or other visible material carried along by the air. The changes in 
height of a large number of small portions of air are observed during a fixed interval 
of time. These changes are found to be distributed about their mean value 
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approximately according to the ordinary “ law of error.” Their scatter in height is 
measured by the “standard deviation,” computed by the familiar methods.* In 
order to find the diflfusivity K the observations are compared with an appropriate 
integral of the approximate equation 


^ 


( 1 ) 


Such a one is 



where Aj, A^, As are constants. 

This integral represents a horizontal lamina in which the density x is distributed 
about a mean height A., according to the law of error. The square of the standard 
deviation of the mass in the lamina can be shown to be 


(4^ + Aa)^ (3) 

So if the scatter of the same set of particles be observed at the beginning and at the 
end of an interval T of time, it follows that 


K = ^ (increase during T of square of standard deviation). . . (4) 


But the increase of the square of the standard deviation is equal to the square of the 
standard deviation of the change of height. Accordingly 


K = ^ (square of standard deviation of change of height during T). . (5) 

/» X 


In this last transformation we have assumed that K is sensibly independent of 
height. This is permissible because the range of scatter can usually be made small. 
For the same reason the density of the air may be taken as independent of the 
height, so that we may obtain from K, the constant which we require when 
pressure is taken as independent variable in place of height, in accordance with (l) 
above. This procedure is not perfectly satisfactory but it is very convenient. It 
gives ^ and “ eddy-conductivity ” = pK. 

There is no need for the changes in height to be simultaneous for all the portions 
of air, and in practice it is much more convenient to let them be successive. 

Varieties of particles . — -I have observed the scattering of smoke from a 
smouldering wick, from buriiing weeds, from factory chimneys and from ship’s 
funnels : also the scattering of portions of cloud near the horizon and of puffs of 
ammonium chloride from a special apparatus. Chimney smoke is not to be 
recommended, as it rises through the air. Clouds and steam may mislead one by 

* Vide ‘ Computer’s Handbook,’ M.O. 223 , Section V. 
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evaporating. The cold NH^CL smoke proved more satisfactory in these ways. 
Lycopodium dust might be better still, as isolated grains would fall at a definite 
rate relative to the air, But I have not succeeded in making the lumps break up 
into grains. The downy parachute which carries the seed of the dandelion, Taraxacum 
officinale, has been found to be convenient. When the seed is brokeii off, the 
parachute falls at a rate of 10 to 15 cm. sec.“* in still air. The standard deviation of 
this rate must he allowed for. The formulae for correction are given ImjIow. A brown 
parachute, twice as large each way as that of taraxacum, grows near Benson. I am 
indebted to the Botanical Department of the British Museum for a search among 
their dried specimens for a large white parachute. A splendid one came from an 
African plant called strophanthus. The parachute is about 6 cm. in diameter and has 
a long stalk by which it can he held conveniently. When the seeds were broken oflT 
the parachutes fell, in still air, at an average rate of 20 cm. sec."'. 

Other artificial clouds, which have been used with success, are paraffin-oil vapoxir 
from an extinguished blast lamp, and smoke of phosphorus pontoxide made by 
dropping calcium phosphide into dilute hydrochloric acid. In strong winds the smoke 
from a firework known as “ Vesuvius is convenient. 

If one could mark and follow individxial molecules equation (5) would give the 
molecular difiusivity in still air, 0'2 cm." sec.“'. Actually what we observe is the 
centre of a small puff of smoke, and this is not constantly the position of the same 
molecules, so that in still air we find K = 0. To be perfectly exact all observations 
of K by this method should be increased by 0'2 cm." sec."’, an entirely negligible 
correction. In any theory the diffusivity depends on the motions which the theory 
does not follow in detail. In laboratory experiments, in which the molecular motion 
only is ignored, K is taken as 0'2 cm." sec."'. In meteorological telegraphy variations 
of wind of less than 10 minutes’ duration are ordinarily ignored, and there is an 
appropriate, much larger, value of the diffusivity. In a certain scheme for numerical 
prediction it is proposed to average the wind over periods of 6 hours, and the 
further variations thus omitted must be taken into account by further increase in K. 
It follows that the puff's of smoke should he so small as to allow the smallest eddies 
to be observed, and, for the last-named purpose, that the observations should be 
spread over a period of 6 hours. In obtaining the data in the following table 
I believe the former condition has been fulfilled, but the latter has not. When only 
the order of K or £ is required, it is enough to assume that the standard deviation 
is ^ of the distance between the extremes of height observed, when the number of 
observations is about 40. 

Observations very near the earth’s surface have peculiarities. It is obvious that 
3x/3A. = 0 at an impermeable horizontal surface. This condition can be satisfied in 
the integral by taking the portion of the distribution which would be cut off by the 
surface, reflecting it in the surface, and adding it to the rest of the distribution. 

* Made by Messrs. C. T. Brock 9c Co. 
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The standard deviation is not then sufficient to give K. It is necessary to make 
more elaborate computations with K. Pbabson’s “incomplete normal moment 
functions.” 

These difficulties are avoided in the symmetrical case when the source of smoke is 
exactly on the ground, and the smoke does not rise or fall by its temperature. 

The results of these measurements are set out in the last column of Table TV, It 
is seen there that K increases from 5 near the surface of land up to 10,000 at the 
height of a factory chimney. 

But before considering the results further a fuller mathematical investigation will 
now be made. 


V. General Theory of Eddy-difpusivitt Dbdhoed from Soatterino. 


The foregoing theory of the diffusion of a. lamina assumes that the diffusivity is 
constant throughout the space, and that the density in the lamina does not vary 
except in the smooth regular manner indicated by the “ law of error.” But it is well 
known that the wind has an intricate structure. Thus if observations of the smoke 
puffs are to yield a measure of the diffusivity from the formula 


diffusivity = 


increase in square of standard deviation 
twice corresponding increase in time 


then either the interval of time in the denominator must be long compared with the 
fluctuations of the wind in time, or the initial standard deviation must be large 
compared with the fluctuations of the wind in space, or both conditions must hold. 
The former condition is an inconvenient one in practice, because puffe are apt to fade 
before a sufficient time has passed. Dandelion parachutes, with the seeds removed, 
may be better than smoke for this purpose. 

The following theory brings to light some of the assumptions involved in the 
measurement of diffusivity by smoke puffs. It was contrived specially in order 
to avoid “ the distance through which an eddy moves before mixing with its 
surroundings,” a quantity which occurs in Taylor’s theory, but which does not lend 
itself easily to measurement, except in the case of cumulus eddies. See Section IX. 
below. 

The potential* temperature 6 does not change at a point moving with fluid, if 
radiation and precipitation can be neglected. Now let a portion of an eddy move from 
a height at time ti to a height at Then, regarding 0 as a function of h and t, 
we have 

D (^i> ^i) ~ G (^a> (l) 


♦ Potential temperature is the temperature which the air would acquire if compressed odiabatioally 
to a standard pressure. If 6 is to be of service in dealing with cloudy air the standard pressure must be 
high enough to evaporate the cloud in all samples. 
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From each side of (l) subtract 6 (//„ «,) and divide through by /-a— t,. Then 


B (/»-.. t,)-eih,,t,) ^ t, )-e{K t,) 


( 2 ) 


Now the left side of (2) is tlie finite difi'erence ratio ^ at the lieight /<i, which is 

what we want to find in terms of the spacial distribution of B. Expand the right- 
hand side of ( 2 ) in powers of Aj— /i, by the well-known theorem in the calculus. It 
follows that, if subscripts indicate the tinu^ and height 


(-) 


-K-) 

t,-t, l\ dh/u. 



(^8^ + higher terms. 


(3) 


The difference ratio on the left of this equation is centred at the same height as 
the differential coefficients on the right of the same, but at a time ti) previous. 

This slight misfit in centering will not matter, I)ecau8e will be of the order of 

one minute or less, whereas we are next going to take the average of (vich term in 
( 3 ) over a mucli longer time, say C hours. The subscripts may now be omitted as 
unnecessary. Tjet a bar over a symbol, or group t)f symbols, denote the mean value 
over this longer period- Let a dash denote the instaiitaneous deviation from this 
mean, so that, for instance, we have for every fluctuating quantity a formula such as 




?h 

Now the mean of any dashed quantity vanishes. 


(4) 

(5) 


Again the mean of the product of any dashed quantity into any barred quantity 
also vanishes (6) 

We shall further suppose that the mean of vanishes, (7) 

that is to say that there is no mean vertical displacement. 

Then, in the first term on the right of (3) 


0B. 

dh 




de\', 

dh 


{h,-K) ( 8 ) 


because of (6) and (7). 

Now being divided by and by the “ standard deviations” 

of ^1^^ and of {ha— hi)', becomes equal to the correlation between 0B/0A and 
VOL. ccxxi. — A. 0 
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So the first order term on the right of (3) vanishes, on taking the 
mean, if the variations of dBfSh, in time at a fixed point, are not correlated with the 
variations in at the same point and time. 

In cumulus cloud eddies, the variations of velocity are caused by variations of the 
potential temperature 0, so that a correlation is almost certain to exist. On the 
contrary, when the eddies are due to dynamical instability, the correlation may be 
expected to vanish. In the latter case, it is the second order term of the right of (3) 
which becomes effective, so that 


{Lj-h^Y 

‘St 


Now suppose further that either cf^Qjdh^ has no variations at a fixed time and level, 
or else that its variations are not correlated with those of {h^—hYY- Then (9) 


simplifies to 
Thus 


( 10 ) 


{h^—hiY!^ is eddy-diffusivity K (ll) 


It is seen to be identical with that derived in Part IV. above, by considering the 
diffusion of a lamina, in which the density was distributed according to the law of 
error. It is a quantity easily measured. 

Of course if t^—tj were sufficiently small, say second, then it would be the first 
power of h.j—hi, which would .be proportional to instead of the square. This 

suggests that must be long compared with the fluctuations of the wind. On 

the other hand must be short compared with the period, of say G liours, over 

which the averages denoted by tlie bar are desired to l>e taken. 

A similar argument can be applied to any other quantity which, like 0, does not 
change following the motion of the fluid, provided it has space-rates independent of 
the time-variations of velocity. Thus the mass-of-water-per-unit-mass-of-atmosphere 
may replace 0 in (lO) with similar restrictions. 

When we consider diflusion in three dimensions there may be six coefficients of 
dift'usivity corresponding to the six components of stress. 


VI. — Osborne Keynolds’ Eddy-stresses. 

But we cannot, without further investigation, apply the preceding argument to 
the diffusion of horizontal velocity in a fixed azimuth. 

Something might perhaps l)e deduced from the well-known theorem that, when p is 
constant, 

( 12 ) 

where is the gravity potential. 
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The eddy- viscosity can however be measured rigorously by smoke-puff observations 
made in such a manner as to fit in with Osbornk Keynolds’ theory of eddy-stresses.* 
This theory is remarkably free from assumptions which might limit its generality. 
It is tp be found in Lamb’s ‘ Hydrodynamics,’ TV. edn., Art. 369. 

The equations of motion are three, such as 


? (pVx) ^ / \ ^ / \ . ^ / \ 

- si + a; <'>"»"«> + + sa 

+ 2msin ^ry-c ^-4^^’ + V^ y 


dx 


Bx 


, . (18) 


where r is the ‘‘ molecular” or '‘ordinary” viscosity. Note that there is no need to 
assume p to be independent of position. KEYNi)Ll)S assumed this, but for a reason that 
does not concern us. It will be necessary howevei* to assuiiK^ tliat p\ tlu^ variation of 
density at a fixed point, is so much smaller in comparison with p than is v' in 
comparison with v, that we may put p' = 0. This being so, we find on taking the 
mean that (18) becomes 


|2(e'rx)l , Sx/r .. • . - /i ? div -e , \ 

-i 0, a.' 

0 ____ ^ 

+ (pVx ■ 'i’x+pf^'x • ’<’'x)+ • ''■y+/>''’'x • ''’'y) 


+ {p-Vx • 


(14) 


The left side of (14) is the difference between pi'x the Ijeginning and at the end of 
the period through which the average is taken, divided by the period ; and that is 
what we want. The right side of (14) is of exactly the same form in the mean 
quantities p, Vx, Vy, Bh as (13) was in the corresfX)nding instantaneous quantities 
P, '*^x. : except that there is added a force per unit volume in the x direction 

equal to minus 

^^(pr>\)+ (p’’x’’'y) + (p^’x^'h) (15) 


On working out the corresponding equations for the y and h components, it is seen 
that this additional force pei- unit volume is just that which would be given by the 
following systems of stresses 


j-x = -pv'xv'x ; 


xy = -pv'x'v'x ; 


yy — —pv'yv'y 


yh = -pv'yv'h ; 


Jhfl — pV Jl'C 


> . 


hx = —pv\iv\ 


(16) 


* Major G. I. Taylok tells me that he attempted to measure xh with a balloon on an elastic tether 
in 1914. 



12 


MR. LEWIS F. RICHARDSON ON 


when any symbol such as a;^ is the force in the x-direction per unit area of a plane 
normal to the y axis. Tractions are reckoned positive, as usual. Tlie above is taken 
from OsBORKE Reynolds’ theory, adapted and slightly generalized to suit otir needs 
for a rotating atmosphere, having density diminishing with height and a molecular 
viscosity which is not neglected. 

One may form a clear mental picture of these eddy-stresses by imagining the 
scattering of smoke puffs. Let a puff emerge from a pipe at the origin of the 

co-ordinates. After a short interval of time r, let the 
puff appear at the point P on the diagram, as seen by an 
observer at a distant point on the y-axis. Now let the 
observation be repeated for a large number of puffs in 
succession, the timii t being kept the saitie for each. 
We thus obtain a diagram, with a large number of points 
on it, showing the scattering of the puffs after t. Then 
the eddy-stresses are simply related to the correlations 
and standard deviations of this scatter-diagram — under 
certain conditions. For let X, Y, H now mean the 
co-ordinates of any one of the dots on the diagran) I’eckoned from the source of 
smoke. 

Then the velocities of the corresponding puff were 







(17) 


provided the time t was so short that, during it, the velocity may be regarded as 
uniform and in a straight line (18) 

Again, the velocity of the puff will be equal to that of the air which it has replaced 
provided the puff is at the same temperature as the air, and provided that the pipe 
points parallel to the Y-axis so that the impulse with which the puff leaves the pipe 
does not show in the projection on the plane XOH. 

Let us suppose that a number of puffs, n in all, are observed. In order to 
correspond with the time-mean taken over 6 hours, which was used in deriving the 
eddy-stresses from the equations of motion, these n puffs should be spread unifomdy 
over a similar interval. 

From the scatter diagram we can compute first the mean velocities. For the 
mean velocities are 

e, = I = -l-2X; >D^=Ylr=^, .... (l9) 

T T . 7L T . Tt 


where 2 has the meaning : — take the sum of what follows it, for n puffs. 
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Then the normal eddy-stresses, xx and hh, are found thus 

XX — ~pVxV-x ~ ~ P 

= -;^2(X-X)(X-X) (20) 

So 

XX = (2^) 

wl lere a-^ is the “standard deviation” of the dots in the x-directiou. If o-u is the 
corresponding quantity vertically 

( 22 ) 

So the direct eddy-stress in tlie direction ol‘ the wind is intimately related to the 
gustiness shown by a tube-anemometer. 

The shearing eddy-stress 

A = I s (x-x) (H-H) (23) 

So 

■rh = -pr~'‘‘rxii(rxfr,i, (24) 

where r^n is the correlation between the co-ordinates X and H of the dots. 

By projecting the pufts on the other two co-ordinate planes we should be able to 
measure similarly the remaining components of eddy-stress. 

To find the eddy-viscosity we must compare the sheering eddy-stress xh with 

+ which is the rate of shearing strain in the mean motion. Usually 

, dk ax } 

is negligible, so that the rate of shearing is a quantity wfiich can easily 

be observed. At first sight one might think that dr^jdh was simply related to the 
slope of the regression line in tlie scatter diagram ; but on examination this proves 
not to be the case. The slope of the regression line is independent of r, because (18) 
is satisfied for all permissible intervals of time. 

It should be noted that no shearing stress such as can exceed, in absolute 

value, the geometric mean of the corresponding pair of direct stresses —pv\v\, 
— /ov'ni/u for the same reason that a correlation coefficient cannot exceed unity. 

The probable errors of eddy- stresses, determined from the scattering of particles 
moving with the air, may be taken to be as follows 

Probable error of xx = 0*674 . xx V I (25) 

Probable error of xh = 0'674 ^ (26) 
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These are based on the assumption that the number of particles is not less than 
say 20, and that the scatter is “normal,” so that the logarithm of the density of 
particles would be a quadratic function oi x, y, h \£ & very large number of particles 
were observed. Reference may be made to the fundamental papers on probable 
errors ; Filon and Pearson, ‘ Phil. Trans.,’ A, vol. 191 ; W. F. Sheppard 
‘ Phil Trans.,’ A, vol. 192. Equation (26) follows from the probable error of the quantity 
called by K. Pearson the “ product moment coefficient taken about the mean." 
Equation (25) follows from (26) on putting .e = h, or may be deduced independently 
from the probable error of a standard deviation taken about the mean. 


Corrections for the Motion, of the Parachute Relative to the Air. 

When observing eddy-stresses by the aid of the paracluites of plant seeds it is 
desirable to allow for the velocity of the parachute in still air. For large specimens 
of the parachiite of Taraxacum officinale, after cutting off the seed, the velocity in 
still air was found to have a mean of 12 cm. 8ec.“’ with a standard deviation ol‘ 
2 cm. sec.~*. It may be shown from the equation of motion that this limiting velocity 
is acquired in a negligibly short interval of time. Thus call the limiting velocity 
c downwards, the instantaneous velocity downwards u. Then if the' friction is 
proportional to the velocity 

gr (mass) = c X F, (27) 


where F is a constant. But, when accelerating, 


(mass) • ^ ~ (mass)— nF. 


(28) 


Eliminate the mass between these two equations and there results 

cdiu—c) / x 

y 

So that the discrepancy between the actual velocity u and the terminal velocity c 
sinks to e“* of itself in a time equal to cjg, which for the taraxacum parachute having 
c = 12 cm. sec.~’ would be only a hundredth of a second. 

Less negligible is the variation of the velocity c from one parachute to another. 
What we actually observe is not the upward velocity of the air, but Vu—c. Now 
write C for the mean velocity of the parachute in still air, and c' for the deviation from 
the mean. Then in finding the direct stress hh we must perforce work out first the 
“raw” moment {(vh— c)*} = [{(‘^n— c) + (t^'H— c')}*]. On expanding and remembering 
that a bar put over the product of a dashed and a barred symbol, causes the result to 
vanish, and also that v'g—c' = 0, it is found that 


{(1(^H-C)*} = ('pH-c)"-f«Vt’'H + cV 
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it follows that the corrected stress is given by 

M =-p {(r„-c)((’„-r)-(fl„-e)*-cV} .... (30) 

% 

which is the actual formula used in worklnpf up the observations. Here c/cf is the 

square of the standard deviation of the velocity of the parachutes in still air. 

Next we require the product moments in order to find the shearing stresses xh and 
yh. The raw moment % (%—c) is found on expanding to be equal to 
So that the corrected value for the stress is 

xh =-pr\iv\ =-p (31) 

and as c'c' does not appear, the scatter of the velocities of the parachutes in still air 
does not make a correction necessary for the shearing stresses. 


VII. Summary of Theory of ScATTERiNCi of Particles of Air. 

The conclusion we have reached is the following. For any sort of eddy, whether 
due to “ dynamical instability,” or to the rising of heated air in cumuli, the eddy- 
stresses are best measured by equations (22), (24) and the like, because the theory 
from which they are derived is very general ; and the eddy- viscosity is best measured 
as the ratio of the shearing eddy-stress to the i-ate of mean shearing strain. It is 

conceivable that xh found from (24) might turn out to be zero. In that case it would 
be necessary to investigate effects of bigber order. This might possibly be done by 
developing, for the quantity {^pv^ + p\fr+p) in equation (12) an analysis similar to 
that of (]) to (n) for potential temperature. The diffusivity for potential 
temperature, on the other hand, should be measured differently according as the 
eddies are produced by variations of potential temperature or not. Thus for cumulus 
eddies we should take the mean of (3), retain the linear term on its right-hand side 
and neglect the quadratic one. Then must be small, so that 




(31a) 


The diffusivity is measured as the right side of this equation divided by 
Thus 


K = 


aey , 
dh) " * 

d'^efdh- 


• (32) 


But for eddies due to dynamical instability, neglect the linear term in (3) and measure 
the diffusivity as ^ ^ 




(33) 


where must not be too small. It will be interesting to see whether eddy- 

diffusivity is found to be equal to eddy -viscosity divided by density. 
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Let us now see how these two modes of disposal of smoke fit together — the one, at 
short intervals of time, governed by the eddy- stresses, the other at long intervals 
governed by the diffusivity. Let us draw the trail of smoke as it would appear to a 
distant observer looking, say, horizontally. The scatter may be represented by 
drawing two lines through the points where the smoke-density has its standard 
deviation in height above or below its mean. Let T be the time since the smoke 

emerged from its source. Suppose that the stress hh, the diffusivity K and the mean 
velocity ^>x are all constant along the path of the smoke. The time T taken to travel 
a horizontal distance x measured down the trail from the source is xfvx- Near the 
origin T = t in equation (22), and so the standard deviation in height is 



representing a pair of straight lines intersecting at the source. Further down the 
trail T = ti—t-i in equation (ll), and the standard deviation in height is 



representing a parabola with horizontal axis and its apex at the source. Thus 
according to the theory, the smoke may be said to be contained within a paraboloid 
which has had its blunt end sharpened into a cone. The preceding theory gives us 
no clue as to the manner of transition from the cone to the paraboloid. 

When we can observe a sufficient length of the path traced out in space hy a single 
small portion of air the eddy-stresses and the eddy-diffusivity may be deduced from 
the irregularities in the motion. With this object I have f)bserved the motion of anti- 
aircraft shell bursts, and of portions of cloud, by means of an Abney level or a pocket 
sextant. With better instruments this n>ethod might yield a good deal of information 
about eddies at heights such as 2 to 5 km. One principal difficulty is that the shell- 
burst fades away after about 5 minutes, l)efore a sufficient length of path has been 
observed to give the diffusivity. 

If the path is sufficiently high and long, the hills, trees and houses on the earth 
may be regarded as blending into a “roughness.” Suppose this roughness to be 
uniform. Then if we had been causing smoke to issue in puffs from a fixed pipe, we 
should presumably have obtained the same scatter diagram for the puffs, within the 
limits of probable error, at whatever point of the path we had placed the pipe, or at 
whatever time we had begun to observe, within limits. If this is so, we may form 
the scatter diagram by taking its origin at every point in succession of the trajectory 
of the single particle. For instance. Captain Cave in his book on “The Structure of 
the Atmosphere,” gives several diagrams of the irregularities of height of a balloon 
observed by two theodolites, the uniform vertical motion of the balloon relative to the 
air having been eliminated. From his figure 30, of an ascent on February 19, 1909, 
the following has been deduced, by taking the origin of scattering at every available 
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minute mark, and working out the standard deviation, in height about the naean 
height, after a time a. 

Table III. 


a, sees. 

1 x60 

.‘J X 60 

5 X 60 

7 x60 

9x60 

rr 2 

^ = 10< X 

2a 

1 0-93 

0-82 

0*55 

0*55 

0*33 

cm.^ sec."’ 

J 






1 





P-2 

dyne cm."- 

^ o-.m 

0*100 

0*041 

0*029 

0*014 

Number of points 

14 

12 

10 

8 

6 


Now (Tiijia. would be the diflFusivity if a were a “ long” time ; and the criterion of 
sufficiency in length is that <rii^f2a should not vary with a. The small number of 
points makes the probable errors large, so that the decrease of bt^tween 

0.-7 mins, and a = 9 mins, is not significant. It looks Jis though the diffusivity K 
were here of the order of 0'5x 10^ cm.* 8ec.“h 

Again — I would be the eddy-stress, hh, if a were so small that further decrease 
made no further change in the quantity. This stage is not reached at a = 1 minute. 
All that we can say is that the eddy-stress is probably greater than 0'345 dynes cm.“*. 

The mean height of this observation is 1 km. above ground, and the mean velocity 
1270 cm. sec."’. 

The photograph of a smoke trail in fig. 2 suggests that the eddying is partly 
random but also partly sinusoidal. Let us therefore see what would happen if the 
path of the particle were an exact sinx curve without any random variations. Let 
the height h of the particle be given by A— B= A sin qt where A, B and q are 
constants. The increase in height in a time a would be 


A 



A . 2 cos qt . sin 


by trigonometry. So that the statidard deviation ith after a time a would be given by 

4A*( 


O-ji* = 


sin^ 
2 


I (cos qtfdt 

Jt sbO 


where L is a very long time. The integral is equal to l-L plus a negligible oscillatory 

part. Consequently a-f = 2A*^8in If follows that the stress hh, which is the 

limit of —fxrfla? when a is small, comes to —pq^K^fl ; w;hereas the diffusivity K, 
which is the limit of when a is long, comes to zero. 

TOL. ocxxi. — A. D 
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Comparison with Taylor’s expression for the Diffusivity and with W. Schmidt’s 

“ Austausch.” 

In Taylor’s remarkable investigation (‘ Phil. Trans.,’ A, vol. 215) from which the 
present research took its stimulus, the diffusivity K is given, in the present notation, 
as the mean value of Vn(h—h„) over a large horizontal plane; and it is stated that 
//—hg is the height through which an eddy moves from the layer at which it was at 
the same temperature as its surroundings, to the layer with which it mixes. This 
definition of h—ho is puzzling, for it seems impossible to reconcile the supposed 
starting and stopping of the air, with the ceaseless motion which we observe in natture, 
except in the case of cumulus eddies. Happily we are now in a position to clear away 
the mystery. For it has been shown independently in the present paper that the 
diffusivity is given by 

K = {h-h,y/2(^) 

where {t^—t^ is a time long compared to the fluctuations in the wind, and where the 
bar implies an average taken over a still much longer time. As {t^—t^ is the same 
for all the quantities which are averaged, we may remove it from under the bar, 
writing 

Differentiate this equation with respect to t^, 

K = {hf hi) ^ (A-2 hi) = (Aj hi) . Vjj^at t^, 

thus K is expressed as the mean of the product of the rise in height during a long 
time into the vertical velocity at the end of that time. It may also be taken at the 
beginning. Comparing with Taylor’s form quoted above we see a strong resemblance, 
and we are led to suppose that Taylor’s theory makes two unnecessary and 
unnatural restrictions : (l) that the portion of air should start at the same temperature 
as its surroundings ; (2) that the portion of air should finally mix with its surroundings. 
But that if these restrictions be removed, then another becomes necessary, namely 
that should be sufficiently long (several minutes). Whether the average be 

taken over a large horizontal plane, or over a very long time (6 hours), appears to be 
a matter of indifference. 

The extent to which Taylor assumes viscosity to be independent of height in his 
general theory (‘ Phil. Trans.,’ A, vol. 215, pp. II to 13) is this : he neglects the terms 
due to the initial eddying in his equation (6). That is a doubtful proceeding, unless 
the initial eddying is zero : but zero is independent of height. 

The “ Austausch ” of W. Schmidt is defined by him (in ‘Sitz. Akad. Wiss.,’ Wien 
(1917), pp. 4 to 5) as 

2 (element of mass crossing horizontal plane) x (vertical displacement of element) 

(whole area) x (time of motion) 
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If we replace the sumipation by an integration over a large area S in the plane of xy, 
the element of mass crossing per unit time is dx dy pvn , so that the “ Austausch ” 

becomes ^ {h—h^ dx dy which is p times Taylor’s diffusivity as defined in ‘ Phil. 

Trans.,’ A, vol. 215, p. 3. Thus we must suppose that W. Schmidt’s definition of 
“ Austausch ” requires amplification concerning the interval of time and concerning the 
position in it of the velocity, just as Taylor’s definition of K does. 

VITI. Numerical Values Derived from the Scattering of Particles. 

Fig. 1 is a photograph* of the trail of paraffin vapoui' from an extinguished blast- 
lamp which pi-ojected the vapour in a direction at right angles to the wind. It 
shows a cone, with a blunt point due to the finite size of the source of smoke, passing 
smoothly into a form, which certainly diverges less rapidly than the initial cone, and 
which looks like a paraboloid. Opirnion might differ slightly as to where to draw the 
lines corresponding to the standard deviation of smoke. In a “ normal ” distribution 
0'68 of the whole number of particles lie between the two standard deviations. 11’ 
the lines are placed as in the accompanying black and white drawing, then it follows, 
as the mean velocity of the smoke was 17 metres/sec., and the density of the air 
was 1‘21 X 10~® grm. cm.“'*, that 

stress M = —073 dyne cm.“* diffusivity = K = 240 cm.* sec."* 

turbulivity = $ — 340 grm.* cm.-* sec.”®. 

This photograph was taken in the twening, when the day-wind was diminishing. 
The source was 1 90 cm. above ground. Obstructions to windwaid only subtended 
an angle of 2 "‘I at the source of smoke. The exposure lasted 60 seconds. 

Fig. 2 was taken five minutes later in the same place, with an exposure of 
85 seconds. 

The velocity of the smoke had decreased to 1’3 metres per sec. The measurements 
yield 

hh = — 1’2 dynes cm.~*; K = 750 cm.* sec."’ ; ^ = 1050 grm.* cm. ~* sec.”*. 

In this case the photograph shows a distinct neck between the cone and the paraboloid, 
at a distance from the source roughly 1 ”3 times its height above ground. This neck 
can also be recognized in some other photographs. Its presence signifies that 
the motion of the air was compounded of (i.) a random eddying, plus (ii.) a wave 
motion in which the particle of air executed a wave having a length, relative 
to a point fixed to the earth, roughly 2 '6 times the height of the particle above 
ground. 

* Taken at Benson. 

D 2 
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Table IV. — Observed Values of 


The co-ordinate axes are taken to point : Ox horizontally with the mean wind at 
quantities are in C.G.8. units. Tractions are reckoned positive, so that xh and yh 


Entropy gradient 
vertically upwards. 

Surface. 

Methods 

Notes. 

I. 

h 

cm. 

above 

surface. 

Vx 

cm. 

sec. ’ 

ay; 

dynes per 
square 
centi- 
metre. 

Positive sunr 

ise . . 

Tall grass . . . 

Smoking wick . . . 

30 

170 

300,000 

10 

60 

200 

— 

Small ? . . 

Oat field . . . 

NH 4 CI puffs. . . . 

NH 4 CI puffs. . . . 

Dandelion down . . 

II. 

40 

100 

50 

20 

40 

— 

Small ? 

Corn field . . . 

Smoke puffs .... 

III. 

120 

100 

- 01 

Small 1 

Moor .... 

Smoking wick . . . 

IV. 

165 

100 

? 

Moor, trees . . 

Thistle down . . . 

V. 

200 

145. 

- 2-4 
± 0*5 

Positive 1 . . . . 

Flat field . . . 

1 

Paraffin vapour . . . 

f 

< Figs. 1 

L and 2 

1 190 

/ 170 
\ 140 

1919, Mar. 4 

O 

HH 

G . 

G r* 

60 

G 

w 

1 

Sea 

Steamer's smoke . . 


4,000 

100 ? 

— 

19 19, Apr. 7, 
18h. 

Sea 

Steamer's smoke . . 


10,000 

200 ? 

1919, July 4, 
llh. over- 
cast 

Sea 

Steamer's smoke . . 


2,000 

130 

— 

1919, July 5, 
12 h. 

Sea 

Steamer's smoke . . 


1,400 

140 

— 


Ditcham ^ . . 

Capt. Cave's balloon . 

p. 16 

100,000 

1270 

— 


Flat fields . . . 

Phosphorus pentoxido 

r VI. 
IFig. 3 

1 340 

120 

— 
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Eddy-stresses and of Eddy-diffusivity. 

the level of observation, 0// horizontally to the left and 0// vertically upwards. All 
are positive when the air above drags the air below in senses of x and y increasing. 


yy hh 

dynes per dynes per 

i i 

nj yh 1 hoc 

dynes per dynes perjdynes per 

r}Cr 

Conductivity 

/.K 

Ditt'usivity. 

K 

Turliulivit^*. 

$ ■ .'/V'K 

square 

square 

square . square 

square 

dh 

grill.- cm. - 

centi- 

centi- 

centi- centi- 

centi 

8ec.“‘. 

grin. cm. * sec. *. 

cm.- sec. K 

sec. 

moire. 

metre. 

metre. metre. 

metre. 





— 


i 


>0*5 

OOOG 

- 

5 

7 1 


0 004 



|0-3 1 



- ' - 

— 

0*006 



/ 1 




— 




0 07 

60 

80 

— 

-0-2 

1 

! 

<0*1 

<ooc. 



1 

1 


-0*04 


1 


' 

0*03 

24 

1 

34 

- 2*9 

-0*6 

[ + 0-45]! -0-48 

[-0-34]; 





± 0-6 

±0*12 

±0-39 ; ±()-20 

1 

j 

±0*18 1 






-0*7 




0-3 

240 

■ " 

340 1 

~ 

1*2 

1 



0*9 

! 750 

' l.O.'iO j 

- i 

— 

1 

1 

I 

! 

- !. 

- 

12 

1 

1 

10,000 1 

> i 

I 

' i 

i 14,000 

— 

— 

1 

1 

1 

i 

— 

0*25 

200 1 

i 

300 

1 1 

— 

\ 

1 

~ i 
i 

- 

6*8 

6,500 

1 

8,000 

— 

1 

! 


1 

1 

1 

-- 

6*9 

I 

! 

4,800 

7,000 

i 

— 

i 

< -0-34; 

i 

- 

— 

i 

6 1 

1 

§ 

o 

1 

6,000 

1 

— 

— 


— ! 

— - 

oic i 

_ . ..J 

130 

i 

200 
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Table TV. — Observed Values of 


Entropy gradient 
vertically upwards. 

Surface. 

i 

1 

1 

Methods. 

Notes. 

i 

1 

1 

h 

cm. 

above 

surface. 

1 

cm. 

sec. ’ 

{ 

j XX 

jdynes per 
square 
^ centi- 
metre. 

i 

1919, Oct., 21d. 12h., 
Benson 

, Obstructions up 
wind radian 

I 

Paraffin vapour . . . 

'1 

1 

i 

160 
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Notes to Table of Eddy-Stresses and Diffusivities. 

1. 1917, June, 16d. 4h. 8m. L.A.T., hilltop near Ancemont, France. Standing hay composed of a 

species of Festuca (identified by my friend, Mr. Sam Pim). It grew fairly densely to 30 cm. from 
the ground and tall seed stems rose to 70 cm. 

II. 1917, July, 16d. 19Jh. L.A.T., Maffrecourt, France. Green oats 70 cm. high. No trees near. 

About sunset. Overcast with stratus. Observers : David Long and L. F. Kichardson. 

III. 1917, June, 29d. 19h. 30m. L.A.T., Viel Dampierre, France. A field of corn 60 cm. high. 
Clouds (stratus) motionless. Observers : F. H. Weatherall, 6. Hutchinson, L.F.R. 
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Eddy-stresses and of Eddy-diffusivity (cjontinued). 
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IV. 1917, June, 25d. 20h. 5m. L.A.T., Joinville, France. Moor with herbage dense to 10 cm. and 
rising thinly to 50 cm. 

V, 1917, October, 4d. S^h. G.M.T., Massiges, France, Flat moor with grass to 10 cln. and stems rising 
to 30 cm. Trees up- wind subtending an angle of 10 degrees. Overcast with strato nimbus, of 
which velocity /height = 0 025 8ec.“^ Temperature O^-lb C. Observers: Olaf Staplkdon and 
L. F. Richardson. Eddies partly due to observer. 

VI. See photographs and description in this paper. 

VII. 1917, July, 18d. 7ih. L.A.T., Maffrecourt, France. Moor, with small trees, 5m. high and houses. 
Overcast. 
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VIII. 1917, August, 2d. 17h. L.A.T., South England. Overcast. 

IX. 1917, July, I7d. 19h. 50m. L.A.T., East Champagne, Fr»ance. Nine observations of a cloud at 
intervals of 1 minute by an Abney level. Angular elevation about 9 degrees. 

X. 1917, August, 8d. 20h. L.A.T., Argonne, France. Large fire of petrol and wood. Smoke observed 
from distance of 10 km. with a sextant. If smoke were not hot, height of its upper edge above 
ground would have given K - 4*6 x 10''' cm.- sec.”^ an over estimate. Irregularities in upper 
edge gave K == lO'*, probably an under estimate. Mean K of order of 10''. Overcast. 

XI 1918, April, 12d. 14h. bm. L.A.T., France. Two anti-aircraft shell puffs at a mean elevation of 
21 degrees above the horizon and 4 degrees apart in a vertical plane, were brought into 

coincidence in the field of view of a sextant. In 120 seconds their separation of 4 degrees did 

not vary visilfiy, certainly not by 4 minutes of arc. Their apparent motion was horizontal at 
j radian ])er sec. Height amiiiml ,‘5200 metres — a likely value. 

XII. 1914, November, 16d. 3h. to 9h. G.M.T. Taken from the re-production of the Dines anemogram 
on p. 81 of the ‘ Obs(5rvor’s Handbook,' Meteorological Office, London, 1917 edition. 

XHI. 1917, July, 26d. 21h. L.A.T., the English Channel. 

XIV. 1917, July, 2Gd. 16h. L.A.T., the English Channel, off Havre. 

XV. 1917, July, 2Gd. 15h. L.A.T., the English Channel, off Havre. Observations of cloud at intervals 

of 1 minute with pocket sextant. Angular elevation a))Out 4 degrees. 

The photograph (2) also shows that the smoke spreads more rapidly upwards than 
downwards, indicating that the stress hh and the turbulivity ^ both increase with 
height. 

Fig. shows another case of low eddy-conductivity occurring at sunset. The 
smoke here is from burning hydrogen phosphides ; it is warm and rises slightly. To 
the eye the smoke appeared as aAiarrow wavy ribbon moving with a mean velocity of 
1*2 metres per second. The broader smooth band shown in the photograph is due to 
the exposure of 75 seconds, made long in order to get an average effect. The source 
of smoke is a bottle 8*4 metres al)ove ground and just within the picture. The 
bamboos are 5 meti’es apart. The air density was 0’0012() e.g.s. The edd}^- 
diffusivity works out to about 180 e.g.s. units, the eddy-conductivity to 0*16 e.g.s., 
the turbulivity to 200 e.g.s. The sky was cloudless. Obstructions to windward rose 
above the horizon to an angle of only radian. The photograph was taken in 
latitude SI"" 37' N., longitude 4m. 24s. west, at 1919, Sept., 29d. 17h. 58m. G.M.T. 

Above is a table of observations. It is noticeable that when two of the 

direct stresses xx, ?///, hh have been measured at the same time and place, they 
have been found to be not very unequal. G. I. Taylor has published some 
observations which show the same thing. It is as though there were a kind of 
equipartition of energy between the three components of the eddying motion. A 
very marked increase in both direct stress and diffusivity takes place either with 
velocity or with height. A rapid increase of viscosity with height in the first 
200 metres has also been deduced by W. Schmidt from wind observations made by 
Hellmann over a piece of flat land. (‘ Sitz. Akad. Wiss./ Wien, 1917, Heft 6, 
p. 17). 
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The six observations of steamers’ smoke are put forward only as upper limits to the 
turbulence appropriate to the bare sea, for the steamer itself probably makes 
a considerable eddy. 

It would be desirable to classify the observed eddy-conductivity as a function of 
four independent variables ; namely, the height, the vertical gradient of entropy, the 
vertical gradient of velocity and the character of the surface. Vertical gradient of 
velocity is suggested as an independent because it measures the only rate-of-mean 



-6 -5 -3 -2 -I o 

loa I eddy condu.ctivity j 

j vilocify €Lt Height" olT ooservaiton / 

Fig. 4. 

strain which attains a noticeable value in the free atmosphere, and because Osbornb 
Reynolds* has shown that the energy of the eddy motion comes from the work 
done by the eddy-stresses upon the corresponding rates of mean strain. The observa- 
tions here presented are much too scanty for such a classification, but to render the 
relation to height visible, the effect of velocity has been removed, in one sense, by 
dividing each value of the eddy-conductivity by the velocity at that level. The 
* Lamb, ‘ Hydrodynamics,’ IV. edition, §369, equation (21). 
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justification for this procedure is that Taylor has given reasons* for supposing that 
the viscosity, and- therefore also the conductivity, is proportional to the velocity. 
For comparison with the present observations, the diagram shows Taylor’s mean 
value of the diffusivity at the Eifiel Tower, t and also some general means| deduced 
from precipitation by the writer. 

In order to compare them it has been necessary to assume some corresponding 
velocities; for which purpose I have taken 540 cm. sec."' at the mean height of the 
Eiffel Tower, 700 cm. sec."' as a world-mean at 500 metres and 1000 cm. sec."* for 
the same at 8500 metres. These are based on information given in H Ann’s 
‘ Meteorology.’ The conversion forinul® between eddy -conductivity, diffusivity and ^ 
have been given in Section I. In order to compress into a diagram the large ranges 
of height and conductivity, logarithms have been plotted. A smooth curve is drawn 
through the clustered observations over land. It shows a maximum between the 
heights of 100 and 1000 metres, and a marked falling off above and below. Not 
only cjv but also c the conductivity has a maximum here. Taylor’s first 
observations related to heights near this nmximum and so he naturally came to the 
conclusion that there was no marked variation with height. 

IX. Cumulus Eddies in Calm Weather. 

The familiar sequence, which can be observed in many places, is here illustrated by 
the mean of some selected days in latitude 49° in France, on the bare grass moors to 
the west of the forest of Argonne, in the month of May. The sun rose at 4h. 20m. 
local apparent time, but could not be seen for mist. By 6h. the disk of the sun 
became visible. At 7^h. the mist was rising in large pieces, leaving a brilliant blue 
sky. At 9h. the first cumuli appeared over the forest. About balf-an-hour later 
they appeared over the grass band also. By noon the cumuli covered of the sky. 
By 16h. the cumuli had begun to spread out horizontally, and by 19h. they had 
vanished, leaving the sky clear again. 

Now here we have a collection of eddies in which the rising parts, represented by 

the cumuli, visibly move to a level where they remain by mixing with their 

surroundings. So we should be able to calculate the difi’usivity K by the direct 
application of the formula given by G. I. Taylor (‘ Phil. Trans.,’ A, vol. 215, p. 3) 

'K. = ^^^^v^{h-h')dxdy (l) 

where h—h' is the height through which the air has moved before mixing, Vh is its- 
vertical velocity, and A is a large horizontal area. Only, as 'Taylor’s formula assumes 

* G. I. Taylor, ‘ Roy. Soc. Proc.,’ A, vol. 92, pp. 196-199. 

t G. I. Taylor, ‘Roy. Soc. Proc.,’ A, vol. 94 (1917), p. 141. 

I L. F. Richardson, ‘ Roy. Soc. Proc.,’ A, vol. 96 (1919), p. 18. 
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that p and K are independent of height, it may be as well to remove these restrictions. 
It is then found that as defined by equation (l), of Part I., is given by 

f jj^ {p'-p) dxdy, (2) 


where p' is the pressure at the initial level, m„ the vertical momentum per volume. 

Now let us insert inimerical values. The surface air was seen to l)egin to move at 
or a little before 7|^h. The cumuli appeared t<} ceiuie rising before KJh. and the height 
of their tops is known to average about 2 km. {vidi', H Ann’s ‘ Meteorology,’ Illrd edn., 
p. 280). Now if we suppose, as seems reiisonable, that the top of the cumulus is formed 
from the damp air which was initially close to the ground, then the displacement, 
measured by pressure, is about 2 decibars, so that {p'—p) = 2x10'’ dyne cm.“^ The 
vertical velocity is 2 km. in 8‘5 hours, that is tV5 cm. sec,'*. So the momentum per 
volume = m = 7 x 10'* grm. cm."* sec."’ in the rising current. The rising current 
covered 0'4 of the sky, so that averaging over tin*, area A, as is done in (2), is 
equivalent to taking 0’4 of inii{p'—p) for the rising current. But the invisible 
descending currents contribute an equal amount to the integral. So 


f = (7 X 0'8 X 2 X 10* X 7 X 1()“* 

= 11 X 10* grm.* cm."* sec."*. 


This figure is about ten times greater than measures of ^ at a height of a few 
hundred meters, deduced by various authors. If the air which forms the top of the 
cumulus had really started from a height of 1 km. instead of from the ground, as we 
have supposed, then the numerical value of ^ would have to l)e divided by four. 

Reasons have already been given (Part VII.) foi' supposing that ^ derivetl in this 
way from cumulus clouds is a measure of frictional eff’ects, but not of the diffusion of 
entropy, because the linear term in (Part V., 3) does not vanish on taking the mean, 
owing to the fact that the eddies are prf)duced by variations of entropy. To put it in 
another way ; In G. I. Taylok’s deduction of formula (l) the vertical gradient of the 
diffusing quantity is treated as not correlated with the vertical velocity. When we 
are dealing with cumulus clouds that assumption is probably justified if the diffusing 
quantity is horizontal velocity, but not if it is potential temperature. 

To find ^ in the sense of diffusivity for potential temperature we should have to 
employ formula 32 of Part VII., namely 


K = 


dh. 


v'h 


a*e/aA 


For insertion in this we require lapse rates in cumulus clouds and in the clear air 
between them. Such have recently been obtained by airmen. 
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X, Summary. 

Fart I. deals with notation. Measures of turbulence may advantageously be 
expressed in the form ^ in 

dt dp) ’ 

where p is the pressure (here used as a measure of height), t the time, and x naay 
be horizontal velocity in a fixed azimuth, or potential temperature, or water per 
mass of atmosphere. It is suggested that ^ might be called the “ turbulivity.” Its 
dimensions are grm.* cm. 8ec.“‘. Better still is the conductivity c — 

In Part II. the eddy-shearing stress on the ground is deduced from pilot balloon 
obseiwations. Values on land in any self-consistent dynamical units are found to 
range from 0’0007 to 0‘007 times the value of m*/p, where w is the mean momentum 
per volume up to a height of 2 km. and p is the density. Compare G. I. Taylob, 
‘ Roy. Soc. Proc.,’ A, vol. 92. 

In Part III. evidence is given to show that the eddy -viscosity across the wind at 
Liridenberg increases with height, and, except near the ground, is much greater than 
the eddy- viscosity along the wind. Here ^ ranges from 10* to 5 x 10“. 

In Part IV. the spreading of a lamina of smoke is considered. Values of f ranging 
from 7 to 140,000 are found. ^ increases both with height and with velocity. 

In Part V. the derivation of ^ from smoke observations is examined more 
thoroughly. 

Part VI. deals with Osbornk Reynolds’ eddy-stresses. For one occasion an 
attempt was made to measure simultauedusly all six components of stress by 
observing the motion of thistledown. The three direct stresses are easily measured. 
Not so the shearing stresses however, one was found to be 2‘4 times its probable 
error. 

Pai‘t VII. summarizes the theory of scattering of pArticles. 

Part VIII. contains numerical values derived from scattering. 

In Part IX. the turbulivity ^ is estimated from the rising of cumuli in calm 
weather and found to be 10*, applicable only in the sense of friction. Thus the 
whole range of ^ observed in the free atmosphere was from 7 to a million in 
contrast with 0'2 in perfectly still air in a laboratory. The eddy-stresses observed 
have ranged in absolute value from 0‘004 to 110 dynes cm.“*. 
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II. On a Theory of the Second Order Longitudinal Spherical Aberration for 

a Symmetrical Optical System. 

By T. Y. Baker, B,A., Insti'uctor Commander, R.N., and L. N. G. Filon, M.A., 
D.Sc., F.R.S., (joldsmid Professor of Applied Mathematics and Mechanics in 
the University of London. 

Received December 2, 1919, — Road February 12, 1920. 


§ 1. Statcmeni of the- Problem and Historical References. 

Ip we coiisider a pencil of rays issuing from a point on the axis of a symmetrical 
optical system {i.e., a system of refracting spherical surfaces, the centres of which lie 
on a straight line called the axis of the system), it is well known that, if the jjencil 
be a thin one, of which the mean ray is along the axis, the firet approximation to the 
emergent pencil is another punctual pencil, of which the rays pass through an image 
point, also situated on the axis. The general method of treatment of such image 
points, which are usually referred to as “ geometrical ” images, is due to Gauss, and is 
developed in any text book of Geometrical Optics. 

When, however, the pencil considered is one of finite aperture, the outlying rays 
do not, after emergence, pass through the Gaussian image point, nor do they have the 
inclination assigned to them by the Gaussian calculation. The emergent rays lying 
in any one axial plane touch an envelope or caustic, which has one cusp at the Gaussian 
image, with the axis as proper tangent. The intercepts of any given emergent ray 
upon the axis and the image plane, measured from the Gaussian image, are known as 
the longitudinal and transverse spherical aberrations of that ray. 

It is clear that if both these spherical aberrations, or either of them together with 
the inclination of the ray on emergence, be known for every possible position of object 
and image, and for every possible inclination of the incident ray, the whole complex 
of emergent rays lying in axial planes can l)e mapped out. The calculation of these 
aberrations is therefore of fundamental importanct^ in practical optical design, where 
we do not deal with infinitely thin pencils. 

The method employed hitherto for dealing with aberrations from the mathematical 
standpoint has been to develop the sines occurring in the refraction equations at each 
Bfdierical surface in ascending power of some argument, which may be either the 
circular measiue, or the sine, or the tangent, of one of the angles concerned, and to 
calculate, by the usual methods of successive approximation, the required aberratiojis 
as a series of ascending powers of such argument. 
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When this is done it is found that the terms due to the first power of the argument 
lead to the Gaussian image point, so that the series begin with a term involving the 
second powei- of the argument in the case of the longitudinal aberration, and the 
third pt)wer in the case of the transverse aberration. These terms are the first order. 
The following terms next in sequence, which are of fourth and fifth power respectively, 
are spoken of as aberrations of the second order, and so on. 

A considerable amount of theoretical work has been done on aberrations of the 
first order by Seidel, Abbe and others, and the treatment of these is fairly well 
known. Unfortunately, it is found in practice that the first order aberrations do not 
give a sufficient approximation for the optician’s requirements. In fact for a certain 
range of object and image positions, they are so badly out that they cannot be 
said to constitute an approximation at all. This fact has long been recognised by 
optical designers, whose practice is invariably to calculate, using the exact trigono- 
metrical equations which involve no approximation at all, the coirect paths of a 
number of selected rays, from which they draw conclusions as to the efficiency, or 
otherwise, of the proposed system from the practical point of view. 

The trigonometrical method, however, from the designer’s point of view, has the 
radicjil defect that, while it gives partial information al>out the performance of a given 
system, it gives no direct intimation of the direction in which the elimination of various 
defects is to l)e looked for, and it entails a long and laborious process of seeking for 
the optimum by trial and error. 

The object of the authors of the present paper has been to develop* a method of 
expressing the aberrations, which, while carrying the algebraic development to a 
stage including the secorid order, should be free from certain grave troubles involved 
by failure of convergency, troubles which appear to have been hitherto neglected. 
In fact this method gives numerical results that, for a single lens, are considerably 
more accurate than the ordinary second order formulm. Further, these methods 
enable one to deal, in a comparatively easier form, with the problem of the second order 
alxjrrations of combinations of surfaces and systems, a problem which, so far as we 
know, has never been attacked from any general standpoint. Koenig and VoN Rohr 
(Von Rohr, ‘Theorie der Optischen Instrumente,’ Cap. V.) give a development of a 
formula for the ooetficients of first order and second order in the longitudinal spherical 
aberration, based on Abbe’s method of Invariants, but so far as can be seen, no definite 
results are obtained for the second order terms, 

Dennis Taylor (‘System of Applied Optics,’ p. 67) gives a formula for the 
spherical aberration, developed in powers of the intercept made by the ray on the 
first principal plane, which includes terms of second order. But his formula, a 
particular case of those dealt with in the present paper, is limited to the thin lens, 
and no attempt seems to be made at anything like a general treatment of such 
aberrations. 

Another important object of the method to be described is to express the 



SPHERICAL ABERRATION FOR A SYMMETRICAL OPTICAL SYSTEM. 


31 


aberrations in such a form that, in a combination of surfaces and lenses, the effect of 
a given surface or lens on the final result can be readily traced. This is fundamental 
for the designer, who usually proceeds to sketch out his system by Gaussian methods 
only, being guided therein by considerations of magnification, illumination, and field 
of view ; and then goes on to eliminate the resulting image defects, so far as he can, 
by bending the lenses, i.e., by altering their mean curvature without changing the 
focal length. In doing this he usually corrects one defect at a time, with the frequent 
result that, when, having corrected one defect by means of one lens, he proceeds to 
correct a second defect, he thereby causes the reappearance of the first. 

If the tifiects of any given lens, however, are made apparent in the final formula, it 
becomes a more manageable problem to devise variations which will keep any one 
defect invariant whilst others are l)eiug dealt with. 

§2. Notation. 

There is no general agreement among mathematical wribns as to the notation 
employed in dealing with optical problems, and it will l)e convenient to state here 
the symbols we have adopted. They are a modification of a system due to 
Steinheil. 

The STiccessive media, procewling in the direction of travel of the light (from left to 
right in our figures), are denoted by even suffixes 0, 2, 4, &c., and the same suffixes 
affect the rays in these media, their inclinations, a^, a^, &c., to the axis, and their 

intersections I^,, I4, &c., with that axis. 

The successive geometrical images will l)e denoted by the lettei- J, thus Jn, .1^, .I4, &c. 
The successive surfaces of separation will 1k5 denoted by th(i odd suffixes 1, 3, 5, &c., 
and the same suffixes will affect the centres of curvature, the intersections of rays 
with the surfaces, and the points where the axis crosses the surfaces. The latter 
will be denoted by the letter A and the centres of curvature by the letter G 

Fig. 1 illustrates the use of this notation for two refracting surfaces. 

The radii of curvature are r„ r,, r^, &c., and are to be considered positive when 
Cat+i is measured from left to right. 

The perpendicular from a centre of curvature on a ray is denoted by p and is 
affected by a double suffix, the first lielonging to the centre of the curvature and the 
second to the ray. Thus is the perpendicular from the ceuti’e of curvature Ci of 
the first reflecting surface upon the ray in the second medium. Where there is no 
ambiguity the first suffix will usually l>e omitted. 

The refractive index will be denoted by n and affected by the suffix of its 
medium. 

Transverse magnifications will lx*, denoted by M. The magnification produced by 
surface I will Ixj denoted, as convenient, by M, or by surfaces 1, 3 combined 

either by Mjg or M04: by surfaces 1, 3, 5, combined either by M,*t, or M«„ and so on. 

F 3 
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The advantage of the doiible even suffix notation in this case is that we have a symbol, 
M^, for the magnification when light passes backwards through the system, the order 
of the suffixes being material. Where odd suffixes are used, we have to use l/M„ 
l/Mis, &c., for the reversed magnifications. 

lliiy magnifications will be denoted by M. These are the limit of the sine-ratio for 
small inclinations, thus Mj = = L sin a„/8in a^. M = M when the initial and final 

media are the same. 

With regard to inclinations, they will be treated as positive when the rays converge 
to the axis, as in fig. 1. The inclinations of the rays calculated by Gauss’ process 
will be denoted by Thus tan = tan tan = tan &c. 



We may also use angles y, calculated from a constant sine ratio, viz., yp = Oj, 
sin y^ = sin sin y^ = sin &c. 

Throughout much of the work we shall use the same trigonometrical function 
(tangent or sine) of the angles a. If the tangent is used, we shall employ the following 
abbreviations : — 

q.^ = tan = tan 

If the sine is used, the meaning of q, t will lx? as follows ; — 

ffsn ~ ®i*i “ sin ya„. 

It will Ik? found that many formula? remain unaltered, whichever of the two inter- 
pretations for q and t is used. 
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All distances parallel to the axis will be denoted by x (the attribution of the 
symbol being indicated in each case) and will be measurtjd positively from left to 
right. 

The longitudinal al)erratiou will be denoted by Ax, with the suttix of the medium, 
and will be reckoned positive when the point of intersection of the ray with the axis 
is to the right of the geometrical image. Thus Axj, = This is opposite to the 

usual convention which is based on the fact that for positive or convergent lenses, Ij, is 
generally to the left of Jj, ; but, in the first place, this is not universally true, and, in 
the second place, the convention adopted by us was found more convenient in liaridling 
the algebra. 

It is to l)e noted that, with the notation used, the well-known formula for a lens 


- + - = i becomes i — - = i, the distances u and v being measured in the same 

u V f V u j 

direction. 

The distances between successive refracting surfaces we denote by c, with the suliix 
of the medium. 

In dealing with a system, espc^cially where the initial and final media are not the 
same, it is very convenient to use an “ equivalent ” Gaussian system, in which lengths 
parallel to the axis are measured in each medium in terms of a unit proportional to its 
absolute refractive index. 

If we denote the corresponding points in the equivalent Gaussian system by acctmts, 
we find that 


A',j; = ^ 


Wo 




A' A' .J ^2 

— , ii. ,q — C 2 — “ > 

TI>2 Tl'j 


A'aJ', = ^ , &C. 


n. 


If then we denote the quantities — — — — — , &c., by^, ^ ... ... may Ixi called 

J\ J:\ 

the focal lengths of the successive I'efracting surfaces. The equations connecting 
image and object in the equivalent Gaussian system are 


1 

A^J'a 


1 

A^J'o 


1 



which is of the same form as the equation connecting image and object for a thin lens 
at A'j. 

Now bearing in mind that A^Jj = AiJj— AjA* and therefore A';,J'a = A'lJ'j— A'jA',, 
it is easy to show that the eflects of the successive refracting surfaces in the actual 
system can be obtaineti by compounding a corresponding set of thin lenses in the 
equivalent Gaussian system. By dealing with the latter, we get rid of thf; 
asymmetry introduced by the difference of initial and final index. Of course this 
applies only to the calculation of the geometrical images. We note that in the 
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equivalent Gaussian system the ray and transverse magnifications are identical and 
agree with the transverse magnifications in the actual system. 

Finally the Intercept of* the incident ray on the leading principal plane of a system 
will usually be denoted by y. This is taken by some authors as the argument of the 
development in series, but differs only by a factor from tan a# or tan 

In many cases it will be convenient, in order to avoid unnecessarily large 
suffixes, to condense a system of surfaces or lenses, affecting quantities referring to 
the system itself with suffix 1, and the initial and final media with suffixes 0 and 2, 
the paths in the intermediate media not l)eing explicitly considered. 

§ 3. Singularities atbd Convergency. 

Consider any symmetrical optical system, of which PL and QM (fig. 2) are the 
initial and final refracting surfaces. Let F(, he the front focus of the aystem and 
UF^V the caustic for backward-travelling rays which are parallel in the final medium. 



Fig. 2. 


This caustic, as is well known, will usually be of the type shown in fig. 2, . 
approximating to a semi-cubical parabola with a cusp at F#, and, to fix ideas, we shall 
suppose the point of the cusp to be turned to the left. In the opposite case, an 
obvious modification of the argument will be found to lead to similar conclusions. 

Any ray in the initial medium, which touches this caustic, must emerge parallel to 
the axis after passing through the system. 

Let Ig be an object point on the axis behind F# and sufficiently near to it for a real 
tangent to be drawn from to the caustic and yet go through the system. This 
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will involve for a positive ray magnification M exceeding some definite finite limit. 
The Gaussian image point J* will then lie a finite distance in front of Fo. 

Consider first a nearly paraxial incident ray loP. Such a ray will be refracted 
approximately according to the Gaussian law and will emerge at an inclination a*, 
where aj, is nearly equal to Oa/M and both «» and M being finite and positive, a* is 
also finite and positive. The ray emerges as QK, passing through a point I* finitely 
diflFerent from 

As increases, at first increases with it, but as reaches the value X, 
corresponding to the inclination of the ray I^L which touches the front focus caustic, 
*2 is again zero. Hence between those two values a* has at least one maximum, and 
for a given value of aa there are at least two values of 

Thus, within the range of values which are of practical impitrtance, a„ is a many- 
valued function of aa having one or more branch-points, of which the one of least 
modulus corresponds to the first maximum of a,. 

Now, within the same range of values, all the aberrations must be given as single 
valued functions of a^, since clearly there can only be one physical emergent ray, 
corresponding to one given physical incident ray. This statement, as we shall see, 
needs to be qualified when we are dealing with purely geometrical rays, but this need 
not affect the present stage of the discussion. 

In consequence, if any aberration be expressed in terms of a.j — or of any trigono- 
metrical function of — that al)erration must, in general, be a many-valued function 
of a,, having for its branch-point of least modulus the first maximum value of aa 
mentioned above. It follows by a well-known result in theory of functions, that 
no Tavlor’s series in aa, or in sin a*, or tan aa, can be valid for values of aa 
exceeding this modulus numerically. For such values the series will be definitely 
divergent. 

It is interesting to consider what happens when is on the other side of F^, so 
that we are dealing with a large negative magnification. In this case no real 
tangent can be drawn from to the front focus caustic and the value of a^, for 
which ttg 5= 0, is a pure imaginary. But here again, although we are now dealing 
with imaginary values, we get two values of a# for a given (pure imaginary) value 
of aa, and, although no such maximum of occurs in the purely real values, the 
modulus of the imaginary branch-point limits the validity of Taylor’s series in as 
before. 

Thus there exists always a certain range, extending a finite distance (depending 
on the nature of the optical system) on either- side of the front focus, within which 
no development of any aberration in powers of ug or of its trigonometrical functions 
(or, indeed, by similar rea^ning, of any inclination of the ray, except in the 
original medium) is valid for the whole pencil of rays which actually traverse the 
system. 

Ixideed, as the object point approaches the front focus, it is clear that both X and 
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the maximum tend to zero, so that only an infinitesimal portion of the rays can be 
dealt with by the method of successive aberrations, t.e., by the Taylor’s series. 

That the range of failure is by no means an unimportant one is shown by an 
example given by the authors in a paper read before the Optical Society in December, 
1918. In this example the system considered is a positive lens of unit focal length 
and thickness meniscus shaped, with curvatures 1 and 2 ‘36, and its convex side 
towards the incoming light. For such a lens and magnification as low as 2, the 
critical value of is found to be alx)ut 4° 40', corresponding to a value of ot# of 13“, 
whilst the greatest practical value of Oq is 26“, so that in this case only about ^ of the 
light going through the lens could be dealt with by series in terms of the emergent 
angle. From M = 2 to M = » the conditions are still worse. 

As a matter of fact, it appears that in this case the range of magnifications, within 
which development in terms of the emergent inclinations is possible for all rays 
travelling through the lens, is restricted to a range lying somewhere between M = — 1 
and M = 1 ‘5. This makes it clear that we cannot depend, in the calculation of the 
al)errations of an optical system, upon any series with the emergent inclination as 
argument. This is important, tecause from other considerations it would have been 
valuable to have been able to express the equation of the emergent ray in the 
form 

y+qz =f{q) 

where q is the inclinatiori of the emergent ray, and to pi’oceed to obtain successive 
approximations to the caustic by developing / {q) in powers. It now appears that 
this is not, in general, legitimate. 

We now come to the consideration of series proceeding by powers of or of its 
trigonometrical functions. Here the question of many-valuedness will not occur, 
except as follows. 

If we consider a ray impinging upon a spherical refracting surface, this ray, if 
produced, will meet the surface at a second point. Treating the problem from the 
purely analytical standpoint, this second point is also one at which refraction takes 
place, and thus, for the same a#, there will, in general, be two values of a*, four of a^, 
and so on. a*,, will therefore, in general, be a multiple-valued function of a#, and 
the aberrations will also be multiple-valued functions, and the branch-points of these 
multiple-valued functions will, as before, limit the convergency of the Taylor 
series. 

Now clearly two branches coincide whenever there occurs a grazing incidence ; 
and, therefore, if the system be so arranged (as it almost necessarily is) so that no 
grazing incidence is reached, there will be no real branch-points within the range of 
practical values. But this does not mean that the Taylor’s series will necessarily 
be valid, for there might be imaginary branch-points. A very simple example will 
show how such branch-points can occur. 
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If lo be a source of light placed in front of a plate of thickness c, and refractive 
index «, the perpendicular from lo on the plate being the axis of the system, it is 
easily verified that the longitudinal spherical aberration 


J4I4 = e.j 


where sin a.„ — ti sin a^, so tiiat 


I _ tan 
n tan 


JJ, = !2/i 

I /\/ 1 

^ ^ n 


The branch-points here correspond to or ct.j = i.c,, grazing incidence at 

the first or second surfiice respectively. 

Clearly if n > 1 , then, since sin^a^ < 1, the second grazing incidence can never occiii* 
for real values of 

But if, we take as our argument = tan which removes the iirst h]anch-|K)lnt 
to infinity, we find 


and this has imaginary braiich -points where t,, =± \- '11“' radius of con- 

vergenceof the Tavi^or’s series in is therefore given by t„ — y j' ’* value which 

does not correspond to any physical limitation of the rays. 'I'liis applies to both the 
longitudinal and the transverse sphei-ical aberrations in this case. 

The aljove <!xample also brings out another important point ; for if in it sin a„ is 
taken as the argument, the branch-j)oints are ±1, ± n; lK)th of which correspond to 
definite physical limitations, viz., grazing incidence and total internal reflection, so 
that in this case the limitations of the Tayror’s series are also the limitations of the 
problem. 

We see then that the validity even of the expansion in a„ may l)e linuted hy the 
existence of branch -points, aJid that the choice of the particular trigonometrical 
function in which we expand may exercise a considerable influence on the result. 

The limitation of the a„ developments due to branch-points will not, bowevei-, as in 
the case of the developments, lead to vanishing radii of convergence. There is 
always a finite region within which these developments may l)e used. In what 
follows, therefore, we have exclusively used a.^ as argument. 

In dealing with the longitudinal spherical aljerration anothtu’ limitation prt'sents 
itself. We have seen that if a# = X (fig. 2), = 0. It follows that the Intersection 

of the emergent ray with the axis is then at infinity, or the longitudinal aberration is 

VOL. OOXX.I — A. G 
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infinite and afterwards changes sign. Thus the values aj = + X correspond to poles of 
the longitudinal al)erration. Tliese poles, being the singularities of least modulus, 
govern the convergence of the Taylor’s series in this neighbourhood, and this radius 
of convergence tends to zero as the object approaches the front focus. It was a con- 
sideration of this difficulty which primarily led us to put the longitudinal aberration 
in a new form. 

This difficulty does not arise with the transverse spherical aberration. The poles of 
th(^ longitudinal spherical aberration are due to the zei'os of a,„ and on multiplying 

fi.V M~" transverse al)erration, these poles disappear. 


§ 4. Summary of Method and Results. 


Th(' g(!neral principle of the method employed was suggested by an attempt to fit 
an empirical formula to the longitudinal aberration of a lens for a certain range of 
eurvatuies and object and image |»o8itions. This empiilcal formula was discussed by 
the authors in a papei' recently read l)efore the Optical Society* and was found to 
give, on the whole, u singulaily good fit. Briefly stated, the formula is of the 
following t)^pe : — 


Ax 


i + Bf^' 


( 1 ) 


where t is the slope of the emergent “ Gaussian ” ray, so that t = ifUL . A is the 
(known) theoretical constant of the first-order aberration, which is a quartic in the 
magnification, and B is a cubic in the magnification, the coefficients in which are 
determined empirically. This formula was found to give a good approximation, even 
when the magnification was high and we were working well outside tht; limits of con- 
vergency of the Taylor’s series for Ax. 

If we consider any given object point, the longitudinal spherical aberration will l)e 
a function of that is, of t. Denoting it by f {t), the reasoning of the preceding section 
shows thaty‘(f) is always one-valued for a finite (and generally quite considerable) 
range of t, but it is not regular, having poles at f = ± t, where t = tan \/M and 
becomes rapidly small as the magnification increases numerically. 

If, however, we write is now limited only by the original 

branch-points of f [t) and will, in general, have an adequate radius of convergence. 
W e may therefore expand it in a Taylor’s series, and we get for f {t) the form 


Ak =/ (t) = 

'' ' ' l-fVr" 


( 2 ) 


* Bakkr and Filon, “On an Empirical Formula for the Longitudinal Spherical Aherrations in a Thick 
LeiiB,” ‘Proceedings of the Optical Society,’ December, 1918 . 
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If the series in the numerator converges rapidly, it will be sufficient, provide<l a is not 
near zero, to stop at the first term, and we get as an approximate formula 


Ax = 


at^ 


(••0 


which is of the same form as ( 1 ). 

We have necessarily a = A, and if the two formulae are to tally we should ha\ e in 
addition B = — 1 /t“. 

The formula in the form (n), however, is not rigorously correct to the second order of 
aberrations inclusive, unless /> happens to he small. If we wish to retfiin stfcond order 
terms complete, we have to use 


A.r = 


at^+ht* 


(-0 


and this can he written, to th(^ same order i>i' algebraic approximation, in tlie form 


A.r = at‘l [ I — ( 1 /t*+ hja) t '^\ , 




provided again a is not zero. 

If this form (5) is adopted, then the B of the empirical formula shoidd 1 k^ llT^ + hja. 
But if this is done, the formula suffers from two defects : (i) it fails whenever a is 
near zero ; (ii) it does not give <^xact compensation for the poles in the critical range 
for M large. 

The further question then arose : how far are formulje of type (4) or (5) suitable 
for dealing with combmations of surfaces or lenses ? An important guiding considera- 
tion, in all work of this kind, must Ik' the relative simplicity of the formulae in 
passing from a single surface or lens to a combination, and whether these formulie aie 
suitable for tracing the effect of individual surfaces or lenses upon the final j’esult. 

We have ultimately been led to the conclusion that no single formula can satisfy 
completely the three ideal requirements, viz. ; (i) exact agreement with development 
as far as the second order inclusive ; (ii) simplicity in dealing with combinations ; 
(iii) exact compensation of the poles in the critical range of M. 

The method finally adopted satisfies conditions (i) and (ii). It ordy satisfies (iii) 
approximately. Numerical calculations show that numerically the approximation is 
adequate in the case of a lens or a simple surface. In the case of more complicated 
systems we have, as yet, no numerical data. 

The first part of the investigation deals with the single refraction. It is there shown 
that the longitudinal aberration can be put into the form (l), i.e., Ax = Ai*/( 1 -t B/*), 
where the formula is correct to the second order inclusive. 

We also find, for the inclination of the emergent ray, the formula 

g = + 

o 2 


( 6 ) 
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wliich is correct to the first order when q and t are tangents and to the second order 
when q and t are sines. 

Tn the above A, B, C are polynomials in M of degrees 4, 3, 2 respectively, so that 
tlie empirical formula is well justified for the simple refracting surface. In this case, 
too, it is possible to calculate t directly, and, in fact, a simple geometrical construction 
is given for it. When this is followed for varying image-positions, it is found that 
outside a certain range of M, the t so obtained becomes irrelevant, and that, in fact, 
if the correct factor 1 — is retained in the denominator of A.r, although it 
irnproves the fit by removing singularities in the range round M = oo, it introduces 
entirfdy fictitious singularities in other and important parts of the range, and makes 
the formula worthless. 

A good deal of light is thrown upon the problem when it is found that, if we 
develop ^ in descending powers of M in tlie neighbourhood of M = oo^ the two 

T 

leading terms are discovered to be identical with the two leading terms of the 
cubic B, previously obtained. This makes our B approximate more and more closely 

1 . 

to precisely as the efiect of the denominator term becom(}8 more important, and it 

T 

is this fact which is the key to the numerical value of the method. 

We then proceed to show how the constants for a combination of the two systems 
can be obtained from the corresponding constants of the individual systems. In 
doing this it appears that, Sf> soon as we pass from the single refracting surface to 
the lens, a new constant is introduced into the formula, which now takes the form 


A* = 


1 -t-B^" 


( 7 ) 


where A and B are of the same form as before, but E is now a polynomial of 
degree 0 in M. In the case of a lens the term E^^ is found to be, in general, of 
small impoi’tance, which accounts for the good fit of the empirical formula. 

The formula (7) for a combination holds good to the second order inclusive, and B 

agrees with when M is large, as far as the leading term only. For numerical 

T 

purposes, however, a correction is discussed, which is very readily applied, and which 
makes the two leading terms in B agree with the two leading terms in as in the 

T 

case of the single refracting surfaces. 

The formulae for combining two systems take comparatively simple forms ; the A, 
B and C for the combination are expressed as linear functions of the A’s, B’s and C’s 
of the components, and the E as a lineo-linear function of the A’s, B’s and C’s of the 
components, each term involving a product of which one factor belcmgs to one 
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component of the combination and the other factor to the second. In addition the E 
for the combination involves linear terms in the E’s of the ct)mponent8. 

These results are found to hold good in the more general case of the combination 
of three or more systems. It will follow that if the constants A, B, C, E aie 
tabulated for lenses of various curvatures, the effect of the combination can be traced 
relatively easily and the aberrations corrected, so far as possible, by suitably bending 
the lenses, while keeping the general arrangement and the magnifications t he same. 

Explicit values of the constants for the single refracting surface and a single thick 
or thin lens have been obtained and art^ tabulated for reference, so as to be available 
for eventual computation of the required tables. We have also given some numerical 
values for a single lens, and a numerical test of the accuracy in this case, which works 
out at about of the total aberration for the range of cases taken. 

The corresponding formulae with sin y instead of tan j8 as argument are discussed, 
and it is shown that the equations of combination are of the sjime form as before. 

C^ertain invariant relations between the coefficients in A, B, C, E are developed, 
which enable various calculations to be simplified and in particular to determine these 
constants for a system reversed, when they are known for the direct system. This 
will generally halve the work of tabulation. 

§ 5. The Single RefrucUng Sarfuee. 

Using the general notation described in § 2, consider refractions at a singhi refracting 
surface. 

Let -yfr-y denote the angles of incidence and refraction, so that t/t,, = (^|P|T|„ = 

C,P,L (fig. l'). 

Let C,T„ = Xu = x„, 0,L = Xa = .T;; + Aj\,, ('jJ^ = we then liave the set of refraction 


equations 

sin V^u = pjrt = .r„ sin (8) 

sin V '2 = Ihh\ X.jtiiu a.Jr^ (9) 

u.jp.,= n„p„ (lO) 

= V'o-'Aj (U ) 

Let fo = A'll'o, = A'l.Pg i>i the “ equivalent ” Gaussian system (see § 2). Then 

Wofu = -b) + n, = + (12) 

and we find, using the first approximation when a,, &c., are small 

1 //; ( 13 ) 
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If M, = La|,/ajj, which we shall call the ray magnification, we have 

fto 

= n^iJn^i^ = n^x-Jn^r^ ( 14 ) 

The transverse magnification M] is given by 

Ml = ~ ^J^'o ~ (l^) 

We can also express (13) in another well-known form, namely, 


njx.,-njxa = l//i, 

whence, using (14), we obtain 

X,, = n.J, (1 

= »o/i (1 -Ml) ) 

Again, from (9), (8) and (lO) 

Xj = Pa/sin = w„.T„ sin ao/wasin = n,,/, (l — M,) sin (t„plL, sin 

= cPj sin Oo/M, sin aj, 

and the longitudinal aberration 

Axa = Xa-.ra = x ^ (sin tto/M, sin a^— 1 ) 


(16) 

(17) 

(18) 

(19) 


The corresponding longitudinal aberration in the equivalent Gaussian system is 
found from 

A^a = Axa/na = (w«/,/ria) ( 1 -Mj) (sin a„/M, sin a^- 1 ) (20) 

Now from (ll ) 


sin a* = sin a„ cos yjr„ cos sin yr# cos a,, cos -^2 cus cos 

-I- sin oto sin \//-|, sin 

whence, using (8), (9) and (lO), 


sin *a/sin ao = {1 —{xJr^Ysm^ «„}* { 1 — (W|,iCi,/wa^j)*sin*ao}* 

+ (iCoM) { 1 -sin* “ol* { 1 -(>^o®o/«■ 2 ^l)* siJi® «„}* 
-(n„x„/»a^,) [1 -sin* a#)* {l-(xo/n)*8in*ao}* 

-l-(n(,XoV«a’'i*) 8 in* ao, 


and developing this in ascending powers of sin we obtain, retaining only terms of 
fourth degree 

sin tta/sin ao = 1 -l-Xo (^a— Wo)/^a’"i — JP sin* ao 

-iP sin* ao {(n3+no)*a;o*+»i3 (n-»o) ( Vi + 

where 

P = {l-njnt) (aJoM) (l -i-xjri) (l -«o««/^n), 
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and is the quantity whose vanishing gives the aplanatic points and must therefore be 
a factor of every coefficient after the first in the development of sin a, in powers of 
sin a,,. 

If we write for shortness 


Q = (1 + (1 


and remember that 
we find 


l+a:u(nj,-nu)/ni,r, = l/M,, 

sin tta/sin a„ = l/M,— sin* «„/(!— :J-Qsin’' a,,) 

= M.-*{1 -(iPM, + iQ) sin* a.,i /(l -iQ sin*a„) 
= M,->{ 1 + B sin* a,/M,*}/{ 1 +C sin* a„/M,*} . 


( 21 ) 


correct as far as the second order inclusive, where 


B = -^PM,*-iQM,*, C = -iQM,*, 


from winch, after some reductions 


C = -i (n„-no)“*{(n/+w„n„+nu*)-3 (u/fn,*) M, + 3 n/) M,*}, (22) 

and 

B = i-(na-Wo)~*(] -Mi)(n:,-w„M,)(w«-WjM,) + C 

= i («;j-Wu)~* { -(«/— n„na + nu*) + (na-/i„)*M,-(n/ + 7*„*-.5n„Wa)M,*-2nonaM,*}.(23) 

Returning to equation (l9) and using (21) 


where 


Lx, = .x,(C-B)Mr='8in*ao/{l +BM,-*sin*aJ 

= Wa/,AM,"*8in*ao/{H-BMj“*sin*au}, .... 

A = Xg {C—B)ln,fx 

= - J (wg-n#)-* (njn,) ( 1 -M,)* {n,-n^i) (r4„-WgM,) 

,, V ,, , , r-7ioni+(«2+’^0"M,-2(ng* + nung+no*)M,* 

L +(Ma+«„)* M,*— ri.„naM,* 


(24) 


}■ ( 26 ) 


All the above formulae are correct to the second order of aberrations inclusive. We 
note that A, B and C are polynomials of degree 4, 3 and 2 in the magnification 
respectively. 

If we express the aberration in terms of tangents instead of sines we have at 
once 

Ax, = ng/,AM,-*tan*a,/{l + (B+Mi*)Mr*tan*a„} 

= 74g/,A tan* /8a/{ 1 + B tan* ^3} (26) 
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where 


B = B+M,* 

= {- (»/-»o»a + V) + (%— + + (27) 

When, liowever, we come to develop a formula for tangents, similar to (21) for 
sines, it is found that, in the series for tan aj/tan ot^, we do not have all the coefficients 
after the first vanishing together ; for, even at the aplanatic points, the tangent ratio 
is not constant. 

We can, indeed, write 

tanaa/taiia,, = M,~' (l+BM,“^tan^ao)/(l+CM,“^tan“ao), . . . (28) 

and choose the coefficients B and 0 so that the developments shall agree as far as terms 
in tan* inclusive. This can, in general, be done in one way only. But we then find 
that B and 0 are no longei- integral functions of the magnification. Their infinities 
have to be taken into account, and generally the method becomes complicated and 
unsatisfactory. 

From other considerations, however, it appears that since the zeroes of must be the 
same as the poles of Aa:^, the B in (28) must be the same as the B in (2G), and this 
will fix C as follows : — 


tan* tta = sin* ajj/(l —sin* a^) 

M|~*sln* «()■[ 1 +B sin* «„/M|*}* 

{ ] +C sin* au/M,*}*— * sin* , J + B sin* au/M,*}* 

Mr*tan* a,|j 1 4 - (B + Mi* ) Mi~* tan* a,,}-* 

(] +tan*a„){ I ^-(C + MJ*)M,“*tan*a^,}*— Mr'tan*au{l +(B + Mj*)M,“*tan*a„}*, 


substituting from (21). 

Hence, taking the square root and developing the denominator in powers of tan /Sj, 
i.e., of Mj"’ tan a^, 


tan ajtan 0.^ 


where 


( 1 + B tan* 0^) __ 

1 +tan*/8,(C+lM,*-i) + itan*^,{C (l +M,*)+fM;‘ + tM,*-i-2B} 

( 1 + B tan* 0.j)/{ 1 + 0 tan* + D tan* 0^), (29) 


C = C+tM.*-i 

D = C(l+M,*)+fM,*+tM.*-i-2B 
= C ( 1 + M,*) + i ( 1 - Ml*) ( 1 + 3M,*) - 2B 


(30) 


(29) is now correct as far as the second order inclusive. 

If we only require the tangent ratio correct up to the first order of aberrations, 
we have the formula 


tan a* = tan /8a ( 1 + B tan* /8a)/( 1 + C tan* /Sj) 


(31) 
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The value of C, when written out fully, is given by 

C = J(na— rto)"’ { — (nj“'—no»a + «o*) + (»«* + Ha*) M, + (no*— 3r^,na + na*) M,*}. . (32) 

§ 6 . The Convergency Factor atid the Singula/r Inclinatiioi, for a Single 

Refracting Surface. 

Having now obtained expressions (24 and 26) for the longitudinal spherical 
aberration, which are correct to the second order of aberrations, when expansion 
in powers of sin or tan a,, is legitimate and rapidly convergent, we have now to 
enquire how far the same expression remains valid as II increases, in which case we 
know that B or B increases without limit and the convergency fails, even for 
comparatively small values of a„. 

Here it will be convenient to introduce two detinitious : — 

I. We shall call .ntigular incimation, the value X (see §3)- of a„ for which the 
emergent ray is parallel to the axis. 

II. The factor I — 8in*a„/8in* X (or 1 — tan* a„/tan*X if we are dealing with tangents) 
we shall call the converget icy factor. If we multiply by the convergency factor 
we remove those singularities of Aa’ which are instrumental in causing critical failure 
of convergency. 

To find the singular inclination and convergency factor for a single refracting 
surface, we have to find wlnni = 0. 

Going back to the fundamental equations (S) to (ll) w(! have a, = 0 when a,, = X, 
where 

X = 

which leads to 

sin X = sin cos Yr,,— sin cos Y'z 

= (HyT,, sin X/'/t 2 '>*i)v/'! 1 ”(^o 8*1* ^A’l)*} "(•<"(> si'i X/r,)v^ { 1 — (n,|,a;„ sin x/Hyr,)-*}. 

Hence, either sin X = 0, which obviously refers to the axial ray, a trivial and (for our 
purpose) irrelevant solution, or 

, r,/iCo = 1 - {xo sin X/r,)*} - v/{ 1 - (h.,;/-,, sin \/n^r,Y \. . . . (33) 

On rationalising (33) leads to 
4 h/ sin* X/hj* = 4r,7.r,*— ( 1 4- 

= - ( 1+ r,/.r, - nf ij) ( I + rfr„ + ujn,) ( 1 - rj.r„ + nfn,) ( 1 - r,/.r„ - 7i,J n,). (34) 

This gives the singular inclination. 

If we write 

K = ( I + ( I + ri/x„ + nj th) ( 1 — r,/x„ + 'nj Hy) ( 1 — Ti/ju ~ " J'h ) > • ( ^ ^ ) 
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it follows that 

] + 4n/ siii^ (36) 

is the required convergeiicy factor. 

If the fomiulfe of § 5 are to get accurately over the failure of coiivergency, this 
convergency factor should be identical with 

] + B sin* ao/Mj^ 

that is, we should have 

B = 4n.rM,V«/ii, (37) 

which, when written out, becomes 

B = w«)* (1 — 2M,) (nj+Wu— 2w„M) (wg + Wu— 2 W 2 M,) . (38) 

This does not agree with the previoxisly found value for B, being of fractional form 
in M,. It does leml to B becoming infinite o/'the order M,* when M, tends to infinity, but 
it indicates .an infinity of B (and therefore a critical faihin^ of convergeTicy) at three 
other places, namely wlien Mi = ^ + | (w„ + n^)///-;!, at none of which does a 

failure of convergency really occur, as c.an readily Iwi verified. 

The reason for this is made clearer by geometrical reasoning as follows 

Ijet PiQi (fig. 3 ) l)e a ray which is parallel to the axis in medium 2. To make the 
figure easier and the quantities dealt witli positive, the refraction has been taken 
from a denser to a rarer medium, so that 1. 



In the triangle I„C,P, of fig. 3 we have sin \fr.J sin \/r„ = loPi/.r„. 
But 

sin \lrj sin = njn ^ ; hence I^P^ 
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The point P| and singular inclination X can therefore be constructed geometrically as 
follows. 

With lo as centre and radius n,i.C,I,y «2 describe a circle meeting the refracting 
surface at P, ; C,IoPi is the angle X required. 

This angle X approaches zero, that is, we get a critical failure of convergency, when 
the two circles approach contact at A,. The limiting case is, therefore, when 
A,I„ = «|| . C]Io/'/ia or 1,1 divides A,(/, rxternallij in the ratio n„ : 

When this happens r, + a\i = leading to M, = oo, a case of true critical 

failure. But clearly, by symmetiy, we get a precisely similai' rt'sult when PiQi is 
due to a ray entering the surface at Q,, and travelling backward throtigb medium 2. 
In this case the limiting position of 1,, divides Bjt’, externally in the ratio and 

is defined by n— x,, = or = i- 

This case would correspond, analytically, to a. = t, and the corresponding equa- 
tion (23) would become 

= (njn.j) ! I -(.r„sin X/r,)^) sin \lnti\Y}. 

Now if we examine (34) we find that in the process of clearing r(K»ts, appears 
squared in the final result, which accordingly includes both a.j = 0 and a.j = tt. If we 
write rYjxY = u, then we should really write equation (33) in the form 


v/m = (wo/rij,) v/(l— sin^X/n)— v/(l-w/8in“X/a/M), .... (39) 

and the two cases are discriminated by assigning to \/n one or the other sign. One 
of these cases is necessarily in elevant since refraction at the posterior surface of the 
sphere is physically excluded. 

Further, if we consider the other two vahies which make II = 0, viz.. 


they correspond to 
and 


Ml = {nu + n.j)l2rh^ and Mi = (wu + ni,)/2aa, 

n + .Cu = 


i.e., to positions of in which it divides AjO, and BjOi internallif in the ratio Ua rriy. 
But these belong geometrically to the limit of cases in which the incident and 
refracted rays lie on opposite sides of the normal, i.e., to a negative refractive index. 
And indeed they are obtained from the two previous points by reversing the sign of 

Here again, examiixation of (34) shows that njn^ appears squared in it. Therefore 
(34) includes the cases in question. These, however, may be obtained analytically by 
changing or 'Aa* “do its supplement, i.e., by reversing the sign of cosV'o or cosx^^ 
or by changing the determination of the sign of one or other of the square roots on 
the right-hand side of (39). 


H 2 
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The cases are discriminated by the vanishing of these square roots, which occurs 
when cos or cos V'a = 0. 

It app>ears, therefore, that the vanishing of the factors in the denominator of (38) is 
wholly irrelevant, and, if we adopted for B the value given on the right-hand side 
of that equation, we should thereby be introducing, in the neighbourhood of M, = 
(no+Wj|)/2wB, (n„-»-na)/2wa entirely irrelevant singularities, which would make the 
formula worthless. 

The question arises, what is the range of values of M, for which the equation 

4w/sin*X/n/ = — K 

is valid and legitimate? 

If we start from M, = oo , which corresponds to a real case, the signs of the square 
roots in (39) are well determined, and the correspondence between sin* \ and M, is 
unique and definite and can be continued until we reach a point where one case 
passes into another. These cases we have found to be the branch-points of the 
three square roots, namely : — 

M = 0, cos = 0 and cos = 0. 

u = 0 leads to .x„ = <» or M, = 0 (A) 

cos >//■„ = 0 leads to sin* X = u, or, using the first form of (34) 

Anuujn./ = 4u — {l+u— rC/^i/)*, 
i.e., = 0, that is u = i—rcafn./, leading to 

. (l-w, */«/)"* and M, = {l±(rta-«o)/'v/(w 2 *-w,*)}"‘ . . . (B) 

cos = 0 leads to sin* X = n./ufna, that is, to 

u = n,*/n/-l, x„ = ±r, (no7n/-l)-‘, M, = {l±(« 2 -Wo)/v/(«o*-«' 2 *)}"‘ • • (C) 

If Wu > n.j, both values of M, given by (B) are imaginary. The values given by (C) 
are both positive, It, = {l -t-(nj— »u)/Y/(n„*— ri/)}”’ being tbe greater. 

The range over which we can travel without ambiguity is, therefore, from 
M, = -I- Qo to Mj = and from M, = — qo to M, = 0. 

If Ho < n,, the values of M, given by (C) are imaginary, those given by (B) are 
positive, and M, = {1 — (» 2 — '»o)/v/(n/— n,,*)}"’ is the greater, so that the range of 
validity is from M, = -f oo to M, = {l— (%— no)/\/(n/— n,*)}"' and from M, = — oo to 
M, = 0. 

Within this range (l + 4wo* sin* ao/n/It) is the correct con vergency factor ; outside 
this range it is irrelevant. 

It is clear, then, that we cannot find a single formula for the con vergency factor, 
which will hold for all values of the magnification. 
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Further, if the factor ( 1 + 4rC sin* e^yn/R) is introduced into the denominator 
of Ascj,, we no longer obtain expressions of the simple type (24) and (26), and 
endless complications are introduced when w6 come to consider a compound 
system. 

Can we make our expression B given by (2!l) give Sk tolerable approximation to 
(4wu^,*/»i-/R) for those regions where the denoipinator fitctor is really needed, namely 
for M, large, positively or negatively ? . . * 

To get the answer to this question we develop (4n„*M,7ri/R) in descending powers 
ofM,. 

This is found to Ije (th(' most rapid metlutd is to break up first into partial 
fractions) 

|-(m^— W|,)“* f — (n,,^— 5norA^ + w/)M,^ "1 

1 - \_{th - Wu)‘ + n*nf\ llLjl2n„n.j — [(w ^, — riof («/ — n*) + >. (40) 

+ terms in 1/M„ &c. J 

If we now compare (40) with (23) we find that the most important b^rms when M, 
is large, namely those in Mj'* and agree in the two expressions. 

We may, thei-efore, take it that the approximations (21) and (24) which we have 
seen hold good to the second order when expansion in series is convergent, will 
probably not be numerically very far out when M, has a large value, in which cast* 
the normal method of development cannot be. used. 

It is important, at this stage, and to justify the above assertion, to consider a few 
numerical examples. 

Tables I. and II. give the values of and sin a..^ for a single refracting surface, 
calculated for a number of valu(?s of H, and two inclinations in each case. The 
inclinations are fixed from the perpendicular distance vs of A, from the incidtmt ray. 
Tills, for moderate inclinations, is sensibly the same as the intercept made by the 
incident ray on the principal plane, vs has been given the two values O’fi and 0'25 
in every case, except for M, = 2 where vs = O'f) leads to a physically impiissible value. 
In this case vs — ()'25 and vs = 0T25 have been used to define the ray. 

In each case four values have lieen computed (l) tin* correct one, from trigono- 
metrical calculation ; (2) the values given by formula*. (21) and (24) — these are shown 
in the column headed “ fractional formula ” ; (3) the values obtained by expansion in 
series, up to the optician’s first order of aberrations inclusive, that is including siii’a^ 
in the development of Ax^ and sina^ — these are shown in the column headed “first 
order” ; (4) the same series carried to the second order of aberrations inclusive, i.e., 
to the terms involving sin^a,, — these are shown in the column headed “second order." 
It should l)e noted that thesti fii-st and second ordei* approximations are the most 
accurate that can be obtained, much more so than more usual ones, proceeding in 
powers of sin a, or tan 0 .^. 
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Table I. — Values of for Single Refracting Surface. 


X. 

CT. 

First order. 

Second order. 

Fractional 

formula. 

True. 

10 

0*5 

-33*35293 

-107 -0262 

+ 27-18663 

+ 26-66794 

10 

0-25 

- 8-33823 

- 12*98026 

-18*81008 

- 18-85273 

2 

0-25 

- 0-250000 

- 0-. '{78906 

- 0*516129 

- 0-627.526 

2 

0-125 

- 0*062500 i 

- 0-070557 

- 0-071749 

- 0*071781 

0*5 

0-5 

- 0*015625 

- 0-016641 

- 0*016598 1 

- 0*016611 , 

0-5 

0*25 

- 0*003906 

- 0-003963 

- 0*003964 

- 0*003963 

0 

0-5 

- 0-166667 

- 0-174769 

- 0*175183 

- 0-175809 

0 

0-25 

- 0-041667 

- 0-042173 

- 0*042179 

- 0*042189 

- 1 1 

1 0-5 

- 1-000000 

- 0-947500 

- 0-950119 

- 0*956680 

- 1 1 

1 

1 0*25 

- 0-250000 

- 0-246719 

- 0*246761 

- 0-246838 


Table II. — Values of Sin foi- Single liefi-acting Surface. 


M. 


First order. 

Second order. 

Fractional 

formula. 

True. 

10 

0-5 

+ 0-0250866 

+ 0-0454644 

+ 0-0676348 

+ 0-0610770 

10 

0-25 

-0*0078936 

-0*0072568 

-0-0071911 

-0-0071828 

2 

0*25 

-0*2187500 

-0*2065430 

-0-1987180 

-0-1978219 

2 

0-125 

-0-1210938' ! 

-0-1207123 

-0-1206710 

-0-1206691 

0-5 

0-5 

1 0-2539063 

0-2.541962 

0-2542195 

0*2542230 

0-5 

0*25 

0*1254883 

! 0-12.54974 

0-1254976 

0*1254974 

0 

0-5 

0-1805556 

0-1817130 

0-1826667 

0-1827294 

0 

0-25 1 

! 0-0850694 

i 0-0851267 

0-0851286 

0*0851291 

- 1 

0*5 

i 0*1250000 

i 0-1299375 

0-1311526 

0-1314354 

- 1 

0*25 

0-0531250 

0-0532793 

0-0532873 

0-0532884 


It appears from the above that the fractional formulse are not merely equal, but 
appreciably superior to the second order formulae, and this not merely in cases such 
as those of the three first entries in Table I., in which the convergency of the series 
for AaJg is either absent or slow, but in emry case where the fractional or second order 
formulm differ sensibly from the true value. (Clearly a divergence of 1 in the last 
place cannot be claimed as significant, for the last figure in Tables I. and II. is probably 
not correct within ±2, in some cases.) An estimate of the range of the formula can 
be obtained from the fact that in the cases, vf = 0'5, Jt, = 10 and 2, the angles of 
incidence were 52° 34' and 48° 35' respectively, and, for the other values, angles of 
incidence of 20” and 30° are quite common. 

In view of this the accuracy of the results is surprising and, from the point of view 
of the further applications of the method, most encouraging. 
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§ 7. Comhination of Two Systems. 

Call the systems I and 3, and the initial, intermediate and final media 0, 2, 4. 

y*i. fx are the focal lengths of the systems, as defined in § 2. M„ M, are the trans- 
verse and ray magnifications in the first system, M.,, in the si^cond system. 

M.t-hAM;,, refer to the transverse and ray magnifications in the second 

system when the true intersection of ray 2 with the axis, is taken as tlie object 
point for the second refraction (instead of J^, which refers to transverse and ray 


magnifications M;„ M.,). 

Using the notation of §§ 2, 5, we assume 

A.r2 = 1 B|</) ( 41 ) 

J, = <,(1 +B, !,■)/( I +C,(.“) (4-4 


where g.j = = I ^7" Zj ! ^ siiitabh* lornis iiccortliufj as sines or 

ban *' l^baii 

tangents are considered. The constant E, is zero if the systems reduce to single 
refracting surfaces. Its form in the more general case will he discussed later. 

If we denote by Ajir^ that part of Ax^ which is dut^ to Axo and by A^-r^ that which 
is introduced by the aberrations proper to the system 3, 

A\Xt = AM;| 

where AM,, is obtained from Ax.^ by means of 

Ax.^ = n.jf { 1/(M3-|-AM;,)-1/M,.,}, 

AM;< = — M/ Ax 2 /{n.^f;t + M;, Ax.^). 


sin y.j 


leading to 
Thus 
Again 


(43) 


. „ _n,./:,{(A,-tAA3)g/(M3-t-AM,)--t(E;,+AE,)^/(M,-tAM,)-n 
" ~ r-h(B3-tAB3)g/(M;:rAM;j^ 


= n«/3[{A3]II;r*+ AM3 d (A.3l[3-*)/dM3}g/-fE.3</M,r‘]/(l (44) 

retaining only terms of second order in «/. Writing now for in the above its “ first 
order” equivalent ta^+2 (Bj— Cj) tj*, we have 

Axjut = AixJrit + A^Jn^ 

{ /.M/A, +Mf1IL,n If + f [/, { B... A + E,M,/- A,M..M ( k.Mi^^)ldM., 

- +A,A..,M..JM3-n -t /..{B,A : JI[3-^ +2A3(B.-C,) M,,-=*+E..^3:;M] 
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and retaining only the first two terms of the denominator 

Axjn^ — {yi;tAj;)i/+yj.,Ei;/4'*)/(I +- (46) 

y;,A.,=/.A,+/iA,M/M/ (47) 

B., = B, + B,M/+ A,M,.^//,//, (48) 

+ /,A,M..r{3B|-2CM- (49) 

Again 

^7.(M. + AM,)-' {l+(B, + AB,)g/(M,+ AM,)-'r 
I +((;,+Aa,)77(M,+ AM;, )-='“"“ ’ 

and retainiTig tmly terms of order t.f 

g, = q, (M;, + AM;,)-* (l +B;,^**M,, -*•')/(! + a/.=M;,-*-') 

= tM;,-' ( 1 - AM;yM;,) ( 1 + B//) ( I + B;,//M;,-=-')/{ ( 1 + (V/) ( 1 + CV/M;,-*-') j- 
= ^M;,-* (1 +B,//+B;,^,^;,-=-' + «/A, ¥;/,//:,)/( 1 + ( V/ + C;,t,*M;,- **) 


= ^ 4(1 + B,;,<4‘*)/( 1 +Ci;/ 4 ^), (SO) 

where B,., has the value given by (48) and 

0,3 = C;, + C,M/ (51) 


The equations (47), (48), (49), (5l), give the constants for the combined system in 
terms of tlK) 8 (* for tlie components. It may appear at first sight as if the choice of 
the constants B,.., and E,., had been arbitrary, for clearly, if X be any quantity, 

■!yi.sAl,'/4**+yi;,(Ej;,+ XA,;,) ^4^}/{l +(Bi;, + X) t^\ 

will give a development equally valid to the second order. But, if we do this, and 
we wish to preserve the simple character of the relation (48) giving the B for the 
combination, X will have to be a linear function of A,, A 3 , B,, B..,. xAj;, must then 
necessarily contain terms of one or other of the forms A,Bi> A,**, AsB;,, Ag**. Thus 
the new E will contain such terms and will no longer be of type (49) which is linear 
in the aberration coefficients of each system taken separately. Thus the Hneo-l inear 
type of equation for E,;, requires X = 0. 

We note also that the equations of combination are identical in form, whether we 
are dealing with the sine or the tangent of the inclination as argument. 


Remembering that = 
product 

where 
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§ 8. Nature of the Quantities A, B, C, E in the (letu-nd Case of any System, 

In the case of the single refracting surface we found that A, B, C wore polynomials 
of degrees 4, 3, 2 in M, and that E was identically zero. 

In addition, for such a surface, equations (23), (25) and (27) show that the 
coefficient of in A is Uu/n-j times the coefficient of M,“ in B or B. This may l)e 
otherwise stated in the form : — 

A,-niJ[,B,/u., A,-M,B, (I) 

is of the fourth degree only in appearance and reduces to an expression of the third 
degree in M, or M,. 

The same holds good for A, — M,B„ so this result is independent of whether the 
sine or tangent is taken as argument. The sam<^ rernaik applies to all the results of 
the present section and to the other invariant relations sliortly to he proved. We 
may therefore conveniently state it here once for all. 

If we now refer to the equations (47), (48), and jememher that in any combination — 


= ,-]//, (52) 

and 

(.53) 

with the corresponding equations 

~ ^4//*! 

t^Jf M,;, = njfy^ Ml - nff (55) 

and the obvious conditions 


M„ = M,M, : M,„ = M,M„ 

we note first that, if A.., is a quartic in M., it is also a quartic in M,a or M,.„ and that 
if A] is a quartic in Mj, it becomes, on multiplication by M/M,/, a quartic in M,;, 
or Mi;„ since M;, = nJULg/n^, and therefore Mj''M„*Mg* = ji,2*M,;,’'M.*"7w4*, which makes 
every term in AjM;,^:/ a quartic in M,;„ Itecause Mg is a linear function of M,3 and 
4— r is here zero or positive. 

(47) then shows that Ajg will be a quartic function of M,.,, if A, and A;, are quartic 
functions of M, and Mg respectively. But we know this to be the case for a single 
refracting surface. Hence it holds good of any system compounded of such surfaces. 
Now consider (48). If B;, is a cubic in Mg it becomes a cubic in Mjg. 

Again, if A, — MjBj = a cubic Uj in M, 
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using (52), and by reasoning similar to the one given for A,., the last expression is a 
cubic in M,,. 

Hence B,3 is a cubic in Mjg. 

Consider now A,..,— M, 36,3. This is found, after some rediictions, and using (52), 
to 1)6 


Of the above terms, A3— M3B3 is a cubic in M3 and therefore, also a cubic in M,3. B3 
is a cubic in M, 3 . A,— MiBi is a cubic in M, and when multiplied by M3M3® becomes a 

cubic in M,3. 

Hence if the condition (I) holds good for the components, it also holds good for th(i 
resultant system. But we have seen that it holds for a single refracting system ; 
thus it holds for any combination. Also B will be a cubic in M for any system. 

As I'egai’ds C, examination of (5l), remembering that for a single surface C3 and (’1 
are quadratics in M 3 , M, respectively, leads immediately to the conclusion that C is a 
quadratic in M for any system. 

We now come to the coefficient E. Here the single refracting surface gives no 
precedent for Ei and E3. Let us examiiK' the other terms in E,;,. These can l)e 
written in the form /,A,M3^M3“(B3- dA.ydM3) + 3A3M3^(/3Bi+/,M3A,)-2/;A^3*C„ 
and, using A,— BjM, = U, ; A3— B3M3 = U3, where U,, U3 are then ciibics in Mj, M3 
respectively, this is found to reduce to 


-/. a,M3*M3^ (M3 + dv^dM,) + 3A;^3^M3/, (u, +/ 3 ,//,:)) - 2y:.AaM/c,. (so) 


Now 


AiM 3*M3* = quartic in M13. 

Mg ciBa/dM3+cZU3/dM3 = cubic in M3 = cubic in Mjg. 
M3*M3 (Ui + /sBiZ/'is) = cubic in M3 = cubic in M,3. 
A3 = quartic in M,3. 

Mj*Ci = quadratic in Mjg. 


Hence the three terms in (56) are of form 


(quartic) (cubic) + (qiiartic) (cubic) + (quartic) (quadratic), 

and this leads to a rational integral polynomial of degree 7 in M^. 

Further consideration, however, shows that it is of degree 7 only in appearance, for 
the terms which can lead to expressions of degree 7 in M13 are clearly 


-/.M,*M,*A. dB,/dM,+8A3/M3*M, (Ui+/sB, //■„), 
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or, dropping the factor/, 

= M/M, {3B,M„(U.+/,B.//;,) + 3U«(U,+/,B, //,.,) 

The term 

3U,M/M„(U,+/B,/^.) 

is clearly of the form cubic x cubic and the terms leading to expressions of 7th degree 
reduce to 

M/M„ {M,U, (3B,-M,dB,ydM„) + M3B, (SBJiy/^-M,., f^VdlVl,)!. 

and since f/Mi/ZM:, = fjfvt, this can be written 

M/M, {M:,U. (3B,-M,dB,ydM3)+(M,B./y/;») (3B,-M„ dB-JclMy,)}. 

But since B;, is a cubic, in either M,, or M,a, 3B,,— M;,dB;y(7M;, and 3B;,— M,;, r/B//M,;, 
are both quadratics in M,., or M,;,. 

The above expression therefore reduces to M,, x sum of two quantities each of form ; 
cubic in M,;, x quadratic in M,;„ that is, to a sextic in M,;,. 

We see, therefore, that those terms in E,.., which do not involve E, oi- E^, arii a 
polynomial of sixth degree in M,:, or M,;,. 

Jt follows that for a E is necessarily a sextic in the magnification. 

Suppose now that E, and E;, are both sextics in M,, M,, respectively. 'I’lie.n E., is a, 
sextic in M,;, and will also be a sextic in M,;„ that is E,., will again l)e a se.xtic 

in M, 3 . 

Hence, since any system is built tip of combinations of lenses or single refracting 
surfaces, we find that E is a sextic polynomial in M for any system. 

Examination of particular cases shows that hi is not, in general, divisible by A, so 
that the vanishing of the latter does not usually involve the disappearance of the 
second order terms. 

§9. Inodriant Iteldtions. 

(Certain relations exist between the coefKcients A, B, (i, E which remain the same 
in form, whatevei" the number of refracting surfaces. One of these we have already 
dealt with, namely the fact that 

A -MB 

reduces to an expression of the third degree, i.c.., the coefficients of highest degree in 
M in A and B are the same. 

This we shall refer to as the first invariant relation (I.). 

A second invariant relation takes the form 

B-C = i (l-lI») + idA/dM, (11) 

I 2 


M S 
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when we use tan as ar^rnment, and 

B-C = (IF) 

when we. tise sin y.^ as argument. 

That these relations hold good for the single refracting surface is readily verified 
from equations (22), (23), (25), (27) and (32). Suppose now that, for systems 1 and 3 
separately, the relation 

B-C = o-(l-M“) + |dA/dM 


holds, where o- = § or — i according to the nature of the argument, then from (48) 
and (51 ) 

B„-C„ = B,-Q,+M/(B,-C,) + A,M,M//,//; 

= <r(l-M,,*) + i(ZAV<M;,+iM/(fiA,/(iM, + 4A,M, . (57) 

and from (47) 


dKyJdm,, = /, dk JdM ,, +/, { dA JdMy, + A, d (M/M/)/dM 

But 

<;M„ = im.) dM, = {/,!/,,) M/ dM,, 

H0riC0 

dA,,.ydM,3 = dA;ydM3+M;,^dA,/dM, + (/,A,//:,) d {M,^,?)/dM,, 


utl- 


and since = const., the last differential coefficient is 4M;,M;®. 

Using this result (57) becomes 

B, 3 = a{l -11,3=*) dA„ydM,3, 

which is of the same form as the equation we started from. Hence, if the two 
components of the compound system satisfy tlie second invariant relation, the 
resultant system also satisfies it. But we have seen that the relation holds good for 
single refracting surfaces — hence it holds good universally. 

Tt should be noted that the second invariant relation is really a first order relation 
and connects the first order aberration of the inclination of a ray, with the first order 
longitudinal spherical aberration. 


§10. Th^- Constants A, B, C, E/or an Optical System Reversed and for Negative 

Lenses. 

Certain important general relations are found to hold between the constants 
A, B, C, E for rays going through an optical system and the corresponding constants 
A', B', O', E', for the same system reversed, and by making use of them we can obtain 
either set from the other. 

We arrive most simply at these relations as follows : — If after traversing the 
system we retrace our steps, the result is equivalent to compounding the system with 
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itself reversed, with the difference that, in the second set of refractions, the measure- 
ment of length parallel to the axis is reversed in direction. An examination of the 
equations (4l) et seq., § 7, on which the forinulie of combination are based, shows that 
this is analytically equivalent to changes in the sign of the focal length in the second 
set of refractions. 

We have therefore 


/.=/, /.= -/. M, = M, M:,=l/M, M, = M, M,= l/M, M„ = M,, = 1, 

and we also find that = oo. But and have definite limiting, values, 

and as,/);, does not otherwise explicitly enter into the equations of combination, no 
difficulty arises on that account. 

Now, after retracing our steps in this way, we necessarily arrive at a perfect image, 
so that A.X 4 = 0 and tan — tan leading to 

= 0 , 

and 

Bu.-C.a = 0. 


These lead to the following identical relations 

A (M)/M=^='-A' (M-') = 0, (5H) 

E(M)/M“lI‘-h:'(M-') + A (M)M-={B'(M-*)M-=*+:iA'(M--')M-'4dA'(M-‘)/(iM} 

-A'(M-‘)M-%f3B(M)-2(.:(M)[ =0 (59) 

B'(M-‘)-(r(M-‘) + M-»{B(M)-(:(M)|-A(M)M-'M-=' = 0. . . (GO) 

Equation (58) may be written in either of the two forms 

A(M) = M=^='A'(M-') 

A (M)K=' = M‘A' (M-‘)/w/ (Ill) 

This we shall refer to as the third invariant relation. It shows that, if we divide 


A by the square of the initial refractive index, the coefficients of powers of H 
equidistant from the beginning and end of the development are interchanged by 
reversing the system. Equation (59) becomes on multiplying up by M*M*, \ising (58) 
and simplifying 

E-M»M«E'+A{M>B'-A/M-3B-i-2C-i-dA/dM} = 0, . . . (Gl) 


omitting the arguments M, l/M of A, B, B', &c,, since no confusion can occur. 
XJse now the second invariant relation 


dA/dM = 4B-4C^4<r(l-M^), 
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E-M=Ttt^E'+A{B+M»B'-2C-A/M-4(r(l-M=')} = 0. . . . ((52) 
Now sul)stitute from (GO) for B + M*B' the value 

C+M^C'+A/M, 

and (G1 ) leads to 

E-M*M^E' + A{M\y-(J-4a(l-M^)} = 0 (63) 

For a single refracting surface, where E, E' are identically zero, this must lead to 

M^(r-C = 4 <t(1-M=’) . (IV) 

a result whicli is easily verified from equation (32). 

Now consider a system compounded of two systems. For the system direct, we 
have 

Similarly, for the system reversed, change (y;, into C'l, C, into M;, into J /M, 

c,„ = C',+Mr*C'« 

= lt/(M.*C'.-C,)+M/C',-(; 

and using (IV) which we know to be true for a single refracting surface 

= 4(r[M/(l-M,=*) + l-M/J 
= 4.(1-M,/). 

In other words (TV) will hold fur the resultant system if it holds for the components, 
and therefore as in previous similar c^ses, it holds for any system. 

We shall call (IV) t\w fourth invariant relation. 

Equation (G3) then shows that there exists a, fifth invariant relation 

E = M*M^E' • (V) 

or 

E(M)K=M«E'(M->)K, 

so that E possesses a property similar to that of A, previously noticed, viz., if we 
divide it hy the square of the initial refractive index, the coefiicients of pf>wers of M 
equidistant from the beginning and end of the development in M are interchanged. 
Equation (59) has therefore led us to two independent invariant relations. 

On the other hand it will he fouiul that (60) leads to no new relation. For if we 
substitute into it for B'— C' and B— (J in virtue of the second invariant relation, and 
then use the third relation, it becomes an identity. 
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It gives, however, on using (TV) to eliminate O', 

+ A/M + 2(; + 4a(l-M“) (G4) 

which is a convenient form for calculating B'. 

If now A, B, C, E are known for any system, the (K>rrespt)nding quantities are 
immediately obtainable for the reversed system, A', B', O', E' being given by 
equations (III), (64), (IV) and (V) respectively. 

This will generally halve the labour of calculations, if it is found desirable to 
tabxilate these constants for a complete set of lenses. It M'ill tlien be sutticient to 
start from the equi-convex lens and vary the curvatures in one seiise only. 

Incidentally we note also that the second invariant relation enables us to find C, 
so soon as A and B are known, so that only A, B and E require to be calculated. 

The al)erration constants for a reversed system have a further impt)i tant application 
in the case of lenses, (/onsider a positive lens (fig. 4 ), the initial ray converging to 
and the final ray to I 4 . If now we interchange tlie full and dotted ix)rtions of the 
initial and final rays in fig. 4, we obtain, since here the initial and final media are the 



same, the case of a ray going through a lens in which the front and back character of 
the two surfaces have been interchanged. In fact ri and r., have been interchanged 
and the sign of the thickness Cj, has been reversed. This leads to a negative lens, of 
the same numerical power as the original positive lens, and with the same mean 
curvature, but a negative thickness. Such a lens, of course, is not physically 
realisable, although a part of it can be physically obtained by rotating the wedge 
beyond the intersection V of the two surfaces. 
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But, in the case of the ideally thin lenses, where the thickness is zero, the ideally 
thin positive and negative lenses, having the same mean curvature and numerical 
power, correspond in this way. 

Now I4 and I„ are also interchanged. If we consider I4 as the initial point, then we 
are really considering a set of rays starting from I4 in the last medium and travelling 
backwards through the original positive lens. In other words, the aberration constants 
for the corresponding negative lens are identical with those for the original positive 
lens reversed, and the equations (Til), ( 64 ), (IV) and (V) are applicable to calculate 
them. 

This, again, will greatly diminish the work of calculation. In the case of ideally 
thin negative lenses, we see that A, B, C, E are directly obtained from the corre- 
sponding thin positive lenses. In the case of thick negative lenses the corresponding 
positive lens has a negative thickness. 

Now for various reasons it will probably lie convenient, in calculating A, B, C, E 
for lenses, to express them in the form 

Aj = A) + c {dkj(lc\, 

<kc., where c, the thickness, is small, as it usually is in practice, and At refers to an 
ideally thin lens. 

When the formulae are put in this form, it is perfectly simple to calculate A.^, B.^, 
&c., and then to obtain the corresponding results for the negative lens with a positive 
thickness. 

§ 11. Explicit Values of A, B, C, E for a Thick Lens {Tangent Formula). 

For the purposes of numerical calculation and comparison with correct trigonometri- 
cally found values, we have worked out explicitly the form of the expressions A, B, 
C, E for a thick lens, when we use tan A as the argument ; the formula? are 
expressed in terms of the focal lengths of each surface and of the combination and the 
thickness does not appear explicitly. The initial and final media being the same 
iio and we have written 71 = nfno. 

The work of algebraic calculation has l)een straightforward but extremely heavy, 
and we therefore omit it here entirely, the object being to publisli the results for 
reference, in case other workers desire to use them for tabulation purposes, but it is 
hardly to be expticted that designing opticians should work direct from the algebraic 
expressions as they stand. 

For the purpose of this section we shall write 

A = A + A,M -H A,M* + A,M« -1- AM*. 

B = B,-f-B,M-fB,M*+B3M®. 

C = C^-t-CiM-i-C^M*. 

E = E,-f EiM-i-E3M*-t-E3M*-hE4MHE*MAE3M*. 
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The suffixes here have a differetit meaning to tliat which tuis been pi((vio\isly 
ascribed to them, but no confusion is likely to arise on this :iccouiil. 

The values are as follows, f denoting the focal length of the lens, J\, the focal 
lengths of the surfaces, so that 


K = 

Ai = 

A.: 

A.: 

A, : 

B. : 

B,: 

B, : 

■■ 

(f.: 

K 


/i = r,/ (n - 1 ), /:, --= - - 1 ) 

\/ -J 


2 ii 








Ai with /I and iiiterchanjjed 

Aq ,) J) ,, 

‘APi 1 . 1 


'J-j ( ^ ^ 2 — 71 “h 1 ) -f // (u — 0" * — /r (//" — y/ \ I ) 

Ji Vi /;r J\‘ ./i 




4:71^ (n— if 

~7TT~ pra ! 7 4 + h ('/r'-f 1 ) /> •+ 

4/// ('/6 i ) L J\J'^ J \ J'J J ^ 


/. ./■ 




4/y 

A. 

B„-i-iA, 

B, -|A, 

B,-| i*-|A:, 




I ) (./i ->/■■)./'" (// t I) '"' ci I // I )./'il 

^,1 I /■•< ' r>’ ( 


[./; 


//' / 


+-^ I'rC-t 1 l)pi 

\ J \ J\ ^ ‘./l ./ J J 


I) 


. 7 ? 


E, 


8 (w - I V 


(>(»• — a -t I ) (./*! , {'» + O'* , <! {n*— 4 i ) //./;, ] 

" fjf \fjy 'jr /,M 


_ /•’ 1 4 ( w'* + ‘.\n" + n) (v/, + I V + 8 + 1 ) 


\- ' ■ / ' V \ ‘ ' ■ y 4 . I p j 7' 

.7‘'1 ^ /,- 


J 4 (/i+ I)"(n“+ 1 ) l 2 (M-l)’(/i" + w-fl),/;, 

+ /• /• fc* 


’)* lA/i ' /7 ' /(' 

/ ; 2?/. (•2r/- + n + _2 ) (w+l)*/ . | uj'.,, » 

J\ jy J f^^ ^ 
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r _ J5 + /"(/i +/ .) (w-H)* \ lOn ( n^'-n+l) 5n 1 

^ n * ///r' n* •^1/!/:,=' /,!/; // / 

i /’■' f(3 (7?/'+ 3>i* + w) 12 ('/t^ + 7t*+ 1 ) + 4 (74 + J 

I - 1 fj } ~ 
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' 2(74*4744 l) (74*43744 ij/al 
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! 
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It should b« noted carefully that all the alK>ve refer to expressions in terms of the 
tangent of the Gaussian inclination, this heing the argument we have usial in tlu* 
numerical woik. 

§ 12. Values of K., B, C, Vfor a Thin Lens. 

When the lens is thin, wo have the rtdation 

J 1- ’ 

/.V:. f' 

which enahhis the values of § 1 1 to lx; considerably simjdilied. 

In this case it is useful tt) introduce a quantity K such that 

_ mean curvatiu-e of the lens _ ./"G 

power of tlie lens 2 \r, rj 

When this is done the constants A, B, G, E take the following forms : — 

A= -{(1-M)72'm} {(M + 2)f(l-M)K-(l+M) (n+l)/(w+2)]“ 

+ n'f ( I — M)74 (m — 1 )^— »/*' ( 1 + ^ )V'^ { j • 

B = (l-M)=*KMn-l-(w + 2)M[/2n + (l-M)K (1 + M + 4M=') (7 *,+ I)/4w 

4- ( 1 - M ) { M { 1 + M)/4?i + ( 1 - IVI ) [37(. - 271* - 3 + M ( (’.77 - 4 77* - 3 )]/H ( 77 - I )* K 

C = -3(1-M)*KV277+3 (1 - M*) K (77+ 1)/477-| (1 _M’)-t77 (1 - M)7(77 - 1)*. 

p, ^ 3 (1-M)* r(l + M7 (-4r7'’ + 8n"-77-‘'-477* + 377-] ) 

1 2 8 (77 - 1 Y 77'' + M ( i + M*) ( 877'’ - 1 (577" 4 477 V 477-'' - J 277* 4 1 2 77 - 4 ) 

4 M* ( — 1 ()77' 4 3277" — 877^— 877^ 4- 1 O77*— 1 ()77*4 1 877 — (!) 
4H(77-1)(I-M)(]+M)K {(]+M)* 

( - 277^ 4 im* - 277* - 3/7* 4 377 - ] ) 
4-M (277” — 877'* 4 477* 4 277*)!- 

48 (77-1)*(1-M)* K* {(14M)* 

( — 277* 4 8 77^ — 7 77* — (l7( * I 977 — 3 ) j 

— 2M 77* (77 *— 2n — 1 ) } 

4 1C (77— 1)* (] 4M) (1 — M)*K* {277* — 477* — 277*4 G77 — 2} 

4ic (77-1)* (1-M)*K* (-77*4377-1) 

We notice that when M = 1 (which gives one of the zeros of A) B, C and E all 
vanish with it, and also E/A remains finite. Hence in this case, tlui term E// will 
not rise in importance, even when A = 0. But in this case A may luive two ot her 
real zeros, and these are not zeros of E, so that E plays an important part in the 
neighbourhood of such zeros. 

K 2 
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§13. Numerical Test for a Single Lens. 

To toRt the formiilfr;, a number of lonfjitudina] aberrations were calculated trigono- 
metrically for five positive lenses of refractive index 1’52, unit focal length and 
thickness The first was a meniscus-shaped lens for which Vj = 0*349418, = 1. 

R(^cond was a plano-convex lens, of whicli the convex side is towards the 
incoming liglit. The third was an equi-convex lens. The fourth and' fifth were the 
second and first reversed. If K lias the meaning defined in § 12, the values of K for 
thes(‘ five louses are 1*93094, 0*90154, 0, —0*96154 and — 1*93091 respectively, so 
tluit th(\y pi*oceed by approximately equal steps of K. 

Th(‘ constants A, 15, E were calculated for these five lenses and the longitudinal 
ahe‘!‘rations computed from the foT’inula. Tlie rays selected met the first principal 
])lan(‘ at a, distance 0*15 from tlie axis, corn^sponding to an aperture y/3*4, nearly. 

Th(^ re.sults are shown in Ta])lo 111. 


TAjmE IIT. — Longitudinal Alx^rrations of Eiv(‘ S(dected Lenses. 


M. 

Leas 1. 

j Lens 2. 

‘ 1 

I \)r- 1 

?tT- 


Leas 3. 

I'er- 


r ormula. 

True. 

ceatage: Formula, j True. 
(;rror. 

j ^ 

coaUge 

error. 

Formula. 

True. 

contage 

error. 

3 

-7-98f)K.'( - 7-874-J2 

' 1 

i l-ll I- 1> 12450 1- 1281,4 

0-32 

1 - 0-32378 

-0-32439 

0*19 

o 

-l-aniiST - 1-52334 

1 1-94 1-0-40107 -0-40283 

i 0-29 

-0-14240 

■ 0-14282 

0-29 

0-5 

- 0-0(Ui527 - 0- 00:17)3(1 

0-09 -0-011697 -0-011705 

0-07 

-0-033008 

-0-033096 

1 0*27 

0 

-0-0C028 

- 0*()()043 

; 0-24 -0-024728 - 0-024749 

0-08 

-0-036194 

-0-036213 

0*05 

0*5 

-0-20902 -0-209U; 

- 0-21 i - 0 - 08386;( - 0 - 083950 

0-10 

- 0-057067, 

-0-057101 

0*06 

1 

-0-42G92 

- ()-42772 

i 0-19 1-0-18428 -0-18448 

' O-ll 

-0-094736: 

-0-094787 

0-05 

t) 

- 1-00383 

1-00531 

1 0-15 i- 0-48874 -0- 48930 

1 ,_! 

0-12 

-0-21707 

-0-21724 

0*08 



Leas 4. 


Lens 5. 


M. 








Formula. 

True. 

T’erccaOigo 

Formula. 

True. 

P(5rcontage 




error. 



error. 

3 

-0*098969 

- 0*099086 

0- 12 

1 -0-10401 

-0-10444 

0*41 

2 ' 

- 0 - 046089 

-0*046128 

0*30 

1 -0-01.3671 

- 0-013686 ! 

0*11 

0-5 

- 0-073959 

-0-074535 

0-77 

, -0-14762 

-0-15068 

2*03 

0 

- 0*099843 

-0*100044 

0*20 

-0-22172 

-0-22.324 

0*68 

! - 0 - 5 

-0-13967 

-0*13984 

012 

-0-, 32828 

- 0-. 32966 

0*42 

- 1 

-0-19084 ; 

-0*19101 

0*09 

1 -0-45753 

i -0-4.5887 

0*29 

1 

! 

-0-32454 i 

-0*32476 

0*07 

; -'0-77417 

1 

j -0-77511 

0*12 


The mean percentage error of these results is 0*34, so that the formula determines, 
on tlie average, the longitudinal aberration correct to 1 part in 300. The bulk of 



SPHERICAL ABERRATION FOR A SYMMETRICAL OmCAL SYSTEM. 


(55 


this, however, is contributed by three cases, namely : M == 3 and 2 for lens 1 where 
the aberrations are very lar^e and differ very widely from the usual first and second 
order approximations, so that, althoufrh the error of the formula approaches 2 per cent., 
it nevertheless represents a fjreat improvement upon these approximations ; and 
M = 0*5 for lens 5, which corresponds to extreme curvature and hifjhest inclination, 
so that one of th(^ angles of refraction is as pjreat as 48|^ dejj^i'ees. Even here the 
table below shows that the formula is an appreciable impi’ovmiKmt on tlu' usual 
second-order approximntion. If these thr-ee cas(?s are omitted, the mean pei*centa};e 
error works out to be about 0*2 1, so that in ^^eneial tlu* formula determines the 
longitudinal abf3rration connect to about 1 par t in 500. 

It is interesting to note what the usual first and sruMaid onhn’ ajrproxirnalions lead 
to in a I'ew cases. 



First order 
approximation. 

Fercentago 

error. 

Second order 
aj)proximati()n. 

Percentage 

error. 

Lens 1, M — . . . 

- 1 

83-() 

- 2 •431. 32 

68 -8 

„ 1, M - 2 ... 

-0*48545 

68- 1 

-0-82104 

46* 1 

1, M = -2. . . 

1 -1*348142 

34 1 

-0'884r)f. 

12*0 

„ 2, M = ... 

1 -0‘6735() 

40 -3 

-()-944.3() 

16*3 

„ 5, M = 0-5 . . . 

; -0*12136 

19-5 

-0-14307 

6*1 


This gives a measure of the numerical improvement effected by the fractional formula 
whenever tlie usual method of approximation is seiriously out, even though in none of 
the cases above does the conv(irgency of the series actually fail. 

In the above tire series are in powers of tan /i>. Had tliey b(MMi ta-kon in powers of 
tan ay, as is frequently done, the first and second order apyaoximations would liav(^ 
been far worse. 

One interesting outcome of these calculations relates to th(^ relative irnyrortance of 
the terms in E// and Aiy. Th(‘, ratio VJ^^/A is small in evm’y case taken {of course 
these exclude the neighbourhood of points where A = 0, where- naturally E iHicomes 
of great importance). But for the set of magnifications taken, the greatest ratio of 
the second term to the first is less than 0*03 and th(* mean value of this ratio is only 
0*0082, so that, in fact, the E term — although so complicated algebraically — does not 
exercise any great influence numerically. 

This is important, as it shows that, at any rate for lenses, it does not require to be 
computed with anything like the same order of accuracy which is needed for A and Ik 

§ 14. 77/ c Singular hiclination and Convergency Factor for any System, 

Iteferring again to fig. 2 we see that X = ay and Folu = — A.ry for rays proctioding 
through the system reverstnl and initially parallel. 

Thus using accents, as before, to denote the coefficients and inclinations for 
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f;r. 

the systetn rt^verscd, and noting that the accented coefficients all refer to zero 
magnification, we liavfi, using tangents 

tan X = tan /S'a ( 1 + B'o tan® 1 + C'o tail® /3'a) 

and 

-F,,!,, = /nft (A',, tan® /8'3+E', tan* /d'a)/(l +B'o tan® 

Thnc tlie suffixes in the A, B, C, &c., A!, B', C', &c., have the same meaning as 
in § n. 

Thus 

- 1 /M = ( A',, tan® ft', + E'o tan* /?',)/( 1 + B'„ tan® ft'.^ 

whence, developing cot® ft', in descending powers of M and stopping at the second 
term 

cot®d',= -A',M-B',+EVA',. 

Substituting into 

cot® X = cot®|8'a + 2 (ri',,— B'u) 


which is valid to th(' same order of approximation, we obtain 

cot® X = -A'.M + 2 (C'„-B',) -B'„+E7A', (67) 

as the second ap])roximation for the singular inclination when M is large, the first 
ap])roxiniation Ixfing cot® X = — A',M. 

I'o the same order the cojiverg(!ncy factor is 

]+ tan®a„(A',M+{2(B'.-n',) +B'.- (EVA',,) 1 ), 

1 (n,,® tan® ft.Jn^) { A'„M®+ (;tB'„-2C;' -E',/A',) M®} (68) 

ft, referring to a ray passing through tlie system in the standard sense. 

Now, using tlie equations (111), (64), (TV) and (V) of § 10 and equating suitable 
coefficients, we find tliat 

A'„ {n,rln./) E'„ = (?CAV) E„, 

f = ('tr'/"/) < 4-r, B',, = (n.,®/'M,®) (A.., + 20,- B,) - 4^ 

it A;, = 4B, — 4(. t, + 4 {n./fn^f^'j (T, A4 = B,, 

wlience, afttn- substitution, (68) lx3Comes 

1 + tan® ft, (B„M®+ {B,-E«/A4} M®) (69) 

Now, if our B leads to a sound approximation to the convergency factor for M large, 
this sliould be 


1 + B tan® ft,, 
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or, to the same approximation which we have been using 

1 +tan=' /3, ( + H,M-) (7o) 

We see, therefore, that the development of the correct convergeney factor in (h‘8c«!nding 
powers of M will give a result which always agrees witti our M. so far as the liighe.st 
term in M is concerned, hut makes the term in in general diflertnit. 

In the case of a lens E„/A 4 is in general small, comjiarod with so tliat. iliis 
discrepancy makes little difference, but it may well be that, when we come to dtsal 
with more complicated systems, this will not Ik^ the case. 

A little consideration, however, shows that, .when this is so, our formula is v<uy 
readily corrected so as to take this difficulty into account, without involving any 
lengthy niimerical computation. 

If we consider tlie formula 

Ax, = nj{kt.^+ (E-AE«MVA4)/./1/[1 + (B-E„MVA4)'/1 

it is clear that it leaves tlie development of A.r, in powers of /, mialbired as far as 
the second order inclusive. It alters the coefficient B, of B so as to inak(‘ tlie two 
leading terms agree with (f>9). It also alters E in sucli a way as to remove the term 
in M” and reduce E to a (juintic. In fact it gives for the ne,w E the remainder obtained 
after the first step in the division of E by A, according to the usual jirocess. 

In practice, the terms in (Eo/Aj M" are very readily addiid as follows ; 

A.. - /■A^,/ + Et,V(l-E..MV/A,.) 

" - ~ 1 1 -e„m%7a:) 

and this amounts to applying the same corrective factoi- ]/(l — B^M'/y/A,) or 
t/(l — Ew/hiY/'/Ai) to the second terms in Ixith numerator and denominator. 'I'his 
factor, expressed in terms of the inclination of the imudent ray, is independent of the 
magnification, and a short table will enable it to be found in any given case without 
difficulty. 

A similar correction has then to be made in (I; in order to keep tlie development 
of tan a, the same wt? must have 

taua, = <,{1 + (b-e„mva4)«/J / [1 + ((;-e.,m7a,)//I, 

and writing this as 

t,-n+Bt/ /(l-E«M V/AJ!- 
l + a//(l-EeM%7Aj 

we see that the same corrective factor has to be applied to all the second terms in the 
formulae. 

In the above we have used tan yS, as our argument, but the formula; and the 
correction take precisely the same form if sin y, is the argument. 
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If we apply this corrective factor to the first two entries of Table III., which give 
a large percentage error — these c(>rre8}X)nd to cases approaching the failure of 
convergency and aie tli(U*efV)re critical, we find, for lens (l) 


M. 

Tnio 

aberration. 

Formula 
un corrected. 

Percentage 

error. 

Formula 

corrected. 

Percentage 

error. 

a 

o 

-7-87422 
-J -52334 

-7-98683 
- 1-55287 

1 -41 

1M)4 

-7 -90811 
- 1-51089 

0-43 

MC 


which shows a very sensible iinj)rovenient. 

The significance of this alteration is brought out more clearly when we consider 
the limiting case M = co that is, rays actually issuing from the front focus (the 
case of* an eye-])lece). In this case, the geometrical image being at infinity, it is 
inconvenient to di^fine the emergent ray by means of either longitudinal or transverse 
aberra-tions. 

Let us consider tla^ interct*])t of* the ray on the back f*ocal plane. 


Also 

where 


This = ( — + A.n) tan a. 

= (A taif* /fv-f c tan"* /i.)/( 1 +/> tair* — M | tan a.. 

tan a.j — (tan a„/M) (1 taif' «„)/( I -f cM tan^a,,), 

h =. H-^F:,MVA,, c = C-~K«MVA,, C = E-E,AMVA„ 


and it is clear that, in the limit, where IVI (and M) = tan a. must 

This re(juires that h and c shall be uf order M" and respectively, whicli is right, 
and leads to 

tan tan’^ (l -I- tan^ a,,), 


&.{ and being thc^ coefficients of M*^ and in h and c res})ectively. 

On the other hand, it is lujually obvious that the intercept on the back focal plane 
must also approach a definite limit. Hence the factor 

(A tan'"* fi.j , -f e tan"* + b tan* — M, 
i.e., 

- J -f (A~M?>)tan*^,/M4-ctanVi>/M 
l/M + />tan*^,/M 
or 

— 1 -h ( A — M?>) tan* -h e tan* 

l/M 4- 6 tan* ao/MM* 

must tend to a finite limit as M approaches co. 

This necessarily involves that (l) A — M/> has in its leading term — a result 
already established, and (2) that e involves (and not M^) in its leading term. 
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Hence, whenever we deal with incident rays actually passing through the front 
focus — ^and this necessarily occurs as soon as the results of the present pajier are 
applied to aberrations olF the axis — the modijied B, C and E have to be used. 

§ 15. Comhination Formuhe for More than Two Systems. 

The combination formulfe (47), (48), (51) are capable of explicit generalisation for 
any number of systems. 

In the cjise of A and C successive applications of equations (47) and (51 ) lend at 
once to the results 


fm-. aii+I-A ^,41 — (jfjAi) M*u,. + + l 

+ (./:tA;,) M*r.. + , + ... 

+ (/v»-iA^_,)MViJI*:^h4 1+A + iA^^,. . (71) 

+ + (72) 

in which we have reverted to the notation of §§ 2, 7. 

In the case of B, we have for three systt^ms 

B,^ = B3,+B,M^*+A,M.,^,,V./A 

= B*+ + B,M;^.*+(/. A,) + (M^^^ 

and the general law of combination is at once obvious. 

. We have 




1 + B;,„ + l 

+ (/.A,) (MMV/):... ^,, + (/A:,)(MM*//'),., ... +(A_,A^_,) (MM*/f ),.,, (73) 


The case of E is more difficult and we have not been able to obtain a form in which 
it can be written down for the combination of n systems. 

But we can deal with it as follows, by determining the contribution of any one 
component to the whole ; — 

Consider three systems 1, 3, 5. It will be convenient to look upon 3 as a single 
lens, forming part of a larger system. 1 will then be the system of lenses preceding 3, 
and 5 the system following. 

Applying equation (49), simplified by the use of the second invariant relation, we 
find 

= yiEft +y*i3Ei3M5*ll5* 

+/, 3 A, 3 M,»M,» (3A^M,-3B,+ 4C\+ 4,r { 1 -M,»}) 

+ 3B,3/»A^**-2C,3/5A,1I/. 
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Applying the equations of combination a second time, and picking out the terms 
involving A.,, B.,, C..„ E;,, we find these to be 

+ [/,A,M/M/ (3A,yM,-3B,+4C,)4-M.^/ {3B.-2C.)] 

+/,A.,M,*M,=‘ [3AyM,-3B, + 4C;+ 4 ,t (1 -M/)] 

+ 3B,/,A,My-2C,/AMy. 


Hiiiice the lens 3 contributes to the final E 

[A. + (/,//;.) A,MA»1 + 4.-(1 -M,^) m/m/ 

+ M,=M/ [ - 3B, + 4C, + (3B. - 2C,) } 

+b..m/{3/;a,-3/,a,m./m./) 

+ Q,M/ ( - 2./;. A, + 4/, A ,M,.,^M,/) 

+/,E,M/M/, 

and the A’s, B’s and C’s in the curled brackets can be expressed in terms of the 
individual lenses of the system by means of equations (71), (72), (73). 

If we denote the coefficients of A^, B;„ C;„ E;„ in the above by p-^, q-^ then the 

contribution of the individual lens to E 

= A;, + Wi;,B;, 

Hence, if we vary K| for this l«i8, keeping focal length and magnifications 
unaltered 

AE = AK, (/, ?A,/aK,+ aB,/?K,+jt>, ?CVaK,+ g, ilEySK,). 

If all the lenses are simultaneously varied, then we have 

AE = 2 : AK(/aA/aK+maB/aK+jt> a(yaK +9 aE/aK). 

We have similar equations for A A, AB, AC, but they take a much simpler form. 

Using these, we can, if we have enough lenses, vary the K’s so that, between limits, 
we can make our four constants A, B, C, E take up any assigned values, or, if we 
wish to keep any one constant whilst slightly varying the others, we have a linear 
relation between the AK’s. 


§ 16. Conclusion. 

We have now established a formula of fractional type for the longitudinal aberration 
of a symmetrical system which, while algebraically correct as far as the second order, 
does in fact, give results beyond this order in those niunerical cases which have been 
-tried, and largely overcomes the difficulties of slow convergency in critical regions. 
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We have further obtained a method for calculating the coefficients of this formula 
for any symmetrical optical system in terms of the coefficients for the components, 
in such a way that the effect of any sinffle component upon the whole combination is 
immediately obtained. 

In considering the convergency of the series usually employed, we have found that 
the value of the approximation depends upon the particular variable employed, and 
that if we wish to avoid trouble owing to lack of convergency we must use sin a„ or 
tan tto (or a suitable multiple of tliese) as argument, where a,, is the inclination of the 
original Incident ray. 

The numerical success of the new formula apjx^ars to suggest that progress in the 
algebraic treatment of symmetrical instruments is to be sought, not so much along 
the lines of developments in series, but in other mathematical directions such as 
continued products, or possibly continued fractions. 

The next step would be to develop the method so as to cover tlie second order 
approximations to the emergent inclination. 'I'his will enable us to deal with aberra- 
tions off the axis of the system. 

Some progress has already been made by the authors in tliis direction and the 
results will, it is hoped, form the subject of a later communication. 
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The observations discussed in this paper were made at the Solar Physics 
Observatory, Cambridge, mainly during the summer montlis of 1917. 

T. Methods of Meas^irement . 

The method and apparatus used in the measurements are substantially those 
described in a papei' “ On Some Determinations of the Sign and Magnitude of Electric 
Discharges in Lightning Flashes.”* The induced charge on an exposed earthed 
conductor (test-plate or sphere) is used as a measure of the electric field. The test- 
plate virtually forms part of a flat portion of tlie earth’s surface, and the vertical 
electric force or potential gradient at ground level is equal (in electrostatic measure) 
to 47 rQ/A, where Q is the charge on its exposed surface and A is its area. The 
charge Q on the earth-connected sphei'e of radius R, when exposed at a height h> 
great compared with R, is a measure of the potential at that height ; the zero 
potential of the sphere being tlie resultant of tbe undisturbed atmospheric potential V 
at the height h and of the potential Q/R due to tlie charge on the sphere, so that 
Q/R = — V. The earthed conductors can be shielded from the earth’s field : the 
test-plate by means of an earth-connected cover, the sphere by lowering it into a 
conducting case resting on the ground. The quantity of electricity which flows to 
earth through tlie connecting wire on exposing or shielding the test-plate or sphere, is 
measured by a special type of capillary electrometer in which the readings indicate the 
total quantity of electricity which has traversed the instrument ; the sign and 
magnitude of the charge on the exposed conductor, and thus of the potential 
gradient, at the beginning and end of an exposure are thus determined. The sign 
and magnitude of sudden changes of potential gradient which occur while the 
conductor is exposed are indicated by tbe direction and magnitude of the resulting 
displacements of the electrometer meniscus. The total flow of electricity between 
the atmosphere and the test-plate or sphere during an exposure is also measured 
— being given by the difference between the electrometer readings before and 
after the exposure. The principal improvement introduced has been the provision 
of apparatus for giving a photographic trace of the electrometer readings ,' rapid 
changes in the field occupying less than one-tenth of a second are in this way 
recorded. 

In the observations described in the previous paper the sphere was supported in a 
manner which did not admit of absolute measurements being made, as the charge 
measured included that on the upper part of the support as well as that on the 
sphere itself ; in these earlier measurements therefore the sphere was standardised by 
comparison with the test-plate. The method of supporting the sphere is now such 
that the charge on the sphere alone is measured, while the disturbing effect of the 


* ‘Roy. Soc. Proc.,’ A, vol. 92, p. 666, 1916. 



AND ON THE ELECTRIC FIELD OF THUNDERSTORMS. 


75 


earthed supporting rod is small, and thus the potential at the level of the earth- 
connected sphere can be calculated from the charge upon it. The new method of 
mounting the sphere is shown in fig. 1 . 

The sphere, 30 cm. in diameter, is supported on an 
earth-connected brass tube B, 2 cm. in diameter, from 
which it is insulated by sulphur-coated ebonite E ; 
insulators are indicated in the figure by the dotted 
areas. The tube is inserted within a wider one < - which 
extends from the top to tiie Ix^ttom of the sphere and 
which is open below. The supporting tube B is rigiilly 
fixed in a hole bored through the screw cap which 
closes the upper end of an iron pipe F, f) cm. in 
external diameter and 427 cm. long, which can In? 
turned about its lower end from the vertical to a nearly 
horizontal position as described in the former pajxir’. 

The length of the brass tube from the top of the ii’on 
pipe to the bottom of the sphere is *38 cm. 'I'he 
connection between the sphere and the electrometer is 
made by means of a tightly stretched wire W supported 
by quartz insulators. The wire is not attached directly 
to the sphere but to a brass disc 1) insulated from the 
supporting tube and fitting loosely within the wider tube 
C inside the sphere. The sphere is fixed to the disc by 
means of a screw which projects from its iniu^r surfact^ 
and can thus readily be removed to givts access to the 
insulation. 

When the sphere is exposed by raising th(i.iron pii)e 
to its vertical position the height of its centie above 
the ground is 480 cm. 

The sphere when lowered is received in a metal-lined 
earthed box resting on the ground ; a tightly fittirig 
cover, also metal lined and earthed, protects the spher«i 
from the atmospheric electrical field and from the 

weather. The charge on the earthed sphere in this position is taken as zero. 

The charge Q on an earthed sphere of radius R at a Inught h alx)ve level ground 
is assumed to be such that Q/R— Q/2/i-(- V = 0, where V is the uudisturl)od air 
potential at the height h. The presence of the ntiighljouring hut exerts a disturbing 
influence which however is not large : the corniction to l)e applied has been estimate*! 
by imagining the hut to l)e replaced by a conducting hemisph(M'<* largt; enough t<» 
enclose it. The vertical potential gradient over level ground being assumed uniform 
throughout a height exceeding that of the hemisphere, the lowering of potential at 

M 2 
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a given point by the induced charge on the hemisphere is readily seen to be equal 
to Ya^fr' where a is the radius of the hemisphere and r is the distance of its centre 
from the given point. In the actual case the correction amounts to 6 per cent. 

The charge on the exposed earthed test-plate (the surface of which is at ground 
level) is similarly diminished by the presence of the hut ; the correction to be applied 
amounts in this case to about 1 per cent. A somewhat larger correction — estimated 
at ] "5 per cent. — has to he made for the effect of the induced charge of the earth- 
connected cover and its supporting arm. Apart from these small corrections the 
relation l)etween the pc)tentlal gradient F at ground level and the charge Q on the 
exposed earthed test-plate, of area A, is given by 4irQ/A = F, when the quantities 
are expressed in (1G.8. electrostatic measure. The effective area of the plate is 
2220 sq. cm. 

For the measurement of the quantities of electricity which passed between the 
exposed conductor and earth through the connecting wire, the capillary electrometer 
described in the previous paper was used. By means of a |^-inch microscope 
objective, placed with its axis vertical above the electrometer, an image of the 
meniscus was formed on a horizontal slit. The slit coincided in position with the 
image of the axis of the capillary tube and was almost in contact with the sensitive 
surface of a photographic plate kept in uniform motion at right angles to the slit. It 
was made by ruling a line with a razor blade on an exposed and developed “ process ” 
plate ; it was protected by a strip of microscope cover-glass cemented with Canada 
balsam to the gelatine surface — the thin cover glass was next the moving photo- 
graphic plate and was only a small fraction of a millimetre distant from it. The 
breadth of the slit was about mm. 

The carrier of the photographic plate was clamped to the middle portion of a wire 
stretched horizontally over two pulleys ; a weight was attached to one end of the 
wire, while the other was attached to a piston, the motion of which in its cylinder 
caused oil to be driven through a fine hole in a brass disc. By turning the disc any 
one of a graduated series of boles could be brought into action according to the speed 
of travel desired. 

The light from the source of illumination — a paraffin lamp — could be cut off 
momentarily by means of a shutter which was worked by a cord from outside the 
but. In this way it was possible to record on the photographic plate the times of 
the beginning and ending of thunder. In the records reproduced (Plates 2 to 5) 
these momentary interruptions of the illumination are represented by vertical black 
lines ; a single line indicates the beginning, a double line the end of a peal of thunder. 

The interval on the photographic record between the vertical portion of the trace, 
which represents the sudden change of field due to the passage of a lightning flash, 
and the dark line which marks the moment when the thunder resulting from the 
flash began to be heard, afford data for obtaining an estimate of the approximate 
distance of the discharge. 
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TKe varying position upon the slit of the image of the meniscus on which the 
microscope is focussed is represented by the curve separating the dark and light 
regions of the record. The fine horizontal lines are due to dust particles or to 
irregularities of the slit ; they are useful as reference lines from which the 
displacement of the meniscus may be measured. The vertical flutiugs which apptmr 
in some of the records are probably due to flickering of the lamp. 

Records of the electrical effects of thunderstorms at various distances from the 
place of observation were obtained on ten different days in 1917. The records were 
not by any means continuous throughout the whole duration of a storm : compara- 
tively quick runs of the recording apparatus were generally made — varying from 3 to 
50 minutes in duration — ^and some time had to be spent in changing the photo- 
graphic plates and readjusting the apparatus between the successive runs. Again, 
the difficulty of estimating the order of magnitude of the electric effects to be 
expected frequently led to the sphere l)eing exposed when the test-plate would have 
l)een more suitable, or vice versa ; the readings — which are 40 times lai-g(ir wnth the 
sphere than with the test-plate — being in consequence too large or too small to be 
recorded. Thus the records obtained served rather to sample a thunderstorm at 
different stages of its history than to give a complete account of the changes in its 
electric field. 

II. Some Typical Records. 

Enlargements of some of the records are reproduced in Plates 2 to 5. In the 
original negatives a change of one mm. in the ordinates represented a flow' of 24 
electrostatic units, or S'OxlO"*' coulomb through the electrometer: a change of 
potential gradient of 100 or 4000 volts per metre, according as the sphere or the test- 
plate was used, was required to cause the passage of this quantity of electricity 
between the exposed conductor and the earth. 

A fairly typical fine weather record (May 23, 1917, 14h. 17m. to ]4li. 51m. 
G.M.T.) is shown in fig. 1, Plate 2: the sphere was used as the (exposed conductor. 
The record begins with a horizontal portion traced before the conductor was exposed 
to the electric field. The small peak near the beginning of the record shows the 
effect of raising the sphere to its maximum height (480 cm.), and immediately 
lowering it again into its protecting case ; it indicates the existence of a positive 
potential gradient of 100 volts per metre. The sphere was raised at 14h. 20m., the 
exposure to the electric field being continued till 14h. 50m. except for regular 
interruptions at 5-minute intei’vals when the sphere was momentarily lowered into its 
case. The depths of the notches in the curve ai-e measures of the potential gradient 
at the times of lowering the sphere : the potential gradients recorded at intervals of 
5 minutes are, in volts per metre, 120 (at 14h. 30m. when the sphere was raised), 
110, 120, 90, 75, 80, and finally 90 at 17h. 50m. (when the sphere was lowered). 

The difference in the ordinates of the final and initial horizontal portions of the 
trace (both recorded while the sphere was in its case) is a measure of the integrated 
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ionization current which has entered the sphere during the 30 minutes- exposure to 
the atmospheric electrical field. The record shows that this amounted to 21 ‘8 E.S.U., 
while the mean charge induced on the earth-connected sphere during the exposure 
amounted to 23 E.S.U. — the equivalent of 96 volts per metre. The mean “ dissipation 


factor ” for the period of exposure was thus - x i.e., about 3 per cent, per 

oO Zo 


minute. 

The readings obtained when the sphere is down form a series of points on a curve 
of which the vertical height above the initial horizontal part of the trace is a measure 
of the integrated ionization current which has entered the sphere from the atmosphere. 
This curve forms the zero line for potential gradient, i.e., the differences of the 
ordinates of this curve and of the actual trace obtained when the sphere is exposed 
give a measure of the potential gradient at any moment. 

In fig. 2 is reproduced the record of May 12, 1917, from 16h. 50m. to I7h. 35m. 
The sky was overcast and the weather conditions suggested thunder — a storm did in 
fact occur some hours later. The sphere was momentarily raised at 16h. 51m. ; raised 
again at 16h. 55m., and kept up till 17h. ?3m., being however momentarily lowered 
into its case at 5-minute intervals during this time ; it was kept in its case after 
17h. 23m. The potential gradient was 150 volts per metre at 16h. 51m. ; it gradually 
diminished till it reached negative values, and continued to be negative from 
17h. 12m. 50s. till 17h. 18m. 10s., reaching a minimum of —80 volts per metre at 
17h. 16m., becoming positive again and being equal to 260 volts per metre when the 
sphere was lowered at 17h. 23m. The negative potential gradient coincided in time 
with the passage overhead of a cloud discharging rain which did not reach the ground. 
The test-plate was uncovered from 17h. 25m. to 17h. 80m. : the displacement of the 
meniscus on uncovering and covering the plate is almost too small to be seen in 
the reproduction of the record but indicates the continuance of a positive potential 
gradient of about 300 volte per metre. The ionization current from the earth- 
connected sphere to the atmosphere during the period of negative potential gradient 
has been sufficient to neutralise approximately the flow from the atmosphere to the 
negatively charged earth-connected sphere during its exposure to the positive potential 
gradient. 

All the remaining records reproduced in the plates show the effects of lightning 
discharges (generally at a considerable distance) on the potential gradient. 

Fig. 3 (June 13, 1917, 14h. 11m. to 14h. 16ra. 30s.). 

The sphere was exposed during the whole time represented by the record except at 
about 14h. 12m. 80s., when it was momentarily lowered ; the effect of lowering and 
raising the sphere is indicated by the prominence midway between 14h. 12m. and 
14b. 13m. The potential gradient at that moment was negative and equal to 
— 420 volts per metre. The summit of the prominence gives the zero line of potential 
gradient. The record begins with a negative potential gradient of about —430 volts 
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per metre. At 14h. 11m. 10s. distant electrical charges which were responsible for a 
portion (amounting to 150 volts per metre) of the negative potential gradient at the 
place of observation were neutralised by the passage of a lightning flash. The negative 
potential gradient at once began to be regenerated but was again suddenly diminished 
about 3 seconds later, losing 25 volts per metre by the passage of a lightning flash, 
probably at a still greater distance. This continuous production of a negative potential 
gradient and its sudden diminution at intervals by lightning discharges continues 
throughout the record. At about 14h. 13m. 40s. a sudden change of potential gradient 
of positive sign occurred, but was followed by one of negative sign and of nearly 
equal magnitude about 0‘4 second later, a small positive change again occurring after 
another almost equal interval ; these changes of potential gradient amount to + 240, 
—220 and +25 volts per metre respectively. Another negative change of potential 
gradient (about 60 volts per metre) is indicated 10 seconds later. A few seconds 
after 14h, 16m. the record shows two discharges to have occurred with an interval of 
2‘4 seconds between them ; each produced a change of potential gradient of positive 
sigh, the first amounting to 840, the second to 870 volts per metre. 

i^e potential gradient at any momedt may be regarded as being the resultant of 
several electric fields, including those due to charges concentrated in different thunder- 
clouds or different centres of activity in the same cloud. The passage of a lightning 
flash results in the sudden destruction of one of these constituent fields. This at 
once begins to be regenerated by processes going on in the thunder- cloud at a rate 
which is indicated by the slope of the curve. The curve of recovery of the electric 
field (approximately logarithmic) shown after the discharges of 14h. 14m. is quite 
typical ; similar curves appear in most of the records, a specially striking example 
being that of fig. 1 1 (Plate 4), 

On account of the very short intervals between the Successive peals of thunder, 
the times at which they began and ceased to be heard were not systematically 
recorded during the record reproduced in fig. 3. The first peal of thunder recorded 
is marked by the single and double dark lines as beginning at 14h. 13m. 8 ’98. and 
ending at 14h. 13m. 158., and a second one as beginning at 14h. 13m. 18 '48. and ending 
at 14h. 13m. 30s. The two peals are taken as being due to the discharges at 
14h. 12m. 477s. and 14h, 12m. 53’68, respectively ; this gives a distance of 7’1 km. 
for the first and of 8 ‘3 km, for the second. The first of these discharges produced a 
total change of potential gradient of 350 volts per metre, but this took place in two 
stages of 220 and 180 volts per metre which were separated by an interval of about 
0'2 seconds ; this interval is barely distinguishable in the reproduction. The discharge 
at 8’8 km. produced a change of about 95 volts per metre. The peal of thunder 
marked as beginning at 14h. 14m, 9s. probably belongs not to the flash at 14h. 14m., 
btat to an earlier one, possibly the double one at 14h. 13m. 408. 

5%. 4 (August 9, 1917, 14h. 45m. to 15h. 2m. SOs.). 

Hare the test-plate tras exposed in place of the sphere. The potential gradient 
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indicated at 14h. 45m. 158 . when the plate was first uncovered is negative (—4570 volts 
per metre). The principal sudden changes of potential gradient (all in the neigh- 
bourhood of 3000 volts pei‘ metre) are negative, indicating the destruction of 
positive fields by the passage of lightning discharges. The times of the beginning 
and ending of tbe peals of thunder were in most cases marked as shown by the 
single and double black lines. The distances indicated by the intervals between 
the principal discharges and the beginning of thunder are all about 5 km. 
The characteristic curve of recovery after the passage of each discharge is well 
shown. 

Heavy black clouds were overhead at the beginning of the record and slight rain 
began about 14h. 48m. 30s. and Ix^came heavy at about the time when the record ceased. 
The effect of the rain is shown by the downward slope of the latter portion of the 
trace, which indicates a flow of positive electricity from the earth through the 
capillary electrometer to the test-plate. How much of this positive charge went to 
increase the induced positive charge on the test-plate (on account of increasing 
negative potential gradient) and how niuch to neutralise a negative charge carried 
down to the test-plate by rain drops, or by ions travelling under the influence of the 
negative potential gradient, remains undetermined owing to the fact that the cover 
was not replaced until after the record was completed. 

Fig. 5 (June 17, 1917, 20h. ‘23m. 238. to 20h. 27m. 298.). 

This is an enlargement of a portion of a record obtained while a severe storm was 
passing at a distance of 15 to 20 km. Between 20b. 20m. and 20h. 29m. the photo- 
graphic trace recorded 95 positive' discharges {i.e., discharges causing a sudden 
positive change of potential gradient) and 40 negative discharges. The discharges 
were visible as vertical flashes passing between a cloud near the N.W. horizon and 
the earth, many of the flashes being multiple. The storm was seen to travel from 
W. to N. ; newspaper reports show that it passed over St. Ives, which lies from 10 to 
11 miles (about 17 km.) to the N.W. , damage by lightning occurring there. The mean 
of the 95 sudden changes of potential gradient of positive sign amounted to 119 volts 
per metre, that of the 40 of negative sign to —80 volts per metre. 

The sphere was used in obtaining this record. 

Fig. 6 (June IG, 1917, 19h. 12m. to 19h. 23m.). 

The test-plate was used as the exposed conductor. 

The potential gradient was negative ( — 5400 volts per metre) at 19h. 12m. 458. 
when the cover was removed, positive ( = 1000 volts per metre) at 19h. 22m. 15s. 
when the cover was replaced. Rain was falling throughout the duration of the 
record, and the charge carried down (by rain and ionization current) during the 
9^ minutes’ exposure was negative and amounted to 16 x 10“^* coulombs per sq. cm., 
the mean current being thus about 27 x 10“‘® ampere per sq. cm. Two of the 
discharges recorded — at 19h. 17m. 4s. and at 19h. 20m. 55s. — were multiple, as is 
shown in the enlargements, figs. 18 and 19 of Plate 5. All the sudden changes of 
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potential were negative — excepting the positive components of the multiple flashes — 
the largest amounting to —9600 volts per metre. The distance of this discharge, as 
is shown by the interval elapsing before the thunder began to be heard, was about 
4*3 km. The distances of the others ranged between 4*3 and 5*7 kin. The peals of 
thunder, as the intervals between the single and the double black lines show, were 
very long, some lasting foi* as many as 40 seconds. 

Fig. 7tJune IG, 1917, 19h. 31m. 10s. to I9h. 36m. 45s.). 

This is a portion of the record taken with the test-plate next after that shown in 
fig. 6. llain continued to fall throughout the time of exposure. The cover was 
removed from the test-plate at 19h. 31m. 308. ; the potential gradient at tiiat 
moment was negative, —6500 volts per metre ; a lightning discharge had probably 
occurred immediately before the exposure of the test-plate. The discharge at 
9h. 33m. 20s. was really multiple, the sudden changes of potential gradient being —2900, 
— 5100 and 4' J300 volts per metre. The discharge at Hlh. 35m. 55s. was negative 
(change of potential gradient = —4100 volts per metre) and was at a distances of 
about 5*5 km. The cliaracteristic form of the recovery curve following the discharges 
is modified by the superposition of a general downward slope which represents an 
electric current from the ground to the atmosphere^ ; this current was probably mainly 
carried by falling negatively charged raindrops. The potential gradient when the 
cover was replaced at li)h. 39m. (beyond the limits of the portion of the record 
n'produced) was positive and exceeded 2500 volts. The total quantity of electricity 
transferred per* s(p cm. of the test-plate to the atmosphere, during the whole, 
8^ minutes of exposure, but mainly after 19h. 36m. was tlu‘ equivalent of 40,000 
volts per metre, i,(\, 3*5 x !()“'' coulomb. 

Fig. 8 (May 29, 1917, 19h. 4m. 10s. to 19h. 11m. 50s.). 

This is the final portion of a record which began at J 8h. 44m. The sphere was 
used as the exposed conductor. Tlie potential gradient had been 4-1200 volts 
per metre at 18}i. 4Gm. when the sphere was raised ; 980 at I8h. 51m. and — 1 400 at 
] 8li. 5Gm., at wliich times the sphere vras momentarily lowered. The peak shown in the 
figure at J9h. 6rn. repi*esents tlie effect of again momentarily lowering the sphere* and 
indicates that the gradient was still negatives, being equal to —430 volts p(T iiK^tre. 
At 19h. llin. when the spluire was finally lowered the potential grfidient had again 
become positive, being now 4-20 volts per metre. 

These comparatively gradual changes of potential gradient accompanied tlu*, passage 
of towering cumuhis clouds at no great distance. Superimposed upon them are 
sudden changes (amounting at most to 150 volts per metre) produced in the field by 
frequent discharges of more distant thunder-clouds. Some of these are positive, some 
negative ; the discharges of eitlau- sign are alike in being followed by the charac- 
teristic curve of recovei*y of the field. 

Fig. 9 (May 29, 1917, I7h. 58m. 45s. to I8h. 12m. 30s.). 

This is an enlargement of a portion of a record which extended from 17h. 56m. to 
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1 8h. 36m. ; the sphere was exposed. During the period covered by the portion of the 
record reproduced the sphere was momentarily lowenKl at I8h. and at 1 8h. 5m ; it was 
also lowered at 18h. lOm. and kept in its case till 18h. Urn. when it was again raised. 
The potential gradient at the times of lowering the sj)here amounted to +90, +60 
'and +40 volts per metre. It is plain fi'om the record that the gradient remained 
positivt^ throughout ; the principal sudden changes of gradient were positive, and 
amounted to about 150 volts per metre; two, however, at about 18h. Im. and 
18h. Ora. 30s. were negative and equal to about 60 volts pcsi' metre. Positive dischtarge^s 
evidently also occurred during both the short periods foi' which the sphere was lowered. 

The characteristic recovery of the field after both ])Ositive and negative discharges 
is well shown. The two peals of thunder I'ecorded pi-ohahly belong not to the 
dischai'ges immediately preceding tlaun hut f.o the pi'cndous discharges. The 
dischai'ges were probably at a distance of 20 km. or more. 

Fig. 10 (August 15, 14h. 18ni. 20.s. to 14ii. 30m. 15s.). 

At 14h. 18m. 30s., when the cover was j-emoved, the potential gradient was nega- 
tive ( = — 3600 volts per metre). This negative potential gradient had increased to 
about —5000 at 14h. J9m. 6s.; at this 'moment the negative field was nearly 
destroyed by the passage of a lightning flash at a distance of 4’1 km., the sudden 
change in potential gradient being +4800. The five subsequent flashes also produced 
positive changes in the potential gradient ; the beginning and (mding of the thunder 
is marked on the record in (iach case. I’lie magnitudf^s of the sudden changes of 
jKJtential gradient vary from 3900 (th(^ third shown in the fig.) to 14,600 volts per 
metre (the last) ; the distances of' these two discharges were practically the same, 3'7 
and 3 '8 km. 

The striking feature of this record is the abnormal character of the curve of 
recovery of the field after the passag<' of evt^ry discharge except the last ; instead of 
the rate of recovery of the field being most rapid immediately after the discharge, it 
is at first Z(U’o or very small and gradually increa.ses to a maximum, falling off again 
with the increasing field as in the normal type. The Iasi discharge shown in fig. 10 
as well as all the subsequent discharges of the rc^cord of which this is a part were 
followed by a recovery of the field of the normal type. The recovery curves following 
the dischai'ges of the immediately preceding record of the same storm were also 
normal in character. 

Rain began about 14h. 20m., became heavy about 14h. 25m., and ceased about 
14h. 31m. 308. 

The potential gradient was negative throughout the period covered by fig. 10 until 
reversed by the last discharge shown. At 14h. 28m., when the cover was 
momentarily replaced, the potential gradient was - 4800 volts per metre. The small 
hump in the curve at 14h. 24m. 458. is due to the shielding effect of a horse and cart 
which passed within a few yards of the test-plate. 

In spite of the negative potential gradient, which would tend to produce an 
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ionization current from tiie ground to the atmosphere, the total charge received by 
the test-plate from the atmosphere between 14h. 18m. 30s. and 14h. aSm. has 
been positive and equal to the charge which a potential gradient of 17,000 volts ptsr 
metro would have induced on tlie earth -con iiechnl plate. The charge carried by the 
rain must thus have hecui positive and must have exceeded to the alK)ve extent the 
negative charge carried by the ionization current. The greater part of this charged 
rain has evidently fallen hcdween 1 4h. 2()m. and 1 4h. 28m. 

Fig. 11 (June 12 , 1917, If.h. 38m. 40s. to Ifih. .50m.). 

This is a portion of the second record takeii on a sultry afternoon with towering 
cumulus in all directions. The first record ran from 1.5h. 5.5m. to 16h. 19m. A cap 
was seen to form on the summit of a large cumulus cloud in the E.N.E. at 15h. .59m., 
and another on one of the lower heads of the same cloud now in the N.E., about 
16h. IGm. Tlje potential gradient tbrougbout this first record was positive and about 
50 volts per metre. No tliunder was beard and no sudden changes of the field are 
shown on the record. 

The second record, of which fig. 1 1 is a portion eidarged, extended from JOh. 27m. 
to 17h. 4m. Tile large cumulus cloud was N. by E. with its edge at an elevation of 
about GO degrees at IGh. SOin. and due N. about 16b. .50m. The potential gradient 
diminished from -1-44 volts per nu^tre at IGh. 30m. to 15 at 16h. 35m. and then 
became negative, being —29 at IGh. 40m., —175 at IGh. 4.5m. (all the above being 
occasions of momentary lowering of tbe sphere), and —106 volts per metre at 
16h. 49m. when the sphere was finally lowered. The field was zex’o at J7h. 14m., 
and had become positive at 17h. IGrri., when tbe observations ceased. 

All the sudden changes of field observed wer<^ positive ; two of 18 and 14 volts per 
metre, both due to flashes at a distance of about 7 km., occurred befon; tbe field bad 
liecome negative. 1'he other two (equal to 120 and 320 volts per metre I’espectively) 
are shown in the figui’e ; they both show characteristic recovery curves ; in bi>th cases 
the potential gradient was reversed, in the first by .a discharge! at a distance! of 8 ‘2, 
in the second by one at a distance of about 7 km. 

The discharge at 16h. 45m. 50s. is an interesting one. The negative potential 
gradient had reached a steady value — about 170 volts per metre — Ixefore the passage 
of the discharge. The discharge — at a distance of about 7 km. — caused the gradient 
to become positive ( = 150 volts per metro) ; tbe negative field was again re-established, 
practically exponentially, a steady value btxing finally reached equal to about 
105 volts per metre. The sphere was brought down at IGh. 49m. No thunder was 
heard after this time. 

In Plate 5 are enlargements of small portions of some of the traces, showing 
details in the changes of potential gradient associated with lightning discharges. 
In each case the time in seconds is shown, reckoned from the moment at which the 
discharge, as indicated by the record, began. 

N 2 
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The principal discharge of fig. 12 occurred on May 29, 1917, at about 
15h. 23ni. lOs. ; the peal of thunder which followed began 21 'Ss. later (indicating a 
distance of about 7 km.) and was audible for about 20 seconds. The siidden change 
produced in the potential gradient was negative and exceeded 1250 volts per metre. 
The record shows the characteristic curve of recovery of the field, interrupted at 
Im. 508. after the discharge by the lowering of the sphere. The positive field due 
to the charge whicli the flash neutralised was nearly counterbalanced at the place 
of observation by a negative field, so that the resultant potential gradient before 
the passage of the discharge was only al)Out +360 volts per metre. 

When the sphere was first raised, at 15h. 19m. 30s., the potential gradient was 
positive — about 150 volts per metre', — and it increased up to the moment of the 
principal discharge. There were, however, during this time, small sudden changes 
of potential, some positive, others negative, none exceeding 50 volts per metre ; 
they were obviously due to very distant discharges ; no thunder was recorded. 
Throughout the afternoon there were towering cumulus clouds in all directions, rain 
falling from some of them. 

The discharge of fig. 13 occurred about 15h. 9m. 30s. on August 15, 1917. The 
sphere was lowered at 15h. 10m., the characteristic curve of recovery of the 'field 
being thereby interrupted. The peal of thunder began while the sphere was being 
lowered, i.e., about 40 seconds after the discharge ; the beginning is not marked 
on the record, but the double dark line indicates that the peal of thunder ended 
about 55 seconds after the discharge. The potential gradient immediately before 
the discharge had a negative value exceeding 1000 volts per metre ; immediately 
after the discharge the potential wtis positive and equal to about 300 volts per 
metre. 

The first discharge of fig. 14 occurred at 13h. 50m. oji June 13, 1917, just at the 
moment when the sphere had been raised tt» its exposed position. The potential 
gradient before the discharge was negative (= — 090 volts per metre). The 
discharge was a double one, causing an increase in the negative potential gradient 
of more than 980 volts per metre, followed by a sudden change of the opposite 
sign, which brought the potential gradient to within 200 volts per metre of its 
original value, the total duration of the double discharge being about one-fifth of a 
second. 

Two other double discharges of about the same total duration were recorded about 
22 seconds and 87 seconds later, the first giving sudden potential changes of +70 and 
— 30, the second of +100 and —115 volts per metre. The other discharges shown 
in the figure are noteworthy as not being followed by the usual recovery curve. 

The next three figures are further examples of double discharge records of the same 
type — i.e., of records showing the occurrence within a very short interval of time 
of two sudden changes of potential of opposite sign. They differ among themselves 
mainly in the relative magnitudes of the two sudden changes : the first change of 
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gradient being the greater in fig. 1 5, the two beihg approximately equal in fig. 16, and 
the second being the greater in fig. 17 ; in the last case the initial change is negative, 
in the two others positive. The duration of the double discharge is al)out one-fifth 
of a second in fig. 1 5, two-fifths of a second in fig. 1 6, and two-fifths of a second in 
fig. 17. 

Double discharges consisting of two successive sudden changes of potential 
gradient of the same sign are also not uncommon. A striking example is that of 
the last discharge shown in fig. 8, whore a sudden pt>sitive change of pf)tential 
of 840 volts per metre is followed 2 '4 seconds later by a second change of the same 
sign amounting to 870 volts per metre. The discharge at 14h. 12m. 50s. (in the same 
fig. 3) was also really a double one of this type, the interval between tlui two 
components of magnitudes, 220 and 180 volts per metre, being about one-fifth of a 
second. 

What have been called above double discharges, it should he noted, are not 
necessarily discharges along the same track or even from the same thunder-cloud ; it 
may often be observed that lightning flashes from two difierent centres occur almost 
simultaneously. * 

In the last three figures of Plate 5 are reproduced enlargements of records of 
multiple discharges, z.e., of records showing a rapid succession of changes of potential 
gradient of opposite sign. These were all obtained during the same thunderstorm, 
that of the afternoon of June 16, 1917. The first shows sudden changes of potential 
gradient of —9600, -f4850 and —1500 volts per metre, the intervals between the 
reversals being about one-third of a second. The second shows sudden changes of 
potential gradiant amounting to —7100, -^1700, —1700, 4-300, —1900, -1-700, —600, 
-f 1000, the total time occupied by the eight reversals being 2'1 seconds. In the third 
the changes of potential gradient are —1600, -1-900, —1600, -t-1200, -1-700, —700 volts 
per metre, the total duration being 1’9 seconds. 

III. On tJie, Prevailhig Sign of tiie Sudden Changes Produced in the Potential 

CradieM hy Lightning Flashes. 

The sudden changes produced in the potential gradient at the place of observation 
by the passage of lightning discharges have been more often positive than negative, 
i.e., the greater number have consisted in a sudden increase of a previously existing 
positive potential gradient or a diminution or reversal of a previously existing 
negative gradient ; in other words they might be explained as l)eing due to the 
discharge of a negatively charged cloud. Discharges producing such a positive 
change of potential gradient are called in what follows positive discharges. 

The number of positive discharges recorded in 1917 was 432, of negative discharges 
279. If the observations of 1914 and 1915 are included, the numWs are 528 and 
336, the ratio being I ’56. Of the ten days of thunder on which records were 
obtained in 1917, there were nine on which more positive than negative discharges 
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were recorded ; on the remaining day, however (.Fune 1 6) about twice as many 
negative as positive discharges were recorded (74 negative, 38 positive). It is 
perhaps natural to associate the excess of positive over negative discharges with the 
excess of positive electricity found by Simpson* and others to be carried down in 
‘rain, the greater part of the charge transferred from the atmosphere to the earth by 
the rain of" the thunderstorm being perhaps returned in lightning discharges. (See 
however Sections XTX. and XX.) 

IV. Maqnkude of the (Changes Produced in the Electric Field hy Lightning 
Discharges at Different Distances. 

The approximate distance of each lightning flash which caused a disturbance on 
the photographic trace was, when possible, determined by observing the time interval 
between the discharge and the thunder associated with it. The beginning of each 
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peal of thunder heard was marked on the trace by momentarily cutting off the light 
as described in Section I. It was by no means always possible to certain which 
peal of thunder recorded was caused by the lightning discharge responsible for a 
given sudden disturbance of the field ; when the storm was a distant one with very 
frequent lightning flashes there might he several subsequent discharges between the 
passage of a flash and the arrival of the sound of its thunder. There appeared to be 
no ambiguity in the case of about 120 discharges recorded in 1917 ; the approximat(? 
distance L of each of these discharges and the sign and magnitudt* of the resulting 
sudden change of field F are shown in fig. 2, which includes also the eye observations 
of 1914 and 1915. When the records show two or more sudden changes of field 
within a fraction of a second it is the large.st of these which is recorded in fig. 2 ; it 
was considered that if the component discharges of the multiple flash were not all at 
the same distance, the one which produced tla-i largcist eflect was likely to be the, 
nearest, and therefore that of which the distance was (hvluced from the inttu’val 
elapsing between the discharge and the heginnitig of the thunder. 

V. Kffrctn to he Expected from Different hhnls (f Dlselninjes (it Differoht 

l)ist(t7l(XS. 

A liglitiiiiifj flash may consist in the passage of a cliarge Q from a certain region A 
of the atmosphere to (^artli, or from a region to another A.j l)oth in the 
atmosphere; Aj and may be in the upper and lower parts of the same thundcu’- 
cloud with their centres near the same vertical line, or they may be at a considerable 
horizontal distance apart. 

Let a charge Q derived from a certain region A of tlie atmosphere pass to earth. 
The change in the electric field may be considered as due to the removal of the charge 
Q from A and of an equal and opposite charge —Q, from A' the image of A. Just as 
for many purposes no sensible error is made by assuming the magnetism of a bar 
magnet to be concentrated at two definite points, the poles of the magnet, so in the 
present case the charges Q and — Q may regarded as being concentrated at two 
points p and p\ These points are situated at a lielght H above and at an equal 
depth below the surface of the ground, such that !2QH = = M, the electric 

moment of the discharge f q being the charge derivtxl from a small element of 
volume at a height h. In calculating tiie change produced in the electric field at 
distant points by the passage of the discharge, no sensible error will be made by 
making this substitution, and even at points at no great distance from the axis pp\ the 
error will be small if there has been any approximation to a symmetrical distribution 
of the charge in a sphere surrounding p, 

* 111 the present paper not qh as in the previous paper, is taken as the electric moment of the 
discharge of a quantity q from a height h to earth, the moment with which we are concerned being that 
of charge q at a, height h together with that of its image - g- at a height - k 
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The vertical electric force at a point on the ground is given by 


F = 
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(becoming and ^ when L is large and small respectively compared with H 
where L is the distance of the point from the axis pp'. The curve T in fig. 3 represents 
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the potential gradient at the earth’s surface at different distances due to a charge Q 
supposed concentrated at a point at a height of 2 km. : it represents the 
change produced in the potential gradient by the discharge of 20 coulombs from a 
height of 2 km. to earth. The curve II. represents similarly the potential gradients 
due to the same charge at a height of only 1 km. The difference between the 
ordinates of the two curves (curve III.), represents the change of potential gradient 
produced by a vertical discharge of the quantity Q from a height of 2 km. to a height 
of 1 km. The sign of the effect is reversed at a certain distance, the vertical electric 
force at the surface of the ground being, for a given charge Q at the lower level, 
greater than for the same charge at the higher level when the distance is small, hut 
less when the distance is great. 

For a vertical discharge from a height to a height H„ F, when L is large, 
becomes equal to 2Q (H^— Hi)/L®, so that FL“ = 2Q{Ha— Hj) which may he defined 
as the electric moment of such a discharge. Thus when Ij is large FL'* is equal to 
the electric moment of the discharge whether this reaches the earth or not. 

The effects at different distances of various kinds of double discharge are also 
readily obtained from inspection of the two intersecting curves of fig. 3. For example, 
a discharge from a height of 2 km. to a height of 1 km., followed by an equal 
discharge from the lower level to earth, would produce at the surface of the ground 
two successive sudden changes of potential of the same or of opposite sign according 
as the distance exceeded or fell short of the above limit. Again if we consider a 
thunder-cloud of which the upper and lower parts are oppositely charged, and suppose 
that a discharge between the top of the cloud and the ground is followed by one 
between the ground and the bottom of the cloud, the two successive sudden changes 
of potential gradient would be of opposite sign, but their relative magnitude would 
depend on the distance of the place of observation from the discharges ; at great 
distances the longer discharge, at small distances the shorter would produce the 
larger sudden change of potential gradient ; while at some intermediate distance the 
two effects would be of equal magnitude. The various types of double discharge 
records shown in Plate 5 may perhaps be explained in this way ; a given type of 
double discharge giving a considerable variety of effects on the trace according to its 
distance from the recording instrument. 

If the effects of individual discharges could simultaneously be recorded at several 
suitable distributed stations, we should be able to learii much about the quantities of 
electricity which pass and about the initial and final distribution of charges. It is 
especially useful to have measurements of the change of field (l) at points at a 
considerable distance from a discharge, since the electric moment 2QH or 
2Q (Hg— H,) may at once be deduced, and also (2) for points nearly below the centres of 
the regions discharged, where, in the case of discharges to earth, F approximates to its 
maximum value 2Q/H*. Knowing both 2Q/H* and 2QH we obtain both Q and H. 

When a single station only is available we have to be content with attempting to 
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learn something about the average lightning discharge by accumulating measurements 
of the effects produced by discharges at various distances. 


VI. Electric Moments of the Discharges. 

For each discharge recorded in fig. 2, FL*, the product of the vertical electric force 
and the cube of the distance of the discharge, has been calculated. This product, 
when the quantities are expressed in electrostatic C.G.S. units, may be taken as giving 
a lower limit for the electric moment 2'^qh — 2QH, or 2 Q(H 2 — H,), becoming equal 
to it when L is large compared with H. 

The mean value of FL® for the 78 positive flashes for which L could be determined 
in the 1917 records is 7 ’3 x 10® in volts per metre x kilometres® ; for the 46 negative 
flashes the mean value obtained is identical with that found for the positive. We 
may take this value (the equivalent of 2*4 x 10** E.S.U. x centimetres, or about 
80 coulomb-km.) as a minimum estimate of the average electric moment of the 
lightning discharges. 

The observations of 1917 give values of FL® ranging between ]/20 and 5 times the 
mean ; but in more than half the discharges for which the necessary data are 
available FL® lies between one half and twice this mean value. Some of the eye 
observations made previously to 1917 lead to higher values, reaching in one case ten 
times the above mean. 

In Table I. are given tlie mean values of FL® for positive and for negative 
discharges at distances (l) below 5 km., (2) between 5 and 10 km., and (3) exceeding 
10 km. The number of observations used in getting the means is in each case 
inserted in brackets. FL® is given in volts per metre x kilometres® x 10®. 

Table I. 


1917 only . . 
19141 

1915 ^ . 

1917 J 

Below 5 km. 

5-10 km. 

Above 10 km. 

Positive. 

Negative. 

Positive. 

Negative. 

Positive. 

Negative. 

4-6 (17) 

.S-7 (37) 

3-7 (8) 

3-7 (8) 

6- 0 (32) 

7- 4 (48) 

8-2 (29) 

7-8(33) 

11-8 (29) 

14-6 (38) 

9-6 (8) 

16 -5 (16) 


The mean values of FL* are not appreciably different for positiv^ and negative 
discharges. 

For discharges at distances between 10 and 15 km., the mean value of FL® for the 
24 positive discharges of 1917 is 10 '8 x 10®; if the 5 discharges of previous years 
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are included the mean is 11‘8 x 10® volts per metre x kilometres*. Data for negative 
discharges between 10 and 15 km. are almost lacking. 

These numbers leave little room for doubt as to the order of magnitude of the 
average electric moments of the discharges. Distances below 5 km. are too small in 
comparison with the probable lengths of the discharges for FL* to serve as a measure 
of the electric moment. We may assume that the value of FL* for a discharge at a 
distance of 10 km. or more approximates to its electric moment. The mean value of 
the electric moment for both positive and negative discharges may be taken as not 
differing much from 10“ in volts per metre x kilometres* = 3x10** E.S.U. x centimetres 
or about 100 coulomb-km. 

Higher values for the mean electric moment are obtained, as is evident from Table I., 
if the data from discharges at greater distances than 15 km. are used. The records 
of discharges at great distances may possibly give disproportionately large values for 
the mean electric moment for two reasons: (l) because at these distances discharges 
of small electric ^moment are uni'ecorded on account of the small magnitude of the 
charges of potential gradient produced by them ; and (2) Ixicaxise it is only at great 
distances that discharges, which do nof reach the earth and which may be of great 
vertical length and have large electric moments, produce effects pi (.)portional to their 
moments. The sign of the effect of such discharges is in fact reversed at small 
distances, and the magnitude! of the sudden change of potential gradient produced 
becomes more nearly proportional to the height of the lower’ end of the discharge 
than to its vertical length (fig. 3). 

Some additions to the data of Table I. wei'e furnished by the storm of June 17, 
1917, in which the distance and frequency of the flashes were too great to admit of 
the distances of the individual discharges being estimated. There was in this case 
(see p. 80) independent evidence as to the approximate distance of the storm when 
the trace containing records of 95 positive and 40 negative discharges within 10 
minutes was obtained. Assuming the distance of the discharges to have lieen 17 km. 
we obtain for the mean value of FL*, in volts per metre x kilometres", 5 "8 x 1 0® for the 
95 positive discharges and 3‘9x]0® for the 40 negative, corresponding to electric 
moments 2QH of I'SxlO’" E.S.U. x centimetres = 63 coulomb-km. and l‘3xl0’* 
E.S.U. X centimetres = 43 coulomb-km. respectively. The discharges were observed to 
be approximately vertical and to pass between the base of the cloud and the earth. 

VII. Quantity of Electricity Discharged in an A verage lAghtning Flash. 

When the electric moment of a discharge is known, the order of magnitude of the 
quantity of electricity which passes in the discharge may be roughly estimated. We 
may assume that the average vertical length of any ordinary discharge is likely to be 
between 1 and 5 km. Thus if the average electric moment 2QH is 100 coulomb-km., 
we may estimate the average quantity discharged in a flash as being between 10 
and 50 coulombs. 

o 2 
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We get some further information about the discharges by considering the way in 
which F varies with L (fig. 2). The charge which feeds a lightning flash is evidently 
not generally derived from a widely extended horizontal sheet, as is shown by the 
rapid falling oft' in F at coinp)aratively short distances from the discharge. 

The curve shown in fig. 2 represents the relation which would hold between F 
and L in the case of the discharge of 20 coulombs to earth from a point at a height of 
2 km, ; the charge may be considered to have been distributed .symmetrically within 
a sphere around this point. The curve represents the mean of the observations fairly 
well, «3xcept in the case of discharges at great distances. 

The average magnitude of the sudden change of field produced by lightning 
discharges at any distance may be roughly calculated by assuming that the average 
lightning flash consists of a discharge of 20 coulombs to earth from a height of 2 km. 

The average change produced in tlie potential gradient by a discharge at a distance 
of 10 km. is, it will be noticed, of the order of 1000 volts per metre, and for 
moderate distances beyond this it probably falls oft’ approximately according to the 
inverse cube law. (It should perhaps be pointed out that the change of field referred 
to here is merely the difference between the initial and final values, before and after 
the pa8.S{ige of a single discharge. At distant points the amplitude of the short 
period oscillations will gieatly exceed the difference between the initial and final 
magnitudes of the field.' Such oscillations — the ordinary “ atmospherics ” or 
“ strays ” — are of too short period to be recorded by the methods of this research). 

Discharges may be expected to occur (l) lietween the ground and the lower part of 
a thunder-cloud ; (2) between tlie iip[Der and lower parts of the cloud ; (3) between 
the upper part of the cloud and the ground ; and (4) upwards from the top of the 
cloud. Great differences in the vertical lengths and in the electric moments of 
discharges aie therefore to be expected, and the manner in which F varies with L in 
the different storms furnishes some evi<lence of such differences. When, as in the 
records of June 12, 1917, FL® varies little with the distance and is besides relatively 
small, one is tempted to conclude that the vertical length of the discharges was small, 
that, for example, they passed be.tween tlie ground and the bsise of the cloud. When 
on the other hand, as on August 15, 1915, or August 15, 1917, FL“ continues to 
increase with increasing distance and reaches very high values, great vertical lengths 
would appear to be indicated for the discharges. Possibly the discharges of greatest 
vertical length may be those between the top of a thunder-cloud and higher levels of 
the atmosphere. 

It is unfortunate that no records were obtained of the effects of discharges from 
clouds immediately overhead ; such observations of the maximum values of F would 
have given useful evidence bearing on the height from which the discharges came. 
A. discharge of 20 coulombs from a height of 2 kra. would cause at the ground a 
maximum change of potential gradient of nearly 100,000 volts per metre. 

Comparatively few determinations appear to have been made of the dimensions of 
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lightuiug flashes. A few are quoted by Hann,* the length of vertical flashes to 
earth generally ranging from 1 to 3 km. It is only rarely, in the photography of 
lightning, that the.distance of the flash has been recorded, so that its length may be 
deduced. Fig. 4 is a reproduction of a photograph taken witli this object in view 



Fig. 4. 

and for which the_ necessary data are available ; it is, moreover, oi’ interest in other 
ways. It was taken on May 22, 1918, at about 22li. 45m., the camera pointing 
north. The interval between the lightning flash and the moment when the thunder 
began to be heard was 35 seconds, corresponding to a distance of 11 ‘7 km. Two 
flashes are shown in the photograph, both passing between the cloud and the earth ; 
they must have been nearly simultaneous, since tlie camera lens was covered as soon 
as a flash was observed. One discharge has initially passed upwards from the cloud 
and reached the ground by a curved path at a horizontal distance of nearly 4 km. 
from its starting point. The other has taken a nearly vertical course to the ground, 
its image is somewhat faint and ill-defined in the photograph : the discharge was 
probably within a heavy rain shower, a considerable thickness of which had to be 
traversed by the light on its way to the camera. The starting points of the two 
discharges in the cloud are comparatively close together, suggesting (as indeed does 

* Hann, ' Lehrbuch d«r Met«orologie,' p. 632, 1901. 
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the picture as a whole) that a charge of electricity had been concentrated in a 
comparatively small volume in the head of the cloud, and that the discharges took 
place approximately along lines of force. 

The mean height of the upper ends of the two discharges — the height of the 
centre of the charged cloud-head according to this view — must have been just under 
2 km., if its horizontal distance from the camera is taken as 11*7 km. The distance 
and height may in fact have been somewhat greater, since the track of the long flash 
may at some point of its course have been nearer the camera than the vertical flash, 
and the distance deduced from the interval between the lightning and thunder is 
that of the nearest point of the discharge. 

VIII. Electric Field of a Thunder-cloud. 

It is much more difiicult to obtain direct information about the electric field of a 
thunder-cloud than about the sudden changes produced in the field by lightning 
discharges. The observed field may be the resultant of the fields of several thunder- 
clouds superimposed upon the normal electric field ; while a single instantaneous 
change in the field will in general be due to the passage of one lightning flash, of 
which the approximate distance may frequently be determined. Nothing approach- 
ing a direct survey of the electric field of a thunder-cloud has yet been attempted : 
some general conclusions may be reached by a study of the photographic records of 
the potential gradient in thunderstorms. 

It might perhaps naturally have been thought that the actual field due to a 
distant thunder-cloud would greatly exceed in magnitude the sudden changes due to 
the lightning discharges from it, each flash removing from the cloud only a small 
part of its whole charge. This is disproved by the observations ; only when there 
has been, in addition to the more distant thunder-cloud, a heavy shower-cloud over- 
head or in the immediate neighbourhood of the place of observation, has the actual 
potential gradient greatly exceeded the instantaneous changes ; the main part of the 
observed field has in all such cases obviously been due to the nearer cloud and not to 
the comparatively distant thunder-cloud which was in action at the time. The 
potential gradient due to a distant thunder-cloud has apparently never greatly exceeded 
in magnitude the sudden changes produced in the field by the lightning discharges 
from the cloud. Very frequently each discharge has approximately destroyed or 
even reversed the previously existing potential gradient, the field has then been 
rapidly regenerated, to be again nearly neutralised or reversed by the next discharge. 
The magnitude of the vertical electric force at the ground due to a thunder-cloud at 
a given distance is thus probably of the same order as has been found for the 
change produced by the average lightning discharge at the same distance. 

Potential gradients exceeding 30,000 volts per metre {i.e., xhs oi' the sparking 
value) have not been recorded : it is doubtful, however, if any of the records were 
obtained when the centre of a storm was nearly overhead. 
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There cftn be little doubt that it is by the agency of precipitation that the 
separation of positive and negative charges in a thunder-cloud and consequent 
production of an electric field is effected, the larger raindrops or hailstones carrying 
down a charge of one sign while the charge of opposite sign is attached to small 
drops or cloud particles carried up in the ascending air stream. It is not proposed to 
discuss here how the large and small particles may acquire charges of opposite sign : 
whether for example the thunder-cloud is essentially a frictional electrical machine 
(disruption of drops, which Simpson* regards as the important factor, l)eing included 
under this head) or an influence machine as Elster and GEiTELt contend. 

It is obvious that any view that places the seat of electro- motive force of a thunder- 
storm within the thunder-cloud implies that the cloud is essentially bipolar, equal and 
opposite charges being in any given time transferred from within the cloud to its 
upper and lower portions. The actual charges residing at any moment in the positive 
and negative portions of the cloud will in general be quite unequal, since the 
conditions determining the rates of dissipation of the charges at the top and bottom 
of the cloud will be very different ; an important part of the loss of charge from the 
lower part of the cloud is obviously tho charge carried down to the ground in rain- 
drops. The lower charge may indeed to a large extent reside on rain-drops falling 
from the cloud, and may thus extend all th(( way to tl>e ground. liain may not 
however reach the ground, or may lose a large part or the whole of its charge before 
reaching it by processes to be considered later. 

Consider a cloud in which there is an upward stream of charged cloiid particles or 
small drops and a downward stream of oppositely charged large drops ; the total vertical 
electric current is the sum of the currents carried by the upward and downward 
streams. If the density of electrification of the two streams were the same and 
uniform throughout the greater part of the vertical thickness of the cloud, then the 
whole of this portion of the cloud would l)e electrically neutral. Above a certain 
level however the small drops alone will remain, and again it is only the large drops 
which fall below the lower margin of the cloud ; equal and opposite charges will in 
this way be liberated in the upper and lower portions of the cloud. The assumption 
of uniform density of electrification in the two streams is of course an extreme and 
improbable one, and the concentration of the charges in the upper and lower parts 
of the cloud alone is not likely to l>e so complete as this supposition would imply ; 
it serves, however, to indicate the possibility of the positive and negative charges of 
a cloud being separated by a considerable vertical thickness of electrically neutral 
cloud. 

The factors which determine the rates of dissipation of the upper and lower 
charges and the magnitudes of the maximum charges are considered in a later 

* Simpson, foe. dt. 

t Elster and Geitel, ‘Wied. Ann.,’ 26, p. 116, 1886; ‘Physikal. Zeitschr.,’ 14, p. 1287, 1913; 
Geitel, ‘PhysikaL Zeitsch.,’ 17, p. 466, 1916. 
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section. The electric field at the ground due to a cloud of this kind will be the 
resultant of the fields of the upper and lower charges. 

In the ordinary thunder-cloud or cumulo-nimbus cloud we are concerned with 
rapidly ascending air currents of comparatively small horizontal dimensions. The 
heads of such clouds generally reach to heights of several kilometres : according 
to Wegener* the top of a thunder-cloud may reach almost to the upper limit of 
the troposphere (about 10 km.). The average height of the bases is probably about 
1 km. 

If we suppose a cumulo-nimbus cloud to have charges Q, and Qi of opposite sign 
in its upper and lower portions, we may, for the purpose of calculating its electric 
field at a distance, treat these charges as if they were concentrated at definite “ poles ” 
at heights and H,. The efiect of the charges induced on the surface of the 
ground is the same a.s if they were replaced by charges equal and opposite to 
Qj and Qi and at depths and Hi below the surface. The problem is then the same 
as that of finding the magnetic field due to two bar magnets of lengths 2Hi and 2Ha 
and moments 2Q,H,, 2 Q 2 HJ, placed so that their centres coincide, the axes being 
vertical and their polarities opposed. 

The vertical electric force due to the cloud at a point on the ground at a distance 
L from the axis is 



Immediately below the cloud, where L = 0, the second term (representing the effect 
of the lower charge) will be the greater unless the ratio of Qa to Q, exceeds Ha*/H/, 
and for distant points the first term (representing the vertical force due to the upper 
charge) will be the greater unless Qi/Qa exceeds Hj/H,. Thus the surface of the 
ground may generally be divided into two areas, an inner and outer, in which the 
electric field due to the cloud has opposite signs ; in the central area the effect of the 
lower pole of the cloud predominates and determines the sign of the potential gradient 
and of the charge on the ground, while in the outer area the effect of the upper pole 
of the cloud is the greater. 

The maximum intensity of the resultant field anywhere near the centre of the 
inner area will generally greatly exceed the maximum reached in the outer area. The 
curve III., fig. 8, represents the resultant potential gradient produced at the ground 
by equal and opposite charges of 20 coulombs at heights of 1 and 2 km. The inner 
area has a radius of approximately 2 km., the maximum potential gradient at the 
centre amounts to 270,000 volts per metre, while the maximum reached by the 
potential gradient of opposite sign in the outer area is less than 10,000 volts per 
metre. Greater differences in heights of the two poles are probable in actual 

* Weoenxr, ' Thermodynunik der Atmosphare,’ p. 210. 
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thunderstorms, and the difference in the intensities of the electric fields in the 
inner and outer areas is likely to be even g^reater than in the example given. As 
represented in fig. 5 lines of force from the central area, end on the lower charged 
portion of the cloud, those from the outer area on the uppi*T charge, others again 
connect the upper and lower charges. 

Tims far no account has been taken of tlie conducting layer in the higluu* levels of 
the atmosphere, to the existence of which the phenomena of terrestrial magnetism 
seem to point. 

The normal potential gradient at tlu^ surface of the ground in clear weather is of 
the order of 100 volts per metre, falling off with increasing lujight and becoming 
negligible above 10 km. ; thus the potential in the conducting layer over n^gions nf 
fine weather is not likely to exceed a value of the order of 1,000,000 volts. If we 
assume, in accordance with modern theories of ttirrestria.1 magnetism,’*^ that the 
conductivity of the upper atmosphere is high enough to prevtuit any lai'ge poUaitial 
difierences within it, then even above a thunderstorm the potential in the c.ondiicting 
layer may not greatly exceed 1,000,000 volts. ^J'lie potential in tlie head o(‘ a 
thunder-cloud probably reaches values 1000 times as great. 

One important efiect of the conductivity of the uj)})er atinosplau’e is to causi^ a 
portion of the lines of force from the head of the thunder-cloud to end in the 
conducting layer. The effect will be more marked than that which would be 
produced by a solid conducting sheet since ions of opposite sign to the chai-ge on the 
head of the cloud will be dragged down out of the conducting layer to form an 
expansion of it extending downwards towards the thunder-cloud. The charge on 
these ions (which constitutes the induced charge on this })rotuberance from the 
conducting layer) will partially neutralise the electric field produced at the ground 
by the charge in the head of the cloud ; in other words lines ol‘ Ibrce fiom the head 
of the cloud which would otherwise have ended on the ground ai’c rjow diverted 
upwards into the conducting layer. t 

The considerations brought forward in this section suggest that the. el<*ctric field 
of a cumulo-nimbus cloud may be regarded as due to charges, generally unequal, in 
the upper and lower parts of the cloud (falling rain l)eing included as part of tin* 
cloud) and to the charges induced by these on the ground and on thf^ conducting 
layer of the upper atmosphere. Thus the lines of force of tlie cloud may be 
divided into four classes, connecting {a) the ground and the lower charge of the 
cloud, (6) the lower charge and the upper charge, (c) the upper charge find the 

ScHUSTBR, ‘Phil. Trans.,* A, vol. 208, p. 163, 1907 ; S. CHAPMAN, ‘ Phil. Trans.,’ A, vol. 218, p. 1, 
1919. 

t In the absence of a previously existing conducting layer a thunderstorm would itself produce 
ionization in the upper atmosphere ; this is readily seen to follow from the values found for the electric 
moments of lightning flashes. 
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ground, (d) the upper charge of the cloud and the conducting layer of the 
atmosphere. 

If uniform stratiform conditions over a wide area be assumed, the conditions are 
simpler than in the cjise of the cumulo-ninibus cloud. The field at the ground below 
such a cloud, if the effects of the conducting layer be ignored, would be the difference 



between the fields due to the upper and lower charges, and its sign would be that of 
the field due to the larger charge. The effect of the conducting layer, as in the case 
of the cumulo-nimbus cloud, is to reduce the potential gradient produced at the 
ground by the upper charge of the cloud : firstly by the action of the opposing field 
of the charge induced on the conducting layer alxive the cloud, and secondly by the 
actual diminution of the cloud charge by the ionization current from the conducting 
layer. 

IX. Conditvms Detennmivg Discharge. 

In order that a lightning discharge may begin, it is clear that the electric force 
must somewhere exceed the sparking limit, which amounts at the ordinary 
atmospheric pressure to about 100 electro-static units or 3 , 000,000 volts per metre ; it 
is not necessary that the electric force along the whole length of the path of discharge 
should previously have approached the sparking limit. As Larmok has pointed out,* 
if we suppose that an initial discharge occurs along a narrow line of length 
equal to the distance (possibly very small) over which the sparkiiig value of the 
electric force was originally exceeded, and that this approximately equalises the 
potential along its path, there will be concentration of charge and intense local fields 
at the ends of this line ; the discharge will thus be lengthened. The conditions are 
in fact momentarily much the same as if a conducting wire were placed along the 
path of this initial discharge. The maximum value of the electric force at the ends 
of the conducting track of the initial discharge will thus greatly exceed the critical 

Sir JosKFH Lakmok and J. S. B. Larmok, ‘ Roy. Soo. Proc.,’ A, vol. 90, p. 312, 1914. 
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value and will continue to do so jis the track lengthens, so tliat the discharge may 
finally extend far l»yond the boundary of the region in which the critical elt?ctric 
force was originally exceedetl. (Amsider a stratiform cloud in which vcrticjd separation 
of positive and negative electricity is taking place so that opjiosite charges are 
accumulating in the upper and lower portions of the cloud. Let iis 8\ipjK)8e that 
these charges remain approximately equal. There will be a verticjil tdectric forei* 
within the cloud reaching a maximum in the central neutral zoiu; of tlu^ cloud ; tlie 
vertical electric force at the ground will Ije small and the conditions for discharge 
will 1)6 first reached within the cloud. Discharge will t>ccur wlaui tin* maximum 
vertical electric force within the cloud reaches its critical value ; this amounts 
to about 30,000 volts per ctuitimetre ( = l((0 electrostatic units) at a pressure of one 
atmosphere and is proportional to the pressure. 

It is perhaps doubtful wlietlier the vertical potential jjradient within n cloud lias 
necessarily to rench the above value of ,‘b()0(),()()0 volts j)er metre, in oi-dm* that a 
discharge may begin, since an electric force amounting t.o one~third of this would he 
suHicieiit to bring the maximum electric force at the surface ol‘ a suspendiKl droji. 
assumed spherical, to the above value. *lt must however b("- rernemlKa’cnl that th(^ 
critical value of the electric fo!*c(‘ at a curved surface of a condu<‘tor increast^s rapidly 
with the curvature and that only drops of the largest sizc^ will have* any marked 
effect in assisting discharg(L* 

The dischargt‘ may extend considerably lieyond the limits ol‘ the zone in which the 
vertical electric force originally reached the critical \alue. It is possible that it might 
extend even beyond the upper and lower boundaries of the cloud, for tlH*. ends of n 
linear vertical discliarge would, as it lengthened, l)e continually ptmetratlng into 
regions of a greater potential difference until they reached the limits of tlu^ charged 
portions of the cloud, so that the density of electrification and maximum electric 
force at the ends of the conducting track, and the consequent tcmdency to furilnu’ 
lengthening of the discharge, would lie increasing up to this point. 

The end of an initial discharge which has penetrated into a rt^gion where there is 
little electric force to guide it will tend to branch or to (expand into a brush. The 
potential may thus finally be approximately equalised throughout a, considerable 
volume at each end of the discharge, the effective electric capacity of tin* expandcnl 
ends of tlie discharge and the original difference between the potentials of th<^ iT^gions 
thus connected will determine tlu^ quantity of electricity discharged by the conqileti* 
flash. 

If the lower charge of the stratiform cloud reaches nearly or quite to the ground 

* The electric force at the surface of a conducting sphere 6 mm. in diameter has to reach about 
260 E.S.U. (a value equal to nearly three times the sparking limit for a uniform field) in order that a 
spark may pass. (Schusteh, ‘Phil. Mag.,^ vol. 29, p. 182, 1890.) Drops of this size -which is little 
short of the maximum attfiined by rain drops — will only slightly assist discharge in an electric field in 
which they are suspended, and drops smaller than 3*5 mra. will not assist discharge at all. 

P 2 
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(as will generally be the cjise when rain is falling), or if Its charge is considerably 
smaller thati the upper charge, then the initial discharge is likely to extend downwards 
till it reaches the ground ; it will form then a conducting path for the main 
(lischaige, which may he regarded as mlucing approximately to zero the whole 
discharge track and its ramifications. 

Tf the potential gradient at the ground reaches a value amounting to any 
considerable fraction of that in the cloud, if for example, the upper and lower charges 
of a slratiform cloud are very unequal, then the critic.al value of the electric force is 
likely to Ik^ first reached, and the initial discharge to begin, at the surface of a 
projecting earth-connected conductor. 

Let us next assume — and this perhaps represents more nearly the conditions which 
hohl in an ordinary tlumder-cloud — that the vertical separation of the centres of the 
charges is as gnsat as the horizontal dimensions of the charged portions of the cloud. 

f/onsider for examphi a charge to accumulate in the head of a cumulo-nimbus cloud 
until the conditions for the passage of a lightning discharge are reached. To get an 
id(fa of the order of magnitude of the quantities involved let us assiime that the 
chaig(^ is distributed symmetrically about its centre within a sphere of radius R, the 
maximum electric force being at the boundary of the sphere. If the total charge of 
the sphere is Q, the radial electric force exerted at its surface by the charge is Q/R“ 
and is there a maximum. A radial discharge will therefore begin at a point on the 
boundary of the sphere when F exceeds the critical value and will be continued inwards 
towards the centre and outwards approximately along a line of force. The charge of 
opposite sign in the lower part of the cloud will increase the electric force below and 
diminish it above* the upper charge : the effect will however be small if the lower 
charge is small or if it is situated at a height small compared with that of the upper 
charge ; in the latter case the effect of the lower charge is largely neutralised by the 
force due to its image. On the other hand on account of the diminished pressure at 
the greater height a smaller electric force is required to start a discharge from the 
upper than from the under side of the upper charged portion of the cloud. 

Thus discharges may be expected to start not oidy downwards but also upw^ards 
and laterally from the charged head of a thunder-cloud. The path of discharge is 
likely to follow approximately a line of force which may belong to any of the classes 
of Section VIII. Discharges such as that of fig. 4, or even discharges upwards into a 
cloudless sky, such as have sometimes been observed, are not unlikely occurrences. 

If an initial discharge from the charged head of a cloud reaches the ground, thus 
opening up a conducting path to earth, an approach to complete discharge is probable, 
so that the quantity of electricity which passes in the lightning flash may be taken 
as a measure of the charge which had accumulated in the head of the cloud. 

A discharge originating in the region surrounding the lower pole of a cumulo- 
nimbus cloud is more likely to begin in the lower rather than the upper boundary of 
the charged region ; since the electric force below will be increased, and that above 
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diminiBhed by the action of the indiiced charffe, i.e., virtually by the iniag«i of the 
lower charge. An extreme case is that in which the lower charge, carricKl largely by 
rain below the actual cloud, extends to the ground. Here the maxinnim valuta of tlie 
electric force would be at the surface of the ground ; and, if the charge be assumed to 
be distributed uniformly throughout a region of which the vertical ami horizontal 
dimensions are approximately the same, the maximum vertical electric force would 
not differ much from 2Q/R^ where K is the height of the centre of the lower charge. 
In this case the field will be locally intensified at the surfaces of projttcting juirts of 
earth -connected conductors, and discharges (not necessarily developing into lightning 
strokes) will occur from such points long before the electric force over Hat ground 
reaches the sparking limit. 

X. dimensions of the Regions Diseharged hg Ijightnnig F/oshes. 

It has lieen shown tliat the quantity of electricily whicli })asses in an avtuvige 
lightning discharge if the thunderstorms investigated may l)e laken as typical — is 
of the order of 20 coulombs. In this and the following sections, X. to XVII., are 
considered some of the consequences which follow if the (piantity discharge<l by a 
lightning flash is taken as 20 coulombs. 

Consider a thunder-cloud of the bipolar type and assume that a discharge' takes 
place when the electric force at the Ixmiidary of either the upper or the lower cliarge 
reaches the sparking limit F,,. I’o get an idea of‘ the order of magnitude of the 
effects, let us assume that the charge is contained within a sphere of ladius 11, at a 
distance from the ground and from other charged nuisses, and that it is distributed 
symmetrically in such a way that the maximum radial electric forcf^ is at tlie boundary. 
A discharge will occur when = F#. Thus, if = 20 coulombs = Gx 10"' F.S.U. 

and Ffl = .‘10,000 volts per centimetre = 100 E.S.U. (its value a1. ground hnel) then 
K = 250 metres. If F„ = 50, its value at a pr(«sure of lialf an atmosphere, 
Ti = 350 metres. If an equal and opposite charge (the othei’ cloud-charg<^ or tlie 
image of the first in the ground) were similarly distributed within a sphere of the 
same radius in contact with the first, we should have at the moment of discliarge 
2Q/R* = Fo ; and the values found for R wotild lie \/2 times as great as in the case 
considered, i.e., 350 and 500 metres respectively. 

A similar result is obtained if, instead of assuming the charge to have lieen 
distributed in a sphere, we suppose the vertical thickness of the charged jxirtion of 
the cloud to have been small compared with its horizontal dimensions, ('onsider for 
example the case in which there are frequent flashes between the earth and the Imse 
of the cloud. We may picture the charged rain escaping from the base of the cloud 
as forming a charged layer which increases in thickness at a rate equal to the down- 
ward velocitji' of the drops. The vertical electric force at the upper and lower 
boundaries of the charged layer, due to its charge, will amount to 2irpd where p is the 
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charge per unit volume and d is the vertical thickness. On this will be superimposed 
the electric force due to the upper charge of the cloud and that due to the induced 
charge on the ground ; the first of these will increase the electric force at the upper 
surface and diminish that at the lower surface, while the second will increase the 
electric force at the lower and diminish that at the upper surface of the charged layer. 
If we assume the electric force below the lower charge to be greater than above it — 
as may easily be the case if the vertical thickness of the cloud (of cumulo-nimbus type) 
is great in comparison with the height of the lower charge— its magnitude will be 
between ^irpd and Airpd. A flash will occur when the vertical electric force reaches 
the sparking limit, i.e., about 1 00 in electrostatic measure. If we iissume the boundary 
of the lower cViarge to he a circle of radius r, and the quantity discharged to be 
20 coulombs = 6x 10'“ E S.U., r is between .350 metres and 500 metres, these being 
the limits obtained }»y putting F„ = 2irpd and F„ = ivpd respectively. 

It has thus far been assumed that the horizontal dimensions of the charged portions 
of the cloud are less than the distance apart of their centres, and that the greater 
part of the whole upper or lower charge of the cloud is neutralised by each 
discharge. I^et us now suppose that there has been a uniform stratiform distribution 
of charges over a wide area. Take as an example the cases in which the upper 
and lower charges of the cloud are equal, the other extreme case in which one 
of the charges is very small compared witli the other is not essentially different — the 
charge on the ground taking the place of the second cloud-charge. There will be a 
discharge when A-n-a- = F,„ <r being the total charge in a vertical column of unit area 
extending throughout the whole thickness of either charged portion of the cloud. If 
20 cx>ulomb8 are discharged in a lightning flash, and the whole thickness of a limited 
area of the charged portion of the cloud is discharged by tlie flash, the area A, 
discharged is such that AF„/4Tr = 20 x 3 x 1 0” ; if the area discliarged be assumed 
circular, and F„ be taken as 1 00, the radius of the area discharged must be approxi- 
mately 500 metres. 

XL Maxinmni, Potential Attained before the Passage of a lAghtnimj Flash. 

The potential at the surface of the sphere, considered in Section X., will immediately 
before discharge be approximately Q/R = F„R ; other terms being relatively small 
may be neglected in estimating the order of magnitude of the potential. The 
potential at the centre of the sphere will exceed that at the boundary, the excess 
lying between zero and F(,R — these being the values in the limiting cases (l) in 
which the radial electric force within the sphere is zero, the charge being confined to 
the boundary, and (2) in which the radial electric force within the sphere reaches 
everywhere the sparking limit. (The case of uniform distribution of the charge 
within the sphere is intermediate, the excess being i^Q/R). The potential at the 
centre thus lies between Q/R = FjE = QFo and twice this value. 
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If Q = 20 coulombs = 6 x 10“ E.S.U. and F# = 50 E.S.U. the potential at the 
surface of the sphere before discharge must reach 17 x 10* E.S.U. = 5x10* volts. 

We may take 10* volts as giving the order of magnitude of the potential X'eached 
in a thunder-cloud before the passage of a discharge of 20 coulombs. 

The order of magnitude of the potential required to cause a discharge remains the 
same even if the spherical distribution of the charge is departed from ; the hctriKontuI 
dimensions might, for example, considerably exceed the vertical so long as tliey did 
not much exceed the height of the charge above the ground. 

Suppose next that there is a stratiform distribution of charges over a wide area, so 
that the lines of force are vertical. The conditions of discharge have already been 
discussed in Section TX. 

If we assume that the mean vertical electric force along the whole length of the 
line of discharge initially appi'oached the value F„ (= alx>ut 3x 10" volts f»er metre) 
and that this length is 2 km., the potential dift’erence btxtween the levels connected 
by the discharge must have been about 6 x 1 0” volts. But, as was pointed out in 
Section IX., the discharge may extend much beyond the regions in which the vertical 
electric force had originally attained the s))arking limit F„ ; the discharge might, for 
example, extend from the region of the upper charge of the cloud to the ground, 
although the electric field did not originally extend to the ground. 'J'he potential 
difference required to produce a vertical lightning flash 2 km. long from a cloud of 
this type may thus be considerably less than 6 x JO* volts, but it is not likely to be so 
small as 10* volts. 

XII. Mean Density of the Charge in a I'hnnder-dond immediately before DiHcharge. 

If we assume that a charge of 20 coulombs is concentx-ated within a spliere 
500 metres in radius, the charge per cubic metre is about 120 E.S.U. 

In the case of a stratiform distribution of charges we have immediately before 
discharge 4iror = Fy (Section X.). If uniform density p be assumed for the charge 
throughout a layer of thickness d, then pd = Fu/4ir = about 8 E.S.U. If d be taken 
as equal to I km., p = 8x 10 * E.S.U. per cubic centimetre (= 80 E.S.U. per cubic 
metre). fJoncentration of the charge within a smaller thickness is probable, wltb a 
corresponding increase in the density of the charge. 

The mean density of the charges in thunder-clouds is thus likely to reach values of 
the order of 100 E.S.U. per cubic metre. 

XIII. Charge Associated tvith 1 c.c. of Water. 

If the amount of water in the charged portion of a thunder-cloud were no greater 
than in ordinary clouds (about 4 gm. per cubic metre), the average charge per gr amme 
of water would be about 25 E.S.U. ; the force exerted on each gramme of water by 
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the electric field where it approached the sparking limit, 100 in E.8. measure, would 
amount to 2500 dynes, to more than twice its weight. As pointed out by 
Simpson,* 10 E.S.IJ. i.s the largest charge per cubic centimetre of water consistent 
with its falling in an opposing electric field of 100 E.8.U. (on one occasion rain actually 
was found by him to carry a charge exceeding 10 E.S.U. per cubic centimetre). 
In the same paper SiMPSON draws attention to the very considerable accumulation 
of water that must occur in thunder-clouds through lagging of the larger drops 
behind the uprushing air. Thus the charge per cubic centimetre of water does not 
necessarily reach the above high vahies : and indeed the electric force opposing the 
fall of the larg(> drops a.ssociatod witli the lower pole of tlie cloud cannot, as a rule, 
excee<l their weight, since it i.s by tlie fall of these drops that the field is maintained. 
But tliere will bt^ less concentration of water on the smaller drops associated with 
the u})})ei‘ charge, and densities exceeding 10 E.S.U, ))er cubic centimetre in the 
upper part of the cloud are not unlikely. 

The drops in the head of a thunder-cloud may thus in virtue of their mutual 
repulsion have ladial velocitie>s wliich near the boundary may be comparable with the 
terminal velocity which the drops would acquire if falling freely through the air. 
Drops of 10 ■'* cm. in radius would have a maximum radial velocity of a few centi- 
metres pel' second: if the radius were as large as 5x10'“, the charge per cubic 
centimetre of water remaining the same, the radial velocity w'ould lie of the order of 
1 metre per second. Tlu^ characteristic bulging form of the heads of a developing 
cumulo-nimbus cloud may possibly he partly due to mutual repulsion of the charged 
drojilets. 

XIV. JJisnipt‘io7t of Drops hij the Electric Field. 

It was shown by Lord KAYJ.EiGHt that a charged spherical drop must Ijecome 
unstable if exceeds 167ra“T, where Q is th<i charge, a the radius of the drop and 
T the surface tension. If the charge .per cubic centimetre of the water in the cloud 
is p and is equally distributed among the drops, so that Q = iirol'p, tlien the spherical 
form will be stable so long as does not exceed 9T/x, i.e., about 225 in the case of 
water drops. The limit fixed in this way for the maximum charge per cubic centimetre 
of water, even for rain-drops as large as cm. in radius (for which it amounts to 
more than 70 E.S.U.), is too high to be of importance in the thunder-cloud problem. 

Of much greater importance is the effect, upon the stability of the drops, of the 
electric field in which they are suspended, or in other words of the induced charges on 
the two halves of each drop. 

If it is as a result of the electric force within or at the boundary of a cloud that 
a lightning flash occurs, then it becomes an interesting question whether under 
certain conditions disruption of the drops may not occur before the conditions for 

* Himpson, lot , dt . 

t Raylkioh, ‘Phil. Mag.,’ vol. 14, p, 184, 1882. 
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discharge are reached. Zkleny,* who has made a very interesting series of 
investigations on the stability of electrified liquid surfaces, foutul tliat in air at 
atmospheric pressure the potential I'equired to cause a discharge from the surface of 
a drop of water at the end of a capillary tube exceeds, tliough only by a few per 
cent., that required to produce instability and disruption of the drt>ps. He points 
out that it would follow from his experiments that a discharge of minute electrified 
drops, constituting an upward shower, would take place from tlie edges of the wet 
leaves of a tree in a thunderstorm, before the electric force at the surface of the 
tree reached the sparking limits. 

It seems not unlikely that under certain circumstances a similar process may occur 
in a cloud, droplets suftering disruption wliere the field approaches the sparking limit. 
Consider a developing cumulus head in wfiich a charge is accumulating, and suppose 
that the radial electric force near the edge of the cloud-head reaclit^s the value 
required to cause disruption of the drops hefon^ it reaches the sj)arking limit. The 
induced charges on the two halves of the drop will then sepai'ated and will tend 
to travel in opj)osite directions along a line of force. 

Tlie magnitude of tlie induced charge^on each lialf of a sjiherical (h*op of radius a 
in a field F is t^7ra^F/47r = 4 Fa^ and when F aj)j)i'()a.ch(*s tlui s])arking value tliis 
will generally greatly exceed any resultant charge of the drop. The charge per cubic 
centimetre of water for eacVi half of the drop = liF^ys-Tra ; if F„ = 100 

and a = ] mm. the charges per cubic centimetre of water for each half* of the drop is 
3G0 E.S.U. Thus if the original drop of 1 mm. in radius were divided into two 
oppositely charged halves, the force acting on each of* tht^ new drops would in a field 
of JOO RS.U. amount to 3(> times its weight. 

If the drop is drawn out by tiie action of the field into an elli|)Soidal or cylindrical 
form before disruption, the induced cliarges will be considerably greater. Siiparation 
of the charges by division of the drop will tlius giv(5 rise to oppositely charged 
portions each having a charge much greater* than that of tli(‘. original drop. The two 
portions will tend to travel in opposite directions along tlieliiuiof force with velocities 
greatly exceeding the original radial velocity of the drop from which they were 
derived. 

The outward moving products of disruption of the droi)s in the head of a, cumulo- 
nimbus cloud may possibly constitute false cirrus.'" Tht^se pai’ticles are more likely 
to freeze than tliose constituting the original head of the cloud; (l) because the 
stretching of the water drop into a filament itself causes cooling ; (2) the conversion 
of a water filament into an ice crystal is not accompanied by a large increase of surface, 
and one of the main obstacles in the way of the freezing of small drops is thus 
removed; and (3) the charged particles are still further cooled through being driven 
by the action of the field into the colder and drier air outside the original cloud. 

Ice needles formed under the above conditions would not only be charged but also 
^ Zeleny, ‘Proc. Cambridge Phil. Boc./ voL 18, p. 71, 1914. 
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electrically polarised (the induced charges of the original conducting filament 
remaining when the filament freezes), and will thus tend to remain with their long 
axes paralhd to the direction of the electric force. A study of the optical phenomena 
of “false cirrus” would he of interest in this connexion, as would also an experimental 
investigation of the efiects of an electric field on super-cooled drops. 


XV. Pressure Within a Charged Portion of a Ckmd. 

'J’he j)ressure within a charged cloud — like that within a charged soap bubble — must 
be less than the y)reH8ure outside. If the whole charge be supposed to lie near the 
surface of a sphere the analogy with the soap bubble is complete, and this case may 
be considenid in finding the order of magnitude of the effect. The reduction of 
pressure witliin the cloud by the charge is 2Tr(T^ = F^/Stt where cr is the charge per 
unit area of the surface of the sphere and F is the radial electric force immediately 
outside. .Just before the passage of a discharge F = F„ = about 100 in electrostatic 
measure, so that F^/Sx is about 400 dynes per square centimetre, i.e., about of an 
atmosphere. 

If we consider the charg(i to be distributed uniformly in a horizontal layer of 
thickness which is small compared with its horizontal dimensions, the diminution of 
pressure midway between the top and bottom of the charged layer, due to mutual 
repulsion of the charged drops, is again F//8x dynes per square centimetre. 

XVI. Thunder liiisulting from Sudden Cotdractio7i, due to Loss of Charge. 

Thundei- is generally regarded as entirely due to the sudden expansion of the air 
along the track of a lightning flash. It is evident however that the sudden 
contraction of a large volume of air (the contraction corresponding to an increase of 
pressure of some tenths of a millimetre of mercury) must furnish a by no means 
negligible contribution to the thunder which follows the discharge. 

XVII. Enei'gy Dissipated in Lightning Discharges. 

If we take the estimates arrived at above (V = 10" volts, Q = 20 coulombs) for 
the order ol' magnitude of the potential in the charged portions of a thunder-cloud 
immediately before the passage of a flash, and of the quantity discharged in the flash, 
we obtain for the order of magnitude of the energy dissipated in an average dis6harge, 
IQV = 10"' joules = 10” ergs. 

We may also arrive at an upper limit for the energy if we assume that the 
distribution of the charges is stratiform and that the vertical electric force is 
uniform and equal to Fu throughout the height H through which the discharge 
extends. From the value found for the average electric moment, 2QH, since V must 
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now be equal to FqH, we have for the energy dissipated, iQV = alK)iit 

10^^ joules. 

The rate at which electrical energy would l)e going to waste*, in a storm in which 
one such discharge occurred in every 10 se^conds would amount to 10*^Un'gs jkm’ second 
or 1,000,000 kilowatts. It is of interest to compare this with the total power 
which would be available if it were possible to catch the rainfall of a tliunder-shower 
before it fell and utilise the water power thus stored. The rate ol* rainfall in a st*ver(* 
thunderstorm may reach values approaching 10 cm. pen* hour. The water j)ower 
available if it were possible to catcli the rain at a height of‘ 1 km. would amount to 
3x 10^"’ ergs per sq. kilometre per second. Thus a rainfall of tin* above amount over 
an area of about 3 sq. km. if intercepted at (i height of 1 km. would furnish suthebmt 
power to produce the required electrical energy. The total powta- available for the 
production of lightning flash(is may obviously greatly exceed tlie abov(^ (^stimab* 
based on the rainfall. 

XVITl. I iolerpretdiiotf of '' Rocor or if Currri^, 

In a typical n^cord of the changes of the vertical td(*ctric foi*ce diu* to a distant 
thunderstorm each vertical portion of the trace— represtm ting the sinhhai change 
produced by a discharge* — is followed by a characteristic “recoveiy” curve. This 
may be interpreted as follows : — The charge in the liead or base of‘ tla^ thundei*- 
cloud — or in both — is suddenly destroyed by the passage of a lightning flash. Tlu* 
field at once begins to be re-established at a rate represented by tht^ initial steepiu^ss 
of the curve immediately after the discharge. But as the chai’g(* increases, its field 
tends to diminish the rate of increase of the charge in two ways: (l) by hindering 
the Reparation of oppositely charged rain-drops and cloud particles ; and (li) by 
producing an ionization current which tends to neutralise the clairgt^ and incr(*,ast^s 
with the increasing intensity of the field. Unless the fadd previously reaches the 
sparking limit, a steady condition will finally be a-})proached vvluiu the tv\o o])[)osing 
processes, which tend respectively to increase and diminish the field, balanc(‘ one 
another. 

The initial rate of increase of the field immediately after the passage of a distant 
discharge is thus an important quantity. It is proportional to tin* rate at wljich a 
charge destroyed by the flash is regenerated by the action of the tlmnder-cloud, ?.c., 
it is proportional to the vertical electric current which is carried through the thunder- 
cloud by the convection of charged masses. If the distances and luilght of the charge 
destroyed are known, the vertical electric current may at once be deduced frorrj the 
initial rate of increase of the field. If this information is not available tin? ratio of 
the current to the quantity which passed in the previous discharge can always be 
obtained from the record. 

Q 2 
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where F is the instantaneous change recorded and dFjdt. 

the initial rate of recovcu’y immediately after the discharge, has been deduced from 
the recovery curves in the case of 34 discharges. We may regard T as the time 
which would have hecm required to re-charge the cloud to the sparking limit had 
there been no neutralising proc(iSS due to the action of the electric field of the cloud. 
The values of T vary l)etween ]'5 seconds and 30 seconds, the mean of 64 measure- 
ments giving G’9 seconds ; in more than half the cases examined T lies between 4 and 
10 seconds. These times are geijerally only a small fraction of the actual intervals 
between the flashes : on dune 17, however, in a record (Plate 3, fig. 5) showing more 
than ] 00 flashes in 1 0 minutes — so that the average interval between the flashes was 
less than 6 seconds — the average value of T exceeded half this interval. 

Some of the recovery curves, as, for example, that of dime 12, shown in Plate 4, 
fig. 11, approximate very closely to the exponential form, so that the charge which 
has been regenerated when a tim(“ / has elapsed after- the discharge may be represented 
by Q = Qi, (] Such a curve suggests that the charge of the tliunder-cloud is 

being regenerated at a, constant rate, and that it is at the same tim(^ being dissipated 
at a rate which is at any moment proportional to the charge. Tt might also liowever 
be interpreted as representing the regeneration of the charge by a constant E.M. F. 
in the cloud, the current througli the cloud being proportional to the difference 
between this E.M.F. and the opposing potential difference produced by the charges 
separated ; there would be no current when the charges reached a steady value. If 
dissipation of the accumulated charges is taken into account the recovery curve still 
remains of the same type ; if the dissipation is large, or, in other words, if the 
internal resistance of the thunder-clotid, regarded as a generator of constant E.M.F., 
is large compared with tiiat of the external circuit, the cui-rent through the cloud is 
constant, and we have again the case first considered. 

The rate of regeneration of charge per second, in other words the vertical current 
through the cloud, immediately after a discharge varies betweeji f and of the 
charge removed by the flash, the mean being about I. If we assume a. discharge to 
convey a quantity of the order of 20 coulombs, the mean current through the cloud, 
immediately after a discharge, is of the order of 3 amphres. 

It is not at all impossible that this is also the order of magnitude of the vertical 
current through a thunder-cloud at other times than immediately after a lightning 
discharge, and even when an approximately steady condition of the field has been 
reached. Consider, for example, the charge in the head of a thunder-cloud which 
reaches to a great height. The conductivity of the atmosphere has been found by 
Gerdien and by Wiegand* to increase rapidly with the height, the former having 
found at 6 km. a conductivity more than 20 times as great, and the latter at 
8865 metres a conductivity about 40 times as great as the normal conductivity near 

* WiEGAND, ‘Deutsch. Physik. Gesellschaft,’ February 29, 1914. 
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the ground. A charged body suspended in the atmosphere under the conditions 
found by Wiegand at 8805 metres would lose about of its charge per second. 
Thus a charge of 20 coulombs in the head of a tliunder-cloud at this height should 
lose more than 1 coulomb per second : to keep the charge constant the vertical 
current through the cloud would have to exceed 1 ampere. Tlie presences of such a 
large charge would, it is true, not leave tlie conductivity of the surrounding 
atmosphere unaltered : it would tciiid to inen^ase it by dragging down ions from 
upper layers of still greater conductivity. 

XIX. Electrical Currents Maintained in the At)nosphere l)y lliunder^clonds and 

SInneer-clonds, 

(Consider a cumulo-nimbus cloud ot* the type imagined in Section VITl. containing 
upper and lower cliarges — the latter bf^ing partly or, it may he, mainlj'' carried by the 
rain below the cloud. Such a cloud may be regarded as an eU^ctric gtmerator — 
whether essentially of the frictional type or of the influejice machiiic^ type^ need not 
at present be discussed — capable of maintaining a jiotential difference between its 
poles of the order of 10'* volts. * 

As pointed out in Section VITL the potentials in the condinding layer of the upper 
atmosphere is likely to be insignificant in comparison witli that in the head of a- 
thunder-cloud, and the potential difference between them may thus l)e of the order 
of 10^’ volts. 

There will be a flow of electricity along the lines of force belonging to the various 
groups enumerated in Section VI 11. and indicahal in fig. 5. Tln^ upjxu' j)ole will 
continually be losing charge by curi’ents flowing (l) to the lower ])ol(‘ ; (2) to the*, 
earth’s surface (this portion of tlu* cui’i'ent rea.cliing tlie out(U* zone (Section VII 1.) 
where the potential gradient is unlikedy to r(^ach high valn(‘s) ; and (.S) to tlie uj)jier 
atmosphere. 

Unless tlie field in the shower-cloud approaches very near to the sparking limit, tin* 
conductivity within the cloud is likely to be small, since any ions liberated soon lose 
their mobility by Ixicoming attached to cloud ])articles. The electrical resistance 
of the atmosphere between the upper poh^ of tlu*^ cloud and the conducting layer of 
the upper atmosphere will be much less than that between the upper pole and the 
earth^s surface ; for the free ions will be dragged out of the conducting layer, and 
their mobility throughout the greater part of* their course will greatly exceed that 
of the ions in the lower layers of the atmosphere. A largo part of the current from 
the upper pole must thus go to the upper atmosphere. 

Consider now the lower oppositely charged pole of the cloud. Part of the charge' 
is continually being neutralised by the direct return current between the polos, but 
this, as has already been pointed out, is likely to be small. The greater part of the 
charge lost by the lower pole will reach the ground. If no rain reaches the ground 
the loss of charge will be due to ions moving under the action of the electric field 
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of the cloud. If the normal rate of production of ionB in the air below the cloud had 
alone to be taken into account, the current would be small ; but we have to add 
the ions supplied by evaporation of charged drops falling from the cloud and those 
(of opposite sign) due to point discharges from earth-connected conductors, such 
as the leaves of trees or even tlie tips of blades of grass, under the action of the 
intense elective field of the central area below the cloud. If the rain reaches the 
ground tho former of these sources of ionization is absent, but there is a further 
source of ionization in the s])hisliing of the rain on tlie ground. In addition to the 
ionization current we have also tlie convection cuirent carried to the ground by 
charged rain-drops. The total current between the lower pole of the cloud and the 
ground now consists of tlie convection current carried by the falling ciiarged drops 
and the conduction current carried mainly by the u])ward stream of ions set free by 
point discharges and splashing at tlie surface of tlu^ ground. The ratio of the 
convection current to the conduction current will be less lujar the ground than 
higher up, since the falling drops will lose more and inore of* their charg(i as they 
penetrate farther into the stream of upward moving oppositely charged ions ; these 
again as they are carried upwards by the electric field are continually diminished in 
number by union with tlie drops. The greater the supply of ions from the ground 
the smaller will be the charge retained by the drops ; if the current carried by the 
upward stream of ions is sufficient, the drops may lose tlu^ whole of their charge or 
even have it reversed befoi-e they reach the ground. The charge carried to the 
ground by rain-drops is tlius by no means necessarily a true measure of the vertical 
current in a sliower : nor does the sign of the ciiarge carried by th(^, drops when they 
reach the ground necessarily indicate tli(^ sign of the current between the ground and 
the base of the cloud. 

Thus a large part of the current from the uppta’ polo of a cumulo-nimbus cloud 
is likely to reach the conducting layers of the upper atmosphere, wliile tliat from 
the oppositely charged lower pole goes mainly to earth. A current is thus 
maintained from the earth through the cloud to the upper atmosphere or in the 
reverse direction according to the sign of the polarity of the cloud. 

Discharges between the ground and the lower pole of the cloud and between the 
upper pole and higher portions of the atmosphere contribute to the total current 
between the ground and the upper atmosphei‘e ; discliarges between the two poles or 
between the upper pole and the ground diminish the electric field which maintains 
the vertical current without contributing anything to the current. 

XX. Differences Between the Electrical Effects of Shower-clouds of Positive and 

Negative Polarity, 

We may define the polarity of a shower-cloud as being positive when the upper 
charge is positive, negative when the upper charge is negative, the current through 
it being upward in the former case, downward in the latter. 
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It was first proved by Simpson,* * * § and lias been confirnied by many observers, that 
rain on reaching the earth’s surface is much more often positively than m^gatively 
charged. This, as we have seen, does not necessarily imply that shower-clouds are 
always or even prevailingly of negative polarity. It is tlien*ror(‘ of interest to 
consider some of the differences to lie expt^cted betwetm thi' electricyd eflects of clouds 
of positive and of negative jiolarity. 

Il(5cent experiments have shownt that the cari’ier of negativt* electricity in 
hydrogen, helium and nitrogcni evt^.n at atmospheric })i‘essure is the free electron, and 
that its mobility is some hundreds of times that of the carri(‘r of‘ positive idectricity, 
the positive ion. In ordimuy fttmospheric air, as tlie pn^ssure is n‘duc(Hl, the 
average mobility of the carri(‘rs of' negative eleidricity incn^asi^s relatively to that 
of the jiositivfi ions ; quite* an apjireciable proiiortioji of tin* n(*gativi* carriers, 
consisting, according to WlouascaLt of free ele(*trons wlum the pi’(‘ssurt‘ is iiuLkumI to 
8 cm. of mercury, tln^. projuirtion inen^asing rapidly as the })rt^ssure is f'urther ndinunl. 

Thus, while the carriers of positive electricit}^ dragged out ol‘ the conduct ing up[)er 
atmospliere by a cloud of negative polarity consist of ordinary ions, the negative 
carriers dragged down by a cloud of positive polarity are originally to a large extmit 
free electrons, and a considerable jirojiortion are likely to lomain in this condition till 
quite moderate elevations are reached. The conductivity of the aii* iKAween a shower’- 
cloud and the uppei* atmosphere will thus be consid(‘rably greater' if tla^ cloud is 
of positive t han if it is of' negative polarity. 

Jjet us comjrare two sliywer-clouds which differ only in the sign of’ thi*ii* jiolarity 
and consider the (‘ffect of the greater conductivity of tin* atmosplau't* above* the cloud of 
positive polai'ity. Lotus su])j)Ose that the two clouds act as g('nei'atoi'S cajrable of* main- 
taining (‘(|ual potential differences between th(‘ij' ])ol(‘S. J^et \ i he tlie |)otentialH 

of the uppei* and lowtn* f)o]cs of' the cloud of jrosit ivi* j^olai ity, and f VV the 

potcnitials of' the iip])er and lower polt*s of the cloud of negative ])olar‘ity , l(‘t = 

— V.h Then the current from tin* ground to tla U|)j)er atmosphen* maintained 
by the cloud of positiAe jiolarity will be gn^.ater than that f'rorn tin* u]>])ei- atmosphere 
to tlu^ ground maintained by the cloud of’ negative jiolai'ity, since tin* total i-esistance 
of the circuit is l(*ss in tin* former case. 

The ratio V.J\\ is Itvss than the ujrpiu' and lowin’ potentials being profiortional 

to the resistance of the portions of tire cii’cuit aliove the ujiper and Ixdow the lower 
pole respc^ctix (dy.ij dlius Vd is givattn* tlian Vg and Aq is gi’catei* than V/ ; in otlu‘r 
words the potential (and charge) of both the upjier and the lower’ pok*. is greater 
when negative than when positive. 

* Simpson, Ioc. cii. 

t Fpanck hikI Pohl, ‘ Verhandl. Dcutsch, Physik. Gesellschaft,* 9, p. 69, 1907. 

I Welliscii, ‘ Phil. Mag.,' vol 34, p. 33, 1917. 

§ The potential of the conducting layers of the up[>©r atmosphere is assumed to remain small in 
comparison with the E.M.F. of the thunder cloud. 
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T1k‘ potential gradient (negative) in the central area below the clond of positive 
polarity will be gr(‘ater than the positive potcaitial gradient in tlu^ corresponding area 
Indow tlu^ clond of* negativci polarity, tlu^ ceritral positivcdy charged area below the 
cloud of })ositiv(‘ ])olarity being aJso larger tliari the negativ(*ly charged area below 
tht‘ cloud of* negativ(‘ polaiity. Again, the positive potential gradient at the ground 
in th(^ out(M- zone will he less (on account of the smaller charge on the upper pole) in 
the casi^ of* the cloud of })ositive polarity than the negative potential gradient in the 
corresponding region due to tlu^ cloud of negative polarity. Thus in each area 
negative* potential gradients tend to be greater than positive*. 

The electric field in th(* central area below the lower pole Ixung stronger in thecas(3 
of tb(i cloud of positive ])olarity, the cumuit carried by the stream of* positive ions 
froitj the ground wifi be inci'eased, and tlujrefore also the bmdency to neutralisation 
or r(*v(*rsal of*tlie ra‘gative charg(* on tin* fallirig ]‘ain-drops. 

If liglitning discharges occur, thi^y are mort* likely to f)ass between tla^ ground and 
eithei* the u])])(u* or the lower pole if* this is negative than if if is })ositive, since the*- 
charge of tlu* j)ole is gn^ater wlu*n nt*gative. Thus discliarges carrying positive 
electricity fi'om the earth to the atmosj)heV(^ will l)e more fr(‘quent than negative 
discharges. 1 discharges will t(*nd to occur (*s[)eciatly Indweeui the ground and tlu^ 
U])])er, negativi*., poles of* clouds of* negative ])olarity and the low(*i\ negativ(‘, ])oles of 
clouds of ])ositiA'e polarity. In the latt(‘r cas(* the dischai'ges ari* an additional source 
of loss or ivAau’sal of the lu^gativi* charge on f*alling raiiodrops. 

Kssentially similar r(\sults art* rc'ached if*, instead of assurrfmg the same ])()tential 
dlft‘erence to In* maintaiiuHl ])(‘tw(*en tin* poles, wheth(‘r the clouds are of* })ositive or 
of iiegativi* }K)Ltrily, we assuna* that tin* same vei tical current is maiutaimd in 
both cases. 

Thus, if* w(‘ assunu^ that showeT-'clouds may have ])olar'ity of* either sign, the 
difl*i‘r(*nces in the mobiliti(*s of* the ])ositive and negativt* carriers of* ek*vtricity in tlu^ 
higher ])()rtions of Iht* atniosj)here will account for the preponderance in shoAViu’s : 
(L) of* n(*gativ<‘ pot(*ntia,l gradients ; (2) of upward or positive lightning discharges ; 
and (2) of positivt*ly chargtnl rain. It also aff*ords (4) a. possibh* explanation of the 
normal positive potential gradiimt of fiiu‘-weather regions. 

XXL 7V/C Normal Potential (i radio tt and Air-eartli Current of Fine Weather, 

A thunder-cloud or shower-cloud is the seat of an electromotive force which must 
cause a current to flow through the cloud between the earth’s surface and the upper 
atmosplH*re. In the case of thunder-clouds the records of the changes produced in 
the electric field by the passage oi’ lightning flashes give us means of forming some 
estimate of the magnitude of such currents, and it would appear from them that the 
current through a few square kilometres of the surface of the ground below a 
thunder-cloud may amount to some amperes. In shower-clouds in which the 
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potentials fall short of what are required to produce lightning discharges, there is no 
reason to suppose that the vertical currents are of an altogether different order of 
magnitude. If any considerable proportion of shower-clouds are of jx)sitive {X)larity 
the upper atmosphere will receive an excess of positive electricity which ma)" possibly 
be sufficient to maintain the positive potential of the conducting layers and to supply 
the normal downward current of the fine-weather regions. The total current which 
must be supplied for this purpose is, as Simpson* has pointed out, of the order of 
1000 amperes for the whole earth. 

It is not necessary to suppose iliat only isolated clouds of the cumulo-niiubus type 
contribute to the current between the ground and the uj)per atmosphere. If we 
consider a cloud from which heavy rain is falling and assume that the conditions are 
uniform over a large area, the case is in fact somewhat simpler than that of the 
cumulo-nimbus cloud ; the general results are the same. 

We may suppose that a steady condition is reached in which the vertical electric 
field within the cloud (and thus the potential difieience between its upper and lower 
surfaces) has a value which depends on the rate of rainfall and other factors ; it is 
assumed to be independent of the sign of the polarity. Even if* this j)otential 
diflerence is only or of that reached in thiinder-chnuls the effects may be 
important: the E.M.F. wliicli tends to drive a current between tlie ground and the 
upper atmosphere is still from 10 to 100 times the normal ]X)tential of* the upper 
atmosphere above fine- weather regions. 

The difi'erence between the mobilities of the positive and negative carriers dragged 
out of the conducting upper atmosphere will again cause clouds of positive })olarity 
to differ from those of negative j)olarity in (l) the greater magnitude of the vertical 
current (positive for the cknid of positive polarity) ; (2) the smaller magnitude of the 
potential (positive) at the upper surface and gi’eater magnitude of* the })otential 
(negative) at the lower surface of the cloud ; and thus (3) the greater intensity of the 
potential gradient (negative for the cloud of positive polarity) below the cloud, tliis 
again tending to cause a larger part of the vertical current below the cloud to be 
carried by ions liberated at the ground and thus to produce a more com[)lete 
discharge of the (negatively-charged) rain. 

XXII. Influence of the Nature of the EarlKs Surface below a Thunder- cloud 

or Shower-cloud, 

The dissipation of the lower charge of a thunder-cloud or other rain-cloud by the 
upward stream of ions liberated by point discharges or by splashing at the earth's 
surface must depend largely on the nature of that surface, on whethei* for example it 
consists of desert, snowfield, grassland, forest, lake or sea ; and again the eft‘ect of the 
nature of the covering of the earth's surface may depend on the sign of the electric 
field. 
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* Simpson, ‘Nature,* December 12, 1912. 
R 
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Point discharges will occur most frequently and give, rise to the largest currents 
over forests and lands covered with vegetation ; also on mountain summits and ridges, 
owing to the increased intensity of the electric field through proximity to the charged 
cloud. Ionization by splashing of rain on the ground and the relative number of 
positive and negative ions liberated thereby is likely to be very different over the 
various surfaces. Of special interest is the question of the amount and nature 
of the ionization at the surface of the ocean under heavy rainfall. 

Over an area in which the surface ionization was large we should expect an 
increased vertical current, a diminution of the charge carried to the ground by rain, a 
diminution in the intensity of the electric field of the cloud, and in consequence a 
diminution in the tendency for lightning discharges to occur. 

The holding up of charged rain-drops by the electric field and the diminution of the 
field by the dissipation of cloud charges by forests and other sources of surface 
ionization are perhaps not negligible factors in the local distribution of rainfall. 
Mr. Ij. F. Richardson,* describing some of the phenomena observed during the 
passage of a line squall in France, on September 6, 1917, remarks “the cloud was 
noticeably darker over the Forest of Argonne than over the grasslands of 
Champagne.” 


XXIIL Secondary Thunder-clouds. 

It has thus far been assumed that the source of E.M.F. is within the cloud in 
which the lightning discharges and other electrical efiectc are manifested. It is easy 
however to imagine conditions in which a cumulo-nimbus cloud, which acts as 
electric generator, may supply electrical energy to quiescent clouds and produce in 
them intense electrical fields and even lightning discharges. 

Consider for example a horizontal stratiform cloud which intersects lines of force 
connecting the poles of a cumulo-nimbus cloud ; the stratiform cloud might be a 
lateral extension of the shower-cloud. The electrical conductivity within the 
stratiform cloud wiU, through capture of the ions by cloud particles, be very small 
compared with that of the free air above or below the cloud. The current from the 
poles of the primary thunder-cloud will cause an accumulation of charges of opposite 
sign at the upper and lower surfaces of the stratiform cloud. This accumulation of 
charge will continue — unless the field within the cloud previously reaxjhes the sparking 
limit — until a steady condition is reached, when the vertical field within the cloud is 
sufficient to maintain a current equal to that which enters its upper and lower 
surfaces. The potential difference finally existing between the upper and lower 
surfaces of the stratiform cloud might amount to a considerable fraction of that 
between the top and bottom of the shower-cloud, the ratio being that of the resistance 
of that portion of a tube of flow which lies within the cloud to the resistance 

* Richardson, ' Quart Joum. Roy. Meteor. Soo.,’ 45, p. 112, 1919. 
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of the whole tube.* If the thicknees of the stratiform cloud were small, intense 
fields might result within the cloud and discharges might even occur ; each flash 
would discharge only a small area of the cloud, of dimensions comparable with the 
thickness of the cloud. 

The characteristic striated and mammatiform appearances frequently observed on 
the lower surfaces of stratiform clouds associated with thunderstorms may be due to 
intense electric fields produced as above suggested, the electrical attraction between 
the upper and lower charges giving rise to convection currents. 

If the ionization above and below a stratiform cloud in the field of a primary 
thunder-cloud is unequal, the cloud will acquire unequal upper and lower charges and 
thus carry a resultant charge. For example, a stratiform cloud above a cumulo- 
nimbus cloud will intercept the flow of ions from the upper atmosphere and become 
charged with electricity of opposite sign to that of the upper pole of the shower-cloud, 
a steady condition not being reached until a potential difierence between the thunder- 
cloud and the upper atmosphere is concentrated almost entirely in the region below 
the stratiform cloud. Lightning discharges between the stratiform cloud and the 
head of the primary thunder-cloud below 'will be likely to occur. 

In the absence of any such cloud above the primary thunder-cloud, the great 
diminution of the mobility of ions or electrons dragged out of the conducting layers 
518 they penetrate into the denser regions of the atmosphere will have a very similar 
effect ; the concentration of charge will be greatest where the change of conductivity 
with the height is most rapid. We may in fact, as suggested in Section VIII., 
consider that the conditions are much the same as if a conducting protuberance were 
drawn out from the conducting layer towards the summit of the thunder-cloud. It 
does not seem unlikely that discharges may sometimes occur between this protuberance 
and the top of the thunder-cloud. In a previous paper some evidence was obtained 
suggesting the occurrence of discharges of very great vertical length ; possibly these 
may have been of the type we have been considering. 


* This action of a layer of cloud, in particular of a ground fog, in increasing the vertical electric field 
within it has long been recognised in the case of the potential gradient of fine weather. EraTEB and 
Oeitel, ‘ Meteor. Zeitschr.,’ 17, p. 230, 1900; Geitel, ‘ Physikal. Zeitsohr.,’ 17, p. 466, 1916. 
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IV. Researches on the Elastic Properties and the Plastic Extension of Metals. 

By W. E. DaIjUY, F.K.S., Professor of Engineenny at the City and Guilds 
( Engineering') College of the Imperial College of Science and Technology. 

Origiiirtl Paper received Jaaiiary 28, — Revited form March 2i, 1920. 


§ 1 . Preliminary. 

On March 7, 1 1)12, 1 descrlljed an iustiumeiit which gives photographically a 
load-extension diagram of a metal test pie.ee during the process of stretching it to 
fracture. 

On February l.S, I!) Ill, I de8cril)ed further experiments with the instniment.* A 
diagram was shown which was taken from a test piece broken in ten seconds. It is 
safe to say that up to that time no apparatus existed which would give a complete 
record of the load-extension relation during such a quick break. 

1 have since that time arranged the apparatus to i-ecord at even a quicker rate. 
Fig. 1 shows the record of a break done in 2’15 seconds. Tlie test piece measured 



Fig. 1 (mild steel) 

one inch between the shonldc^rs. The line of the record is in dashes. These dashes fix 
the time scale of the din^Tain. Centre to centre of a pair of dashes corresponds to 

* Additional results are given in ‘ Transactions of the Institute of Naval Architects/ March 29, 1912, 
‘ Institute of MeUils/ May Lecture, 1917, vol XVIIL, No. 2. 
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of a second. This time calibration is obtained by placing an interrupter in the lamp 
circuit. Referring to the diagram it will be seen that the yield load was reached in 
about seconds. 

In my 1913 paper I included a diagram taken with an instrument which multiplied 
the extension of the gauge length 150 times so that the elastic part of the curve 
appeared on a scale which enabled its shape to be studied and which enabled the limit 
of proportionality to be identified when such a limit existed. 

In my method of taking these diagrams the test piece is stretched without pause in 
the loading and the spot of light follows without break of continuity every phase of 
the relation between load and extension. Sudden slips of the crystals are duly 
recorded. 

In the usual method the load is applied in steps, pausing at each stop to observe 
the extension, so that the piece gets a rest under steady load during the time 
occupied in making the observation of extetision. The load-extension curve is thus 
defituid by a definite numlx^r of points only and peculiarities of form lietween these 
points are missed. 

I have from time to time continued these elastic researches, and th(5 following paper 
records some of the results obtained with what I call the Optical Recorder of Load 
and Elastic Extension. 


§ 2. The Test Piece. 

In these ros(‘.arches th(^ gauge length is defined by flanges txirned on the test piece 
itself. The ejids of the arms of the extensometor rest on these flanges. The 
dimensions of the standard form of test piece used in these researcla^s are shown in 
fig, 2. A shorter gauge length was used for the more ductile metals, but all 
experiments on the iron and steels were done on a 5-inch gauge leJigth. 



10 - 


Fig. 2. 

I was load to adopt this form by the many difficulties encountered when pointed 
screws have to be driven into the test piece to define the gauge length. 

These screws cannot l)e driven properly into hard material like the alloy steels 
which have to be tested nowadays, and in soft material like copper the primitive 
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centre dot in which the points rest, elongates as stretching proceeds and the points 
slip. 

The modulus of elasticity, E, found from flanged test pieces agrees with the values 
found from plain bars. The flanges therefore have negligible influence on the elastic 
extension of the gauge length. They restrict the plastic extension slightly. In mild 
steel the total extension is about 3 per cent, less when found from a flanged test piece 
than it would be if found from a plain bar. 

Dr. CoKBB has kindly examined the distribution of stress produced by a flange in a 
xylonite test piece made to the dimensions of fig. 2. When the xylonite test piece is 
stretched the colours show that there is no stress in the flange itself and there is a 
slight but symmetrical modification of the stress distribution at its root. This means 
that as stretching proceeds the flange is not distorted, and therefore the distance 
Iwtween the flanges is a true measure of the extension of the primitive gauge length 
which they define. 

§ 3. The Elasticity of Materials and a Typical Load Elastic Extension Diagram 

of MUd Steel, 

The elasticity of a material means in a general sense its power of returning to its 
primitive form after loading has been applied and removed. 

The recovery may be partial or complete. 

The power of complete recovery is lost when the stress produced by the loading has 
once passed beyond a certain limiting value peculiar to the material. 

Below this limiting stress the extension of a steel test piece is proportional to the 
load. 

Above this limiting stress the extension increases at a greater rate than the load. 

The limit is therefore called the limit of proportionality. 

The power of recovery may thus be distinguished into the power of complete 
recovery possessed and retained only so long as the stress in the steel has never once 
exceeded the limit of proportionality : and the power of partial recovery peculiar to 
the state into which the metal passes directly it has once been loaded beyond the 
limit of proportionality. 

Provided that the material has never been loaded beyond its limit of proportionality 
the material may be said to be in a state of perfect elasticity, because it possesses the 
power of complete recovery of form after removal of load ; alternatively it may l)o 
said to be in a state of proportional elasticity because its extension is found to be 
proportional to the load. 

The one term includes the other. If it is found to extend proportionally to the 
load its recovery is perfect after removal of load. 

No metal is, however, quite perfect in its recovery, but the term perfect usetl in 
the sense defined above is convenient and substantially expresses the experimental 
results. 

s 2 
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A diagram recording the elastic extension of mild steel is seen in fig. 3. 

This steel contains 0'15G p«‘r cent, of cjirlam. M'ho extension scale of the diagram is 
defined by the distance between the two \ertical lines seen in the diagram. This 
distance lepresents an extension of O’Ol inch. 

ProptH'tionality l)etween load and extension ceases at alwut 4 '5 tons corresponding 
to a stress of 14’67 tons per sq. inch. Yield occurs at 67 tons which corresponds to 



Fig. 3 (raild steel). 

2r85 tons per sq. inch. The load drops away from yield to about 5 '5 tons giving a 
stress of 18 tons per sq. inch. These stress are reckoned on the original area of the 
cross-section of the test piece. 

The slope of the line from the origin to the limit of proportionality defines E, the 
modulus of elasticity. From the diagram its value is 13,300 tons per sq. inch. 

§ 4. li^st oration of Perfect Klanticity after Orerstram. 

The term “ ovkkstbain ” means that a metal has been loaded beyond its limit of 
proportionality. 

If the load is icmoved after a test piece has Ijeen strained Ijeyond the limit of 
proportionality and then the piece is immediately re-tested, the record shows a curved 
line. 

It has no range of proportionality and no mo(hdus of elasticity which can be 
identified with E. 

The material still possesses elasticity because it shritiks as the load is removed, but 
the elasticity is imperfect in the senst^ that change of length is no longer proportional 
to change of load. 

But, if the metal is iron or mild steel, proportional elasticity is slowly recovered 
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with time ; and this change from unpro|x>rtional to proportional elasticity or from 
imperfect to perfect elasticity is acaderated hy boiling. 

In fact overstrained iron or mild steel is restoi'ed to its perfect or proportional 
elastic state with remarkable mpidity by mere boiling. This point has l»een 
established by Sir Alfred Ewing.* 

I have found, however, that overstrained high carbon steels and tlie alloy steels do 
not recover proportional elasticity either by resting or by boiling. 

The elastic line of a 3 per cent, nickel steel is seen in fig. 4. It is lettered A. 



The limit of proportionality is reached at 8 tons, 2G tons per sq. inch, and the yield at 
9 ‘25 tons, 30 tons per sq. inch. 

The piece was stretched 2 per cent, and then the diagram, line B, was taken. 
Proportional Elasticity has disappeared. 

Curve C is the record after a 6 per cent, stretch. 

Curve D is a repetition test after turning the bar to a slightly reduced diameter. 
The interval of time l)etween C and I) is 24 hours. No restoration of elasticity has 
taken place. It has been established by other experiments that a lapse of many 
months has no effect in restoring the proportional elasticity. 

The piece was then boiled for 1 hour, and curve E shows that elasticity has not 
l)een restored. 

Finally, the piece was heated to 550° C. in a muffle furnace for about half an hour 
and was then allowed to cool down with the furnace. Line F, taken immediately 
after this treatment, shows perfect recovery of proportional elasticity and a slight 
raising of the limit and the yield point. 

I have confirmed these results by other experiments on nickel steel test pieces and 
on high carbon steel test pieces. 

* ‘ Phil. Trans. Roy. Soc.,’ 1899. 
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§ 5. Looping after the Elastic Limit of Proportionality has been Passed. 

The recorder is fitted with a microscope so that the process of stretching can be 
watched as the experiment proceeds, and the loading, which is produced by hydraulic 
pressvm^, stoppfHl at any moment. This arrangement enables interesting records to 
l)e taken, because after the test piece has been stretched an assigned amount, the load 
can lie let off and then Immediately re-applied, so that stretching continues through 
a second interval and so on. 

Such a record is seen in fig. 5. The material is nickel steel. It will be seen that 



Z5Y OghT 1911. 
Fig. 5 (nickel steel). 


the removal and the re-application of the load compels the spot of light to trace a 
loop. The area of the loop represents the internal work done during the process. 

Following the path of the spot it starts from the origin O and describes the elastic 
line OA, passes the limit of proportionality at A, and then curves away to the yield 
point B, and on to C. At C the loading is stopped, the hydraulic pr€>ssure is relieved 
by opening the exhaust valve, and the spot travels down the curved path CD as the 
load falls to zero. The exhaust valve is then closed and the pressure valve is opened 
and the process is repeated through the path EF and so on. 

When the steel test piece has been stretched beyond its limit of proportionality, 
for example to C, fig. 5, the total extension is made up of two parts, namely : — 

(1) the proportional elastic extension up to the limit of elasticity, for example up 

to A, fig. 5 ; 

(2) the plastic extension after the limit has been passed. 
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When the load is removed the steel shrinks unproportionally, for example^ from C 
to D, by an amount approximately equal to its previous proportional elastic extension 
and then stops at a dimension greater than its primitive dimension by an amount 
approximately equal to its plastic extension. 

Tbe increase of size measured after the removal of the load is called the Permatient 
Set. OD is the permanent set produced by the first stretching of the test piece to C. 
From the diagram the permanent set measures 0*0052 inch and the unpr(»portional 
elastic recovery measures 0*011 inch. 

When the load is re-applied the spot of light moves from D to E along a curvtid 
path. The extension is no longer proportional to the load. 7’he metal is in a 
different elastic state. Stretching beyond the limit of proportionality has robbed 
the metal of its power of proportional extension and of perfect recovery after removal 
of load. It may be said to be in a state of imperfect elasticity, or alternatively it 
may be described as in a state of unproportional elasticity. 

The imperfect state is disclosed by the loop formed by the removal and re- 
application of the load. 

The diagram shows four loops. Each loop is slightly larger than the loop 
preceding it. 

The four loops shown were all recorded on a half plate inserted in the camera. 
A succession of plates was taken and the last plate is shown in fig. 6. 



This last plate shows that unproportional elastic shrinkage occurs right up to the 
load at which local contraction begins. The last loop is just seen on the plate. 

The last line seen curving xip from the origin Q is the typical curve of overstrained 
material. The primitive gauge length of 5 inches had been stretched to 5*67 inches 
before tbe last plate, fig. 6, was taken. 
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The permanent set QZ measured from the new origin Q is 0'0127 incli. The total 
permanent set is thus 0'67 + 0'0127 inch = 0'6827 inch. Th(i unproportional elastic 
recovery is ZY = 0‘0244 inch. 


§ 6. Tjoopmff a (imeml Property of Metals. 

Itecords of looped diagrams are shown in the following figures. The load scale is 
varied to bring out the shape of the loops. 

The extension scale is substantially, inches measured horizontally on the diagram 
represents inch extension of the gauge length. The diagrams are reproduced as 
taken, the object being to company the elastic line and the loop formations. 

Staffordshire Iron. — Fig. 7. The limit of proportionality is reached at 3’5 tons ; 



Fig. 7 (iron). 


11*4 tons per sq. inch. The yield is reached at 5’1 tons; 16 tons per sq. inch. The 
load then droj)s to about 4‘7 tons, 'fhe loop area is not large, but the area increases 
prf)gressi v(^ly. 

Steel.- — ('arlMUi ()'8 per cent., fig. 8. The limit of piaqjortioiiality is leached at 
about 8 tons ; the yield at 8 ‘8 5 tons. There is a slight drop at the yield load. The 
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area of the first loop is many times larger than the area of the first loop of the 
previous record, and this area increases rapidly in the succession of loops. 



Fig. 8 (0*8 carbon stool). 


SteoL — (Wbon 0*8 j^er cent., fig. 9. This diagram is introduced becausedtds taken 
IVoni a test piece cut from a bar delivered from the works as steel of the same kind 
and quality as that from which the previous diagram was taken. 



Fig. 9 (0*8 carbon steel). 
T 
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The limit of proportionality occurs now at alKUil. .1 tons and there is no definite 
yield point. The loop areas and their rates of increase are alwut equal in the two 
plates. - 

The explanation of the difiere.nce in quality sho ^— toinnartng the two diajrrams 
may be found in the fact that the test })ieoe of fi«r. 8 was rut from a bar delivered 
before tin' war. The test piece of fiff. 9 was cut fi'om a liar (]eli\(“i(*(l towards 
the end of the war. There has clearly hemi some elianec in the manufacturinfr 
process. 

NickrI Chrome. Steel. — Fig. 10. The ultimate strtmgtli of this steel fonnd fiom a 



Fig. 10 (iiickol fhromo steel). 

har 1 inch diameter is 54 tons per s(j. inch, Avith an extension of 14 pm- cent, on 
8 inches and 55 per cent, reduction of area. The limit of proportionality is at a. load 
of 10 tons on the standard test pieci; 0‘625 inch diametiu', corresponding to 32'5 tons 
per sq. inch. Yield sets in at I t tons, that is, .36 tons jier sq. inch. 

The first loo]) ol tli(“ diagram is small, hut tla^ jiri'a increases ra})idly, as Avill be 
seen fi’om the three loops visible in the record. 

Nickel Steel. — Carbon 0’33 per cent., Ni 3‘52 percent. — Fig. II. The ultimate 
strength of this material is about 48 tons per scj. inch, with an ehmgation of 20 p(*r 
cent, on 5 inches and a reduction of area, of 47 jMs cent . Limit of proportiotiality 
occurs at about 30 tons ])er s(]. inch and yield at :!2 Ions per sq. inch. The limit of 
proportionality here approaches (juite near to the yield point. 
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Fig. 1 1 (nickel steel). 

SRnc. — Fig. 12. T of* t<^st piece 0*8 inch, (tauge length 5 incheH. Thd 
best piece was turned Iroiii a zinc rod. 'l l lei e is no proportional elastic^ line, ( iirvaturfl 



•Fig. 12 (zinc). 
X 2 
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beffBs at the origin, so that the extension is increasing at a greater rate than the load 
from the commencement of loading. There is no definite yield point. 

The most interesting result to notice is that the test piece goes on 
shrinking in length after the load has been removed. It is shrinking under the 
action of its own internal molecular forces because it is entirely free from external 
load. 

The shrinking at no load is indicated by the flat bottom of the loop. A dwell of 
1|- minutes was made in the experiment after tlie removal of the load and before the 
re-application of the load. All the ptwceptlble shrinking at no load takes place 
within this time interval. 

At the third loop after the load was removed the light was shut off and flashtid on 
at intervals of seconds to get some idea of the rate of shrinking. 

Tin. — Fig. 13. Diameter of test piece 0'8 inch. Gauge length 5 inche.s. This 



Fig. 13 (tin). 

test piece wad turned from a bar of tin. It exhibits propertitis similar to 
on a smaller scale. There is shrinking continuing for aljout 1 minute after thil, 
load has been removed, and there is the same absence of a proportional elastic 
line. 

Copper . — Pure and free from arsenic. Fig. 14. Diameter of test piece 0'8 luck 
Gauge length 5 inches. There is no marketl limit of proportionality and no yieli| 
point in this material. The noteworthy feature of the record is the small rate <j 
increase of loop area. This small rate of increase of loop area is a commoi 
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characteristic of all the copper samples which I have tested. It may be that this 
rate of increase is identified with the quality of toughness. 



Fig. 14 (electrolytic copper). 

Copper, — Fig. 15. 99*4 per cent, copper. Arsenic present, and by difihrt^ace 

estimated at 0*4 per cent. Diameter of test piece 0*8 inch. Gauge lengtli 5 inches. 



Fig. 15 (arsenical copper). 
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The effect of the arsenic is remarkable. It gives to the copper an elastic line with a 
distinguishable limit of proportionality of 1’4 tons ; 2*8 tons per sq. inch. 

There is no definite yield point. The loops are small and the rate of increa.se of 
loop area is small. 

The elastic line from the origin to T1 tons is thicker than the continuation of the 
line. This thickening is brought about by a removal and a re-application of the load. 
The spot of light travelled tlireii times up and down this piece of the diagram, 
indicating that the clast i<* line, withii/tlu! limits of this load, is permanent. 

/>‘ro.sN. -Fig. IG. Coni 2 )osition GO per cent, coppei’, 40 per cent, zinc, with traces 



Fig. 1C (Unisa). 


of tin and othei’ impurities. The ultimate strength of the material is 32’G tons per 
sq. inch. There is a marked limit of pro])ortiunality at 2| tons; 7'3-‘i tons per 
sq. inch. Yield follows gradually. Tliere is no contraction after the load has been 
removed, although the material contains so much zinc. 

Ptiosphdf liroiizc. — Fig. 17. The curve in this tliagram shows a limit of 
proportionality at alx>ut 2 tons ; G .') tons per sq. inch ; l)ut it is difficult to locate 
the exact spot at which thii line liegins to curve away from the primitive straight 
element. 

AluttiiiiiKiti Alloy. — Fig. 18. Diameter of test piece 0‘G2.5 inch. Gauge length 
5 inches. 'I’his diagram is remarkable in that the removal and the re-application of 
the load in the jilastic state shows no looping and thend'ore no hysteresis loss which 
can be calculated from the loop area. It appears as though tlie metal continually 
anneals itself at ordinary temperatures as pla.stic stretching prticeeds. The material 
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appears to l)e elastic up to a load of tons. The thick Hue indicates the removal 
and the re-application of load l)efore the metal begins to yield plasticidly. 



Fig. 17 (gun metal). 





Fig- 18 (aluminium alloy). 
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§ 7. Loop Area and Permanent Set. 

The loop area increases in size as the stretching proceeds and the rate of increase 
differs in different materials. 

The question now arises : does the increase in area follow a regular Jaw ? The 
answer is given by the curves on Sheet 1 (folding diagram). 

The co-ordinates on Sheet 1 are loop area and permanent set. Curve 1 shows the 
results obtained from a test piece of 0‘8 inch carbon steel, f inch diameter, with a 
5 inch gauge length. The slope of this curve shows the rate of increase of loop area 
as stretching is continued. The curve ends when local contraction begins. Similar 
curves are given on Sheet 1 for nickel steel, mild steel, and for iron. 

The rate of increase depends upon the time interval between the drawing of the 
)pop6 and upon the kind of material. In irons and mild steels the influence of time 
is profound. In the alloy steels tested and in high carbon steels the influence of 
time is small. 

When the stretching of iron or mild steel is resumed after a rest, the loop area, at 
first small. Increases rapidly towards the area the loops would have had if stretching 
and looping had been continued without resting. Anticipating the detailed 
description of the curves on Sheet 1, this point may be illustrated by curve 3, same 
sheet. Plates A„ B„ Ci, Dj, Ei, and F, were taken consecutively, there being no 
more time interval between the plates than the few seconds required to change the 
plates. After the mild steel test piece had been stretched to O'? inch it was taken 
out of the machine and laid aside for 15 days. Plate Gj, the first plate taken after 
the rest, and plates H„ I„ J, furnish loops of rapidly increasing area until the 
area is reached on plate Kj, corresponding to continuous stretching without rest 
Intervals. 

3. Loop Area and Permanent Set Quvve, Curve 1 Sheet 1 (O'S per cent. 

Carbon Steel). 

The detailed consideration of this curve will show how all the curves of the 
diagram on Sheet 1 have been derived. The capital letters along the top of the 
[Nrocession of loops seen in fig, 19 refer to the sequence of negatives recording the 
loops taken from a standard test piece of 0’8 Inch carbon steel. 

Plate A gives the record of the first application of the load to the test piece and 
its immediate removal and re-application four times. The plate therefore shows the 
elastic line and the first four loops. A scale is placed under the loops so that the 
permanent set of the primitive 5-inch gauge length can be read at any point in 
jHX>oession of loops. For example, the permanent set at the end of the loopktg 
operations recorded on the sequence ot plates A, B, C, D, is the distairae 
OA =5 0187 inch. 
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Processions of loops were similarly taken from a nickel steel test piece, from a 
mild steel test piece, and from an iron test piece. 

§ 9. Looping under Constant Load. 

The diagram in fig. 24 shows the effect of looping under constant load. 



~ Looping under Constant Load Piq 24 

— o-g Carbon Steel — 

The test piece was placed in a Buckton testing machine and loaded gradually until 
yield began at 7 '86 tons, and then loading was stopped. The extension was allowed 
to proceed under this load for 4 minutes. Then the load was removed and re-applied 
and the spot of light traced out loop 1. 

Extension continued slowly under the load, still maintained at 7 '86 tons, and loops 
2, 3 and 4 were taken at intervals of 20, 30 and 60 minutes respectively. 

The next interval was 17 hours 20 minutes, during which time the gauge length 
extended oAto inch approximately. Loop 5 was then taken. Comparing these 
loops it will be seen that there is no recovery of proportional elasticity although the 
piece was allowed to stretch under the yield load of 7 '8 6 tons for about 20 hours. 

This shows that if the yield load is kept on until the test piece has stopped 
extending, a process which may take a long time, at the end of the experiment the 
test piece will not have gained proportional elasticity. It is still in a state of 
imperfect, or unproportional elasticity. 

§ 10. The Practical Utility of the Load Elastic Extension Looped Diagram. 

A diagram showing the elastic line and a few loops is of great practical utility in 
industrial applications. The data immediately measurable from the diagram are ; — 

(l) the load at the limit of proportionality ; 
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(2) the yield load ; 

(3) the value of E : this is given by the slope of the elastic line ; 

(4) the work lost per loop ; 

(5) the rate of increase of the work lost per loop. 

The diagram from normal material satisfying known conditions of composition and 
manufacture may be used as a diagram of comparison. The form of the curve, the 
loop area and the rate of increase are sensitive to changes in the kind of material and 
to changes in the inner state of materials. 

The diagram is specially useful in showing the load at the limit of proportionality, 
for this load bears neither a constant relation to the yield point, wlien there is one, 
nor to the ultimate load. Consequently factors of safety reckoned against ©ithe^r the 
yield load or the ultimate load are ambiguous. 

This is specially important in gun design. The whole theory rests upon the elastic 
property of the material, and the theory ceases to apply after the limit of proportionality 
is passed. ■ : - ' ' - 

Considerable research in many directions is necessary before a full interpretation can 
be given to the looped diagrams, and for the present I will reserve further discussion. 


§ 11 . Correlation of Diverse Tests hy the Load Extension Diagram. 

Load extension diagrams of the kind shown in this and former papers are likely to 
be useful to the engineer and , metallurgist in the correlation of the many different 
tests now made to ascertain the quality of metals. 

For example, fig. 25 was taken from a test piece of material giving a low impact 
number. Its sliape differs markedly from the shape of' a normal diagram. It 
corresponds in fact with the shape of the curve found from overstrained material. 



Fig. 25 (overstrained mild steel). 
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The inference is that the material is in the overstrained condition. That this inference 
is correct is shown by fig. 26. A test bar of the sjime material was annealed by heating 



Fig. 26 (normal mild atoel). 


to 550° ( 1 , and then cooling slowly within the furnace, and then it was found that it 
gave the diagram of fig. 26, which is the normal shape for the class of steel tested. 

I have tested many bars of steel rejected on shock test and giving low impact 
numbers, and I have always found that the shape of the load extension diagram 
discloses the abnormal state of the metal. Much work of a comparative kind must be 
done before the result can lie widely generalized. The War Committee of the Jtoyal 
Society did a considerable amount of work in this direction. 

The limiting fatigue stress may probably be found by inspection from a load elastic 
extension diagram. 

It is probable that the limiting range of stress in fatigue has for its positive valtte 
the stress equal to the limit of proportionality, ;; 

Kefeiring to the diagram for iron, fig. 7, it will be seen that the limit of 
proportionality is at about 3^ tons, corresponding to I r45 tons per sq. inch. 

I prepared six test pieces of the material, and Dr. Stanton kindly applied his 
fatigue test to them at the National Physical Laboratory. He found, after applying 
alternating loads in the aggregate 24,000,000 times to the eight test pieces, that the 
approximate limiting range of stress in fatigue was between ±101- and ±13 tons per 
sq. inch. The average is ± 1 175 tons per sq. inch. 
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. The agreement between the limit of proportionality shown on the diagram, namely, 
11*45 tons per sq. inch, and the fatigue limit found by quite a different test, is 
remarkably close. 

Again, if this result could be generalized, it could be asserted that every load 
• elastic extension diagram shows the positive value of the fatigue limit. The long 
and tedious experiments with alternating loads would be umiecessary. Such a 
conclusion requires comparison to be made over a wide range of material. This, 
therefore, is a promising field of research. 

These brief notes of results and inferences show what a wide range of information 
lies before the engineer and metallurgist if he has before him a pa ir of diagrams, the 
one showing the complete load extension curve from zero to fracture, the other a load 
elastic extension looped diagram on a large extension scale. 

The matter incorporate<l in this paper has been selected from experiments extending 
over several years. I desire to express my acknowledgments and thanks to 
Prof. WiTCHELL for his help, and in particular for the assistance he gave me in 
reducing the looped diagram to the curves ©f Sheet 1. 

I also desire to acknowledge the assistance of Mr. OnR for the skill and care with 
which he has drawn the curves on Sheet 1 and figures 19-23 from the photographic 
plates. 



[ 139 ] 


V. The Stress-strain Properties of Nilro-celhilose taid the Law of its 

Optical Behaviour. 


By Prof, E. G. Coker, F,R.S., and K. G, Chakko, M.Sc., Unirersity College, 

London. 


Received September 22, 1911), — Head January 22, 1920. 


The physical characteristics of transparent })o(lies cjipable of resistiiifj stress have 
l)een the subject of much investigation, and in particular the proj)ertie8 of various 
glasses* have been studied with much thoroughness since the^se latter have an 
extensive use both for commercial and scientific pui'poses. 

In recent years many new forms of optical materials have* found an ifidustrial use, 
and especially nitro-cellulose compounds, which an* valuable in cases wliere glass is 
not suitable. 

The mechanical and optical properties of such bodies have not, so far, Ix^eii examined 
in very great detail, and the present paper describes some experimental evidence 
which has been obtained and which it is hoped to extend as opportunity occurs, since 
this has an important bearing on the study of stress problems arising in engineering 
practice. 

The principal matters which are examined in the present communication ai'e the 
mechanical properties of nitro-cellulose under pun^ tensile and bending stresses and 
the laws of its optical behaviour under these kinds of stress. In tlie course of the 
experimental study a considerable numter of specimens have bt^en examined, all of 
which are the manufacture of the British Xylonite Company. 

The salient features of the material are its great flexibility and toughness, and the 
ease with which it can be drilled, turned or machijied. By suitable adjustment of 
the condition of nitration of the body the hardness of the material can be varied 
through a considerable range, but owing to the difficulties created by the stress of 
war it has not been possible to make this investigation cover materials possessing a 
great range of hardness, and in fact all the specimens taken were originally selected 

* L. N. G. Filon, “ On the Variation with the WaveJengtii of the Double Refraction in Strained 
(tlass,'' ‘ Camb. Phil Hoc. Proc.,' vol XI., Part VI. ; vol. XII., Part I. ; and vol. XIL, Part V. ; see also 
‘ Phil Trans./ A, vol. 207, and ‘ Roy. Soc. Proc.,* A, vols. 79 and 89. F. Pockki.s, “ Uher die Aenderung 
des Optischen Verhaltens verschiedener Glaser durch elastische Deformation,” ‘ Annal. d. Physik/ 1902, 
and F. D. Adams and E. G. Coker, ‘‘The Cubical Compressibility of Rocks,” ‘Trans, Carnegie Institute.’ 

VOL. COXXI,— A 586. X [Published October 18, 1920. 
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on account of their transparency and freedom from initial stress. The sheets from 
which the specimens are made differ greatly in age, one has been in stock for at least 
eight years, most of the others have been stored one or more years. 

In order to examine the stress-strain properties of this material it is unnecessary 
to use a very delicate extensometer as the value of the modulus foi- direct stress is 
comparatively small, and for the purposes of these experiments a very simple form is 
employed consisting of a pair of clips attached respectively to a scale and a pointer, 
which latter slides over the scale and is kept in contact with it by suitable attachments. 
In erdei- to examine the optical properties of the material while under stress, both 
scale and pointer are perforated to give a window opening, and thereby permit a beam 
of polarised light to be transmitted through the specimen under examination. With 
tliis instrument and special magnifying devices it is possible to estimate extensions 
of ()’0002 inch. 

A preliminaiy examination of the problem set out above may be described with 
reference to some experiments on a specimen which was originally used in 1911 foi' 
determining the stresses in a notched tension member.* 

Two bars, each 1 inch wide, were cut, at' that time, from a clear plate of xylonite 
]■« inch thick, and each was fashioned with notches of different sizes along the edges. 
One of these specimens has been used for the present test. A length of 6 inches was 
used for observations of the longitudinal strains, while the lateral strains required for 

determining Poisson’s ratio ~ ^ have been measured by aid of a strain-measuring 

apparatus having a unit reading of j inches. Unless otherwise stated thest* 

latter measurements are in the direction of the thickness of the material. As the 
details of the measuring ap})aratus and the cylindrical recorder used witli it have 
already been describedt tliey are not referred to further here. 

Loiigitiidnud E,densum. — The specimen was examined in the polariscope under a 
moderate load and it was found that the stress was very uniformly distributed over 
a length of (i^ inches, but the remaining part of the parallel portion showed signs of 
unequal stress distribution owing to the enlarged ends. It was therefore marked off 
approximately into half-inch lengths over a total length of ft inches, the exact 
distance lieing read to idVo inches. 

Young’s Modulus . — As it is convenient to start with a load of 20 lbs. on 
the specimen, a preliminary observation is made to determine the corresponding 
extension, and this value is allowed for in subsequent readings for convenience in 
plotting from a zero strain value. 

* £. G. Coker, “ The EflFects of Holes and Semi-circular Notches on the Distribution of Stress in 
Tension Members” ‘Proc. Phys. Soc.,’ 1911. 

t “Photo Elasticity for Engineers,” l»y Prof. E. G. Coker, D.Sc., F.R.S., ‘The Institute of Automobile 
Engineers,’ November, 1917, 
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Six sets of observations are shown in 1, the loads Ijein^ applied in 20-lb. 
increments. 

The maximum loads vary from 160 lbs. to 200 lbs., and after the strains leach their 
final value the load is again taken to its initial value and the scale read, to note the 
“semi-permanent set.” The time interval l)etween successive loads varies from one to* 



two minutes. It is found that the stress-strain readings so obtained are approximately 
linear, except at the highest values, but in order to obtain as correct a value of 
Young’s Modulus, E, as possible only measurements between 40 and 140 lbs. load are 
used, as the readings between these points are considered to be the most reliable. 
The strain corresponding to this difference of stress of 1256 lbs. per sq. inch is 
0'00354 inch giving a value of E = 355,000. 

X 2 
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It will be ol^ervetl that there is no very pronounced elastic limit, and that the 
curve is nearly straight up to 150 lbs. load (1900 Ib./in.^), which latter value may be 
taken as the elastic, limit of the material. There is a “semi-permanent” set of 
O’OOl inches for each repetition of load, and a pronounced recovery l)etween successive 
loadings especially with a short jeriod of rest. 

iVfrnsuremetd.s at lliyher Stresses . — The spring balance used to measure the 
moderate loads in the above obsei vations had a maximum capacity (»f 200 lbs., but for 
the higher stresses requiied, a balance recording up to 500 Ihs. was necessary, 
the observations being made in a sirailai’ manmu’ with readings on the magnified 
scale up to 400 lbs. load, and aftei- this coarsei- readings were taken with the 
telescope. A maximum load of 470 lbs. (OOOO Ib./in.^) was reached, b\it as the 
extension then increased very rapidly it was not possible to keep th(' load at this 
maximum value, mor(H)\(U', as the stressing framt^ was of rather limited capacity for 
large strains, the test coxdd not be carried to fracture, altlurngh a total extension of 
r211 inches was obtained. The observations also showexl that the permanent 
extension was very uniforiti from section to section. 

The condition of the matc^rial has in faxtc some resemblance to that of a mild steel 
which has been overstrained and allowed to rest. This is shown by a subsequent 
experiment in which the loading was repeated and the stress-strain properties examined 
anew. It was then found that the elastic limit ol’the material was still approximately 
at 150 lbs. load, corresponding to a stress of 1900 lbs. per sq. inch, but the modulus E 
had now risen to 502, 0(H), measured in pound and inch units, as a result of the 
overstrain. The relations of load to extxmsion for both conditions are shown in the 
accompanying fig. 2, but as the scales of load and extension are the same for Indh 
experiments the curve for overstrained material lies below that for unstrained material. 
It may be observed that the material possesses, in a tnarked degree, the property of 
contraction when the load is removed even when very much overstrained, and in this 
case when the full load of 200 Ihs. was removed the semi-permanent extension was only 
O’OOG inch, and half of this disappeared with a few minutes rest. 

Observations of lateral strain wei e also made witli a suitable extensometer at several 
sections of the test bai‘, and their mean value for 100 lbs. load showed a strain of 

0’00144, corresponding to a value of m = * = 2’45 where a is Poisson’s ratio. 

or 

The value of E is high as later experiments show, and this may possibly lie due to an 
ageing elffect, as in process of time the material appears to undergo some change, 
especially if the cut surfaces are not highly polished. This may prolxably be ascribed tf> 
the escape of a small portion of the volatile constituent of the material. It is also 
worthy of remark that the usual method of polishing appears to produce a thin outer 
layer which is harder than the interior, and this also has the effect of raising the value 
of E in thin specimens. 

The effect of removing this thin layer of hard material has been under observation 
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for some time, but in the experiments descrilied here the flat sides are untouched, a>id 
the cut edges are unpolished although quite sintKith. 

Optical Properties . — There is considerable colour when an over-strained specimen 
is examined under no load in the polariscope. In tlie parallel pjirt the colour is veiy 
uniform, and by comparing this with a previously unstrained specimen under load it 
appears that the permanerd colour indicates a complex state of stress, since it could 
not he completely neutralised by a comparison tension piece, nor by l)ending the 
straitjed bar itself. 


U), 



It may also l)e noted that nitro-cellulosc^ with gwd optical pr(»perties is not. 
ap{)arently procurable, at)Ove \ inch thick, and it is difticult therefore to conform to 
the laws of similarity for the test specimens used in this investigation. 

In later experiments the stress-strain properties of the material are examined Utth 
below and alx)ve the elastic limit, and the values of Yoitno’s modulus and Poisson’s 
ratio are measured for a number of specimens of different thickness and varying age. 
Especial attention is also directed to test the validity of the stress-optical law of this 
material since this is a matter of fundamental importance and little attention has so 
far been given to it. 
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The result of breaking the first three specimetis sliowed that the extensoraeter 
arrangement was defective. The tiny indentations at the sides, where the extenso- 
meter was attached, so weakened the specimens that they all broke at one or other of 
these sections. The thinnest one naturally was affected most, so much so that it 
fractured with very little extension. This defect was partly corrected by cementing 
small fillets on to the specimen from which the extensometer clips were supported, but 
in spite of this some of the specimens fractured outside the gauge limits, showing that 
even in a ductile material the effects of enlarged ends prevents equalisation of stress 
near the change of section under any condition of load. 

StrcsN Optical JJctcrmination,. — It was originally intended to study the stress- 
optical pioperties of nitro- cellulose by analysing the light which traversed the 
material by means of a spectroscope ; but the necessary apparatus was rather 
difficult to pi'ocure, and it was convenient therefore to commence with a standard 
nitro-cellulose lieam and use, this for comparison with the optical phenomena observed 
in tension. The methods adopted hei-e proved to he exceedingly well adapted foi- 
measurement of stress distribution beyond the elastic limit and are likely to be of 
great use hereafter. The comparison liAam used is of rectangular section and is 
subjected to pure l)ending moment of known amount, and the stress at any point can 


therefore Ije calculated from the formula f = 


M?/ 

I 


without appreciable error. 


It is generally assumed that the relative retardation f>f the polarised rays in a piece 
of optical material under moderate stress is proportional to the diffei'ence of principal 
stresses at the point, but this may not be correct, and cannot be asstimed to hold without 
experimental proof. Hence the stresses in the comparison beani are restricted to small 
values, so that the limit of proportionality of stress to strain is not passetl in order to 
give an opportunity of examining the possibility of tlie law following a linear strain 
function or possibly some more complex variable. In order to make the retardation 
in such a beam sufficiently great to balance the retardatiorj in the highly stressed 
specimens, the thickness of the beam should be large. This is most conveniently 
obtained by placing the several beams side by side, with theii- ends clamped and pinned 
together, as shown in fig. in which several l)eam8 are so fastened together by plates 
A, to which extension levers B are also attached for supporting loads V depending 
from hangeis 1). 7’his compound beam is supported on knife edges two inches apart, 
and when loaded 1ms its central section sufficiently removed fV’om the supports to give 
pure bending moment at the central section. The material of the beams is almost 
perfectly elastic up to and probably beyond 1600 lb./ln.*, but they are actually not 
stressed to more than 1,‘K)0 Ib./in.**. In some cases as many as eight l)eaujs ^ inch 
thick are used in this way, and a strong beam of light is then necessary to enable a 
comparison to l)e made with the tension member under observation. A carbon arc is 
then used as the source of light, but when only two or three thicknesses are 
employed the light from a Nernst lamp is sufficient, but in all cases the images are 
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observed directly by eye instead of projecting on to a screen. Tlie general arrange- 
ment of the apparatus is shown in the accompanying fig. 4, in which a plane polai'ised 
beam of white light from a Niool’k prism A is transmitted through the teri8i(ni 
specimen B, to which an extensometer V is secured, and is then focusstnl by a lens I) 
on a horizontal slit in order that the light passing through the comparison l)eams 

B.mt.due to weight of lever, 
pendant , etc. » z-szlh.-mchee 



© 



¥ 


O 0 o 


Elevation 


Fig. Beam Comfiarator. 

shall be at the same level throughout. This thin pencil of light is again brought 
to parallelism befoie passing through the compound beam F and analysei- Cl. and is 
finally focussed on a ruled glass slide H provided witfi an eye-piece .1. The weight 
of the extension beams and hangers causes a bending moment in the beams which 
has been allowed for in all calculations of stress. In order to compare the different 


Specimen 



"I ^ 


Fig. 4. Diagram of polariscope. 

specimens one with another, an “ equivalent stress " in each specimen is calculated, 
that is, such a sti'ess as would produce the same relative retardation in a piec(^ of 
nitro- cellulose of the same material as the standard team, but of the thickness of the 
specimen under observation. Thus if the thickness of specimen is t and the stress in 
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the beam at the points wliere tiie colour in the specimen is neutralised is fa and the 

corresponding thickness is we have the equivalent stress in the specimen . 

Now if’ M is the landing moment in the beam, d is its depth, and y is the distance 
from the neutral axis, then 

f — _ I2MJ/ 

so that the equivalent stress 

•’ t td^ ■ 


Although as stated above the law of optical retardation is generally assumed to 
follow a, linear law of stress ditl'erence, yet there is no apparent reason why it shoiild 
not follow some other law, as for example a linear strain law or possibly contain terms 
involving squares of stress or strain. Some attempt has been made to find if the 
latter assumptions have any foundation, but if so the effects are within the limit of 
experimental error, and too small to be of any significance with the efi’ect produced 
by a lineal’ relation. 

As regards the question whetlair this relation sliotild be expressed in terms of stress 
or strain, it may be pointed out that an attempt is made here to test this witli 
materials under direct stress, and that the validity of the law for combined stresses 
and strains still remains for consideration (apart from lateral strains, which are 
presumed to have no effect beyond altering the length of the path in which retardation 
takes place), but as in this case, if the standard, not stressed beyond the elastic limit 
is compared with another in which this condition is passed the experiments do in fact 
provide a means of discrimination, since in the standard, stress and strain are 
proportional, but are not so in general for the tension member. Hence if the form 
of the law of optical effect is assiimed in terms of stress it does not exclude the 
possibility of finding from the experimental evidence whether it should not l)e 
expressed in terms of strain. We may, therefore, without loss of generality, take as 
an assumption the usual relation that relative retardation R = C (P— Q) i as a con- 
venient expression where (P— Q) is the difference of principal stress =f,t is the 
thickness of the material and C is the stress-optical coefficient. 

Let Co l)e the stress-optical coefficient of the standard beam. Then R# = 
for this beam. 

When this latter is used to neutralise the retardation R in the specimen, since 
R = R,,, we liave 

cyb = Co./„fo 

But t = ^0, here and therefore 


C/==CJ-a. 
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Now in general there is an initial retardation which is irulependent of any load. 
Let this correspond to stresses F, F„. Then the condition (\f = (\f„ bocoiiK'S 


or differentiating, 
therefore 

c„ df 

d.f^ 

which affords a convenient relation f<»r examining the (‘xperimental data. 

Turning now to the furtlier exjxu'irnental data iTpon the stress-strain })roj)(M'ties ol 
nitro-cellulose in tension a number of exj)eriments have Ikh'ii made, upon matrerial of 
varying age and thickness, and thest* are plotted in the accompanying fig. to show 
their characteristic properties under loads whicli sometinuis exce(«d vei y consid(!ral)ly 
the elastic limits of the material. 

With the thinnest specimens da hich tliick it was Jiot found possihk' 1o obtain a 
reliable value of Poisson’s ratio, hut youN(;’s modulus, E, has h(!en found, and the 
measurements plotted in fig. f) sliow a char.»,cf,(iri8tic feature that, .although tlie first, 
test is carried well beyond the el.astic i-ang<a as soon as the load is removed a, total 
extension of 0’0608 inch is reductul to ()‘()()7() inch or only O’OOl inch more tlian 
obtained at the commencement of tliis test. Moreovei- the value of th(^ modulus 
changes less than 2 per cent, under these circumstances due to the eailiei' loading. 
It is also large as the skin effect is pronounced. I’hese general characteristics ai’o 
also observable in the measurements ic^corded in this figure for much thicker 
material if due allowance is made for the diminished effect of the surface layers. The 
capacity of returning to its original sha}»e after high loads is still moie marked in the 
next series of experiments on material i inch thick, fig. (>, in which a stress of ne,arly 
5000 lbs. per sq. inch is reaclnsd in the first experiment (curve 1 ) with niiarly complete 
recovery, and when further loads with maxima, varying from 4000 to 5000 Ihs. pcu' 
sq. inch are applle,d (curves 2 to 8) these give almost identical values of YoirNo’s 
modulus on the straight part of the curve until the ninth loading, wlmre tluire is a 
sudden fall to E = 261,000 with an extension of 0'1045 inch corresj)onding to the 
initial load of 20 lbs. After this, with the considerable initial extension of 0'42i)0 
inch, there is a great rise in the modulus. The. value of Poisson’s ratio is very 

constant and is here found to reach the high<«t value of in = ^ = 27. 

a 

Succeeding experiments on still thicker material confirm these results, and with 
the exception of the |-inch plate, the load extension curves agree in their linear 
character up to about 2000 llis. per sq. inch, although the specimens differ in age and 
possibly also in composition. They have, however, the common feature of ])os8e8sing 
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0 if +F) = GAMT^o) 
0.df=C,,.df„ 


4- = reciprocal of slope of the stress/eqiiivalent stress, 

d.f 
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rtsioii in len^^ c# 6* 

Load-extension diagram — low stresses. 
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excellent optical properties and freedom from initial stress. The thickest plate, 
however, is exceptional, as its f)ptical properties are ptwr. 

Further experimental work on these materials is almost entirely devoted to the 
examination of the optical law of retardation under load, and for convenience all the 
data which follows is expressed as a stress or a strain, the units l)einjT pounds and 
inches, in which e is the strain under dii’ect stress f, and the equivalent stress is 
obtained from tlie comparator beam. A typical example of these values is given in 
Table L, for material inch thick, as tiiese measurements are referred to later for 
comparison with values of sti'ess and strain obtained from spectrum observations. 


Tablk I. 



j[-inch. 



j-inch. 



i 

u 

(\ 

/ 

./<>• 

0 


73 

0-0123 

3315 

3440 

0-00()3 

160 

220 

0-013.5 

3505 

3560 

0-0()07 

310 

322 

0-0142 

3()65 

3900 

0-0013 

478 

440 

0-01.53 

3826 

4140 

0 • 0020 

637 

660 

0-0172 

3980 

4500 

0-0027 

797 

880 

0-0187 

4140 

4770 

0-0033 

056 

1025 

0-0208 

4300 

5100 

0-0037 

1115 

1173 

0-0212 

4460 


0 - 0043 

1274 

1 320 

0-02.37 

4620 


0 - 00.-)0 

1433 

1405 

O-02S7 

4780 

i 

o-oo5r> 

1591 

1642 

0-0320 

1940 

i I 

o-oo.^s 

1752 

1760 

0-0370 

5100 

1 

0 - 0063 

1912 

1910 

c 0 - 0.5.53 

5260 

! 

0-0070 

2070 

2050 

i 0-120 

5420 


0-0077 

2230 

2200 

0-1.57 

5580 


0-0082 

2300 

2350 1 

0-18.-; 

57 10 


0-0087 

2r)e50 

2540 1 

0-217 

5900 


0-009.7 

2710 

2310 1 

0-280 

6055 


0-0102 

2865 

2860 1 

1 0-34(» 

6215 


0-0108 

3025 

3080 ! 

! 0-3:57 

6375 


0-0117 

3185 1 

1 3230 

i 




In the earlier experiment on the material iV, inch thick, a fracture was obtained 
near the change of section and before the full extension develoj)ed, but still very 
nearly at the full load. It is included here (fig. 7) as, although the later parts of the 
stress-strain curves are not entirely satisfactory, this does not affect the problem in 
hand, since tlie stress-strain curve is not required very much beyond a pronounced 
yield iti the material. 

As a purely mechanical problem, however, there is a considerable amount of interest 
attaching to the accurate measurement of stress and strain over the whole of the 

Y 2 
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plastic repfioii, and it may be worth while at some future time to examine this with 
some ca,r(i, (\spt^cially if optical methods are applied to study the distribution of stress 
in purely plastic materials. 

The stress-strain curves obtaiiKMl for this thin material show a divergence from a 
linear law above 2000 lbs. per sq. inch whether plotted from the direct load or the 
optical stress measurements, but if the direct strt^ss is plotted against its optical 
equivalent th(T(‘ is a definite linear law extending up to at least 4500 lbs. per sq. 



o i,ooo z^oo() 3^000 tooo ^000 6,000 ll/jn^(e^ruiv, 3 tre 65 ) 

Fig. 7. Stress-strain curves of iiitro-cellulose. 


inch, and with only a small divergence at 5000 lbs. per sq. inch. The results in fact 
go to show that the law of retardation is linear as regards stress not only up to the 
elastic limit but actually to at least twice this range, where it is quite impossible for 
thi‘ straiji to b(! linear. This result is shown in all the experiments on good optical 
mat(irial. Thus in plates ^ inch thick where the elastic limit appears to be about 
2250 lbs. per sq. inch, fig. 8, the corresponding value for ///„ shows no divergence from 
linearity until nearly double this amount, although the curve of fje ceases to be 
linear at about 2500 pounds per sq. inch. 





ooo'z 





mtf* 







00&9 







Table II. — Properties of the Specimens Tested. 
Test length, 6-inch. 
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Ultimate extension 
(after fracture) 
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The optical arraiigemeuts are modified for the new conditions as shown in the 
accompanying fig. 11. Light from the filament A of a Nernst lamp is focussed on to 
a veartical slit S by aid of a lens B, after passing through a Nioor/s prism M and 
this narrow band is in turn focussed on tlie central section ol‘ the beam at I), and 
analysed by a second Nicoi/s prism N. A lens E placed at a convenient distance 
from the beam transmits this light as a parallel ])eam to a reflecting prism F, from 
which it passes through })risras G, H. The spectrum so obtained is focussed on a 
glass screen L ruled with lines j i^ich apart, and provided with a, micrometer 
eye-piece for measuring the ordinates of the hands ()l)ser\'ed. 



The field of view consists therefore ol‘ the s])ectrum of a Nernst lamp filament to 
which is added the effect produced by a, narrow section of a beam of rectangular cross- 
section under pure bending rnoinerit. The relative retardation, owing to this latter 
stress effect, produces black bands in the field having a variable distance apart 
depending on the optical law of the retardation of th(‘ wave-hmgth. 

The general disposition of the field of view is shown in the accompanying tig. ll! in 
which bands of the first and second order appear on each side of the neutral 
axis C of the lieam, and their co-ordinatt^s are measured by nfference to tlu^ 
graduations on the glass scale with the aid of a j)air of parallel wires D, the positions 
of which can be adjusted vertically by a micrometer head E reading to co\)(> inch, 
while complete turns of the screw are obtained from a scale F on the left, which also 
appears in the field of view. In order to calibrate the horizontal scale the Nernst 
lamp and nitro-cellulose beam are removed, the Nicols rotated to parallelism, and a 
beam of solar light focussed on to the slit. The position of lines ol‘ known wave- 
VOL. CCXXI. — A. Z 
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length are noted with refercnice to th('. horizontal scale, and from these ohservations the 


constants in the equation 




c 


are found for calibrating tlie positions of the hlack l)ands. 

Tu the ohsi'i-vations it is found that the dcipth of the beam does not a])pea]’ (juite 
constant throughout the field, an error- due to the coinhiia'd iinperfe.ctions of the 
lenses and prisms euqdojmd, Tlie maximum change of deptli is ahout^ '2 per cent., and 
a coi-re(!tion is theiadoi'e necessary to reduce all vertical distances to a constant depth 
of heam. 

Microitict.cr 
head 




F bE I) C 


Fig. 12. View of spectnnii. 

The ohservations madt' are too numerous to give in detail, hut typical examples of 
some measunmients are shown in the accompanying fig. IS, in which the hlack bands, 
due to extinction of light, are di'awn for a lumding moment of 1 78'S in pound and inch 
units. This, however, is not the exact appearanci^ of tiie bands in th«‘ field of view 
owing to variation in the wave-length which alters the horizontal scale, tnit is here, 
made uniform for plotting. 

For some calculations, however, it is more'convenient to show the form of tln^ hands 
cori'espondijig to a definltt.’ wave-length with a varying bending moment. Owing to 
the presence of a small amount of initial retardation in plates of nitro-cellulos<!, due 
to the method of manufacture, which leaves traces of initial stress, there is generally 
SOUK' slight difference between the bamls on each side of the neutral axis, and a more 
accurate value is probable if the mean value for the two sides is taken. 

If relative retardation is a linear function of the stress diffeience, these now 
abscissae will represent the mean stress, but if the strain varies linearly the}' will also 
represent strains to another scale. 
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Now the, bending moment 

r-4 y 

M = I fh .y .dt) 

J-j/ 

for a breadth = h and a depth = d, or 
M = .dY 

J -id 

= 2 . . h X first moment of tlie area of the diagj’am about the neutral axis. 

If now any point (J on the curve is projected on to the edge line at D and the 
line OT) is dra,wn to the origin of co-ordinates intersecting tiie horizontal througli C 
at E, then 

BE : Y ;; AD : AO = X : - , 

2 

or 

XY = BEx|. 

Hd 

Hence 1 X . Y . dY represents the area OEFAO x d. 

A typical example of one of these diagrams is shown in the accompanying fig. 15, 



of which about forty were actually prepared. The first moment areas M', as deter- 
mined by planimeter measurements, are shown in Table IIL, and when these are 
divided by the Ixmding moment a value of (t*0b is obtained. If, however, the relative 
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Table III. — First Moments of Stress-stniin Curves = M'. 




W = 20 lb. 

18 

11). ' 


K 

— 

— 

-- ; 



M == 198 

178 

• 3 



: Ib./in. 

lb,/ 

in. 

20 

4725 

46*20 

40* 

30 1 

25 

4925 

43*15 

38 * 

10 

30 

5135 

41 * 25 

36 • 

50 

35 

5380 

, 39 85 

36* 

10 

40 

5660 

, 38 * 00 

34* 

65 

45 

6015 

36 * 65 

31 * 

90 

50 

6430 

i 33 * 50 

1 

29* 

55 


16 lb. 

14 lb. 

12 lb. 

10 lb. 

9 lb. 

158*7 

139*2 

119*6 

100*0 

90 * 2 

Ib./in. 

Ib./iii. 

Ib./in. 

lb. /ill. 

Ib./in. 

33*50 

29*65 

25 • (;o 



32*15 ' 

! 28 • 65 

24 • 35 

__ 

— 

3 1 * 80 

27 * 00 

23*35 ! 

19*95 

17*90 

31*10 

25 * 75 

21 *20 

1 8 * 25 

- 

28*65 

24*00 

20 * 55 , 

17*50 


27 * 85 

23*00 

19*25 

17*00 

— 

25*00 

21*15 

1 8 * 60 

15*35 

— 


retardation is assumed to be independent of tlie wave-length, the mean value of 
affords values of f-i corresponding tcv different wave-lengths. The values of ft 
determined in this way are sliown in the accompanying 'fable IV, 



Table IV. 



A. 

.... 

ft. 

20 

4725 


25 

1925 

! 960 

30 

5135 

, 1000 

! 35 

5380 

lO.W 

40 

5660 

1 JOl 

45 i 

6015 

1172 

50 

6430 

1 2.% 


In order to determine the scale of strains the value of Young’s modulus 
E = 309,000, as taken from the measurements in tension within tlie (dastic limit, 
is assumed to hold near the neutral axis of tlie beam foi- all loads, and since in this 
region we have the strain c = Y . ,s, where s is the scale for strains, then 

^ ~ dv s ■ f/Y ’ 

or 

ft ^ 

E ■ r/Y ■ 


(/X 

The slopes near the neutral axis are measured from the diagrams similar 
d\ 

to those of fig. 15, and their values a^e shown in the accompanying Table V. 
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nmliipliiul by tlu- vjiIik's of ft {i,ppn)piiii.te to the wave-longtli. Their mean valnes 
alioril measin es of ib(^ strains as tlie table shows. 


TAiinK V.— Values of ft.~ 

0 Y 


-JO 

i 1 r»5 

J012 

805 

081 1 

589 



- 2r> 

1 If)? 

1000 

810 

G72 

581 : 

— 


:u) 

J ISO 

1000 

810 

070 

572 

475 

135 

35 

1 180 

99S 

Sto 

057 

559 

160 


10 

1 IOC. 

1052 

SIS 

057 

505 

168 


15 

lliOl 

99() 

858 

050 

505 

470 


- .50 

1205 

01)7 

851 

077 i 

56 1 

467 

— 1 

Total . , 

SL>91 

To.'ir) 

5782 

-1C70 

SODl 1 

1 

2555 

155 

Moan 

1185 

loof) 

820 

067 

i 

57o , 

471 

435 ? 

Scal(‘ of strains 







1 

' ■ I.; ■ ;:v • 

■> • S-l X 1 0 •’ 

X U)- » 2 

•(;7 X lo ‘ 

'• 2-10 X lo « 1 

- 85 > J 0 1 

‘52 X 10**^ 

1 -so X ]0-» 

A X 10-“ ! 

s 

O-iiGO" 

0 • .MOS" 

0-575" 

! 1 

; 0-103' i 

1 i 

0-5-11" 

O-058" 

0-720" 


T1h‘. (lata afforded liy tliis imdliod is bhorelui'C's siillicii^iit t(.> (^.onstruo-i a stn^ss-stra-in 
ciii*ve (‘iitii'i^ly IVoiii tli(‘st‘ iiKbasiUT^noiiis of tlie bands due to retardation in the 
si)ectruni, and if* the assunj[)t ions an* coiaa^et, it oup^lit to afjrec^ with .a, similar 
(liaf^rain (amstructful from data (>l)tahif‘d ind(‘|Hajdeiit]y. Tht* stress-sti'ain dia.<^ram 

"fAJiLE VI. — StiTbss-straiii Values. 

I , I 

j I Strains. 


/j. I A. 



1 


d-OOL’. 

(»-00l. 

0-000. 

0-008. 

0-010. 

0-012. 

0-01 1. 

0-010. 

0-018. 

1 0-0192 


i 

1 

20 

4725 

590 

1210 

1815 

2550 

2854 

5290 

;;700 

4090 

4420 

4570 


25 ‘ 

4925 

012 

: 1 205 

1827 

2.502 

2850 

5290 

5072 

4015 

1510 

1 4550 

o 

1 50 i 

5155 

i 020 

1250 

1840 

2500 

2810 

;J250 

5020 

5950 

4220 

i 4540 

<Tl 

55 1 

5.580 

029 

1 1258 

1 855 

2;i90 

2850 

.5280 

.504 4 

5980 

4270 

4400 

1 II 

40 ! 

5000 

051 

! 1202 

! 1880 

: 2424 

2900 ! 

! 55.50 

! .57;io 

4020 

i 4205 

4.500 


i 45 1 

001 5 

047 

: 1271 

i 1800 

2420 

2910 i 

i 5255 j 

5(05 

41.50 

4 150 

4010 


50 , 

0450 

05-1 

1 295 

1910 

2140 

, 2880 

5295 ! 

' 1 

5095 

4000 

1200 

4570 


Miian 


027 

i 1217 

* 1855 

1 

2591 

r 

1 2859 

1 .-R'S.I ! 

5089 

1 

4020 ! 

1 

451 I 

' 4454 


I 
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obtained fioin sjH'ctrinn observiitions gives the following valu(\s, of which Table VI. 
is a typical t'xainple, iioin which the ine.an values an* obtaiutMl as ^(>ll(^vv^s: — 
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Table OL lucaiL value.^', 



Fig. 1G. Cornpari.Mon of strcHH-stniiii curveB. 
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This information has already been obtained however by observations on precisely 
similar material under direct tension stress, Table II. and fig. 13, and on comparing 
plots of the two sets of data obtained, fig. !(>, the agreement is seen to l)e a remark- 
ably close one up to about 3500 lbs. per sq. inch. This agreement is improved if th«j 
changes in thickness are allowed for, since the corrected curves then lie closer 
together, and strengthen the evidence in favour of the law of optical retardation 
being an effect of stress and not of strain, and also that it is still a linear function 
much beyond the elastic limit of the material. 

The whole of the evidence, in fact, appears to show that the transparent nitro- 
cellulose examined obeys a lineal stress optical law which holds up to approximately 
twice the range of the elastic limit of stress ; and that within this range optical 
determinations of stress distribution may 1 h 5 relied upon. 

In conclusion we desire to express our grateful tlianks for the help afforded in this 
work by the Dejiartment of Sclfiiitilic and Industrial Research, also for valuable 
suggestions from Prof. FinoN, F.R.S., and Prof. PoitTEii, F.Il.S., during its progress, 
and for the skilful assistance of Mr. I. H. Withyoombe in preparing all the 
experimental apparatus required. 
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1. Introduction. 

In tlie course of au investigation of the efi'ect of surface scrtilclies on the meclianical 
strength of solids, some general conclusions were reached which appear to have a direct, 
bearing on the problem of rupture, from an engineering standpoint, and also on the 
larger question of the nature of interiuolccular cohesion. 

The original objt'Ct of the work, which was carried out at the Royal Aircraft Estab- 
lishment, was the discovery of the effect of surface treatment — such as, for instance, 
filing, grinding or polishing — on the strength of metallic machine parts subjected to 
alternating or repeated loads. In the case of steel, and some other metals in common 
use, the results of fatigue tests indicated that the range of alternating stress which 
could be permanently sustained by the material was smaller than the range witliin 
which it was sensibly elastic, after being subjected to a great number of reversals. 
Hence it was inferred that the safe range of loading of a part, having a scratched or 
VOL. COXXI. A 587 . 2 A [Published Oetobor iJl, 19i!0. 
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grooved surface of a given type, should be capable of estimation with the help of one 
of the two hypot heses of rupture commoidy used for solids which are elastic to fracture. 
According to these hypotheses rupture may be expected if (o) the maximum tensile 
stress, (h) t he maximum extension, exceeds a certain critical value. Moreover, as the 
behaviour of the materials under consideration, within the safe range of alternating 
stress, shows very little departure from Hooke’s law, it was thought that the necessary 
stress and strain calculations could be performed by means of the mathematical theory 
of elasticity. 

The stresses and strains due to tjrpical scratches were calculated with the help of 
the mathematical work of Prof. C. E. Inglis,’" and the soap-film method of stress 
estimation developed by Mr. G. I. Taylor in collaboration with the present author, f 
The general conclusions were that the scratches ordinarily met, with could increase 
the maximum stresses and strains from two to six times, according to their shape and 
the nature of the stresses, and that these maximum stresses and strains were to all 
intents and purposes independent of the absolute size of the scratches. Thus, on the 
maximum tension hypothesis, th(! weakening of, say, a shaft 1 inch in diameter, due 
to a scratch one ten-thousandth of an inch deep, should be almost exactly the same as 
that due to a groove of the same shape one-hundredth of ati inch de(?p. 

These conclusions are, of course, in direct conflict with the results of alternating 
stress tests. So far as the author is aware, the greatest weakening due to surface 
treatment, recorded in published work, is that given by J. B. Kommeus,J who found 
that, polished specimens showed an increased resistance over turned speciracuis of 
46 to 60 per cent. The great majority of published results indicate a. diminution in 
strength of less than 20 j)er cent. Moreover, it is certain that reducing the size of the 
scratches increases the strength. 

To explain these discrepancies, but one alternative seemed open. Either the 
ordinary hypotheses of rupture could be at fault to the extent of 200 or 300 per cent.., 
or the methods used to compute the stresses in the scratches were defective in a like 
degree. 

The latter possibility was tested by direct experiment. A specimen of soft iron 
wire, about 0'028-inch diameter and 100 inches long, which had a remarkably definite 
elastic limit, was selected. This was scratched spirally {i.e., the scratches made an 
angle of about 46 degrees with the axis) with carborundum cloth and oil. It was 
then normalised to remove initial stresses and subjected to a tensile load. Under 
these conditions the effect of the spiral scratches was to impart a twist to the wire, 
the twisting couple arising entirely from the stress-system due to the scratches. It 
was found that if the load exceeded a certain critical value, a part of the twist, amounting 

• “ Stresses in a Plate due to the Presence of Cracks and Sharp Comers,” ‘ Proc. Inst. Naval Architects,’ 
March It, 1913. 

t ‘ Proc. Inst. Mech. Eng.’ December 14, 1917, pp. 766-809. 

J ‘ Intern. Assoc, for Testing Materials,’ 1912, vol. 4a and vol. 4b. 
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in some cases to 16 per cent., remained after the removal of the load. It was inferred 
that at this critical load the maximum stresses in the scratches rcaclit'd (he elast ic 
limit of the material. This load was about one-quarter to one-third of that whicli 
caused the wire to yield as a whole, so that the scratches increased the maximum 
stress three or four times. The readings were quite definite even in the ca.se of scratches 
produced by No. 0 cloth, wliich were found by microgra])hic examination to be but 
10”Mneh deep. Control experiments with longitudinal and circumferential scratches 
gave t wists only 2 or 3 per cent, of those found with spiral scratches, and t here was no 
permanent twist. 

This substantial confirmation of the estimated values of the stresses, even in very 
fine scratches, shows that the ordinary hypotheses of rupture, as usually interpreted, 
are inapplicable to tin* present phenomena. Apart altogether from the numerical 
discrepancy, the observed difference in fatigue strength as between small and large 
scratches presents a fundamental difficulty. 

2. A Tlieoreiical Criterion of Rupture. 

In view of the inadequacy of the ordinary hypotheses, th(> problem of the ru])ture 
of elastic solids has beeti attacked from a new standpoint. According to the well-known 
“ theorem of minimum energy,” the equilibrium st ate of an (dastic solid body, deformed 
by specified surface forces, is such that the potential energy of the whole system* is 
a minimum. The new criterion of rupture is obtained by adding to this tlieorem tlie 
statement that the equilibrium position, if equilibrium is possible, must be one in which 
ruj)ture of the solid has occurred, if tin; system can pass from the unbrolom to the 
broken condition by a process involving a continuous decrease in potential energy. 

In order, however, to apply this extended theorem to the problem of fnaling the 
breaking loads of real solids, it is ne(;essary to take account, of (he increase in potential 
energy which occurs in the formation of new surfaces in the interior of such solids. 
It is known that, in the formation of a crack in a body composed of molecules which 
attract one another, work must be done against the cohesive forcies of t he. molecules 
on either side of the crack.f This work appears as potential surface, energy, and if 
the width of the crack is ^eater than the very small distance called the radius of 
molecular action,” the energy per unit area is a constant of the material, namely, its 
surface tension. 

In general, the surfaces of a small newly formed crack cannot be at a distance 
apart greater than the radius of molecular action. It follows that the extended 
theorem of minimum energy cannot be applied unless the law connecting surface 
energy with distance of separation is known. 

• PoYNTiNO and Thomson, ‘ Properties of Matter,’ oh. xv. 

t The potential energy of the applied surface forces is, of course, included in the “ potential energy, 
of the system.” 
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There is, however, an important exception to this statement. If the body is snoh 
that a oraek forms part of its surface in the unstrained state, it is not to be expected 
that- the spreading of the crack, under a load sufficient to cause rupture, will result in 
any large change in the shape of its extrenaities. If, further, the crack is of such a 
size that its widtli is greater than the radius of molecular action at all points except 
very near its ends, it may be inferred that the increase of surface energy, due to the 
spreading of the crack, will be given with sufficient accttracy by the product of <he 
increment of surface into the surface tension of the material. 

The molecular attractions across such a crack must be small except very near its 
ends ; it may therefore be said that the application of the mathematical theory of 
elasticity on the basis that the crack is assumed to be a traction-free surface, must 
give the stresses correctly at all points of the body, with the exce])tjon of those near 
the ends of the crack. In a sufficiently large crack the error in the strain energy so 
calculated must be negligible. Subject to the validify of the other assumptions involved, 
the strength of smaller cracks calculated on this basis must evideiifly be too low. 

The calculation of the potential energy is facilitated by tln^ use of a general th<mrem 
which may be stated thus : In an elastic solid body deformed by specified forces apj)lied 
at its surface, the sum of the ])otential energy of the applied forces and the strain energy 
of tin* body is diminished or unaltered by the introduction of a crack whose surfaces are 
traction-free. 

This theorem may be proved* as follows : It may be supposed, for the present purpose, 
that the crack is formed by the sudden annihilation of the tractions act ing on its surface. 
At the instant following this operation, the strains, and therefore the ])otential en<Tgy 
under consideration, have their original values ; but, in general, the new state is not 
one of equilibrium. If it is not a state of equilibrium, then, by the theorem of minimum 
energy, the }»otential energy is reduced by the attainment of equilibrium ; if it. is a state 
of equilibrium the energy does not change. Hence the theorem is proved. 

Up to this point the theory is quite general, no assumption having been introduced 
regarding the isotropy or homogeneity of the substance, or the linearity of its stress- 
strain relations. It is necessary, of course, for the strains to be elastic. Further 
progress in detail, however, can only be made by introducing Hooke’s law. 

If a body having linear stress-strain relations be deformed from the unstrained state 
to equilibrium by given (constant) surface forces, the potential energy of the latter is 
diminished by an amount equal to twice the strain energy.f It follows that the net 
reduction in potential energy is equal to the strain energy, and hence the total decrease 
in potential energy due to the formation of a crack is equal to the increase in strain 
energy less the increase in surface energy. The theorem proved above shows that the 
former quantity must be positive. 

* The proof is due to Mr. C. WlGLEY, late of the Royal Aircraft Establishment, 
t A. £. H. Love, ‘Mathematical Theory of Elasticity,’ 2nd ed., p. 170. 
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3 . Application of the Theory to a Crached Plate. 

The necessary analysis may be performed in the case of a flat liomogeneous isotropic 
plate of uniform thickness, contaijiing a straight crack which passes normally through 
it, the plate being subjected to stresses applied in its plane at its outer edge. 

If the plate is thin, its state is one of “ plane stress,” and in this case it may, without 
additional complexity, be subjected to any uniform stress normal to its surface, in 
addition to the ('dge tractions. If it is not thin, it may still be dealt with provided it is 
subjected to normal surface stresses so adjusted as to make the normal di 8 })lacem('nt. 
zero. Here the])late is in a state of “plane strain.” The equations to the two states 
are of th(' same fonn,* differing only in the value of the constants ; they will therefore 
be taken together. 

The strain energy may be found, with sufficient accuracy, in the general case where 
the edge-tractions are arbitrary ; it is necessary in the present aj)])li cation, however, 
for the resulting stress-system to be symmetrical about the crack, as otlierwi-se it is 
not obvious that the latt/cr will remain straight as it S])read 8 . The only stress 
distribution which will be considered, therefore, is that in wliich the princijtal 8 fress ('8 
in the plane of the plate, at jtoints far from the crack, are resjx'ctively j'aralh'l and 
pcrj)eudicular to the crack, and are the same at all such points. This is equivalent 
to saying that, in the absence of the crack, tlu* plate would have Ix'en subjected to 
uniform ])rincipal stresses in and perpendicular to its j)lane. It is also nc'cessary, on 
physical grounds, tor the stress perpendicular to the crack and in the })lane of the ])late 
to l)e a tensioji, otherwise the surfaces of the crack are forced together instead of being 
S(!i)arated, aiid they cannot remain free from traction. 

In calculating the strain energy of the ])late use will be made of the solution obtained 
by Prof. fNGLis for the stresses in a cracked plate, to which referenct' has already been 
made. Tiu^ notation of Prof. Inglis’s pajxu will be em])loy(‘d. In that, notation 
a, f-i, are elliptic co-ordinates defined by tlu' family of confo(!al elli}) 8 t‘H ; a = const, 
and the orthogonal family of hyperbolae fi = const. The crack is represented by the 
limiting ellipse or focal line a = 0 . The axis of x coincides with the major axes, and 
the axis of y with the minor axes of the ellipses. The cartesian co-ordinat<'fi x, y, an* 
connected with the elliptic co-ordinates a, fi, by the relation 

X iy = c cosh (a ifi). 

are the tensile stress and displacement respectively along the normal to 
a = const. 

R/9i8, Ufi, are the corresponding quantities in the case of the normal to fi — const. 

8.3 is the shear stress in the directions of these normals, 
c is the half-length of the focal line. 

* A. E. H. Low, ‘ Mathematical Theory of Elasticity,’ 2nd ed., p. 206. 
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h is the modulus of transformation, ^ 

c" (cosh 2a — cos 2^) 

M is the modulus of rigidity of the material. 

E is Young’s modulus. 

(T is Poisson’s ratio. 

/) = 3 — 4 or in the case of plane strain, and 
- — — ^ in the case of plane stress. 

1 "T” tr 

The state of uniform stress existing at points far from the crack {i.e. where a is 
large) will be specified by the three princi})al tensions P, Q and K. P is normal to the 
plate, and in the case of plant* stress it is the same ('verywhere. Q and E, arc parallel 
resj)ective]y to the axes of x and y, and 11 is positive. 

The .strain ent'rgy of the ])late is a quadratic function of P, Q and R, and hence, in 
accordance with the theorem ])roved above, the increase of strain energy due to the 
crack must b(> a positive quadratic function of P, Q and R. I’he geiH'ral form of this 
function may be found by (ivaluating a sufficient numbtu- of particular cases. 

The following particular cases are sufficient : — 

I. — Q = R (and P = 0 in the case of f)lane stress). 

Boundary of crack given by a = a„. 

The stresses are 


R,. 


R, 


1> (c osh 2a — co sh 2a„) 

' (cosh 2a ~ <'08 2f-if 


R 


.silili 2a (cosh 2a -|- cosh 2a„ - - 2 (^QB 2/3) 


(c-osh 2a — cos 2/S)“ 

q _ T? sin 2/3 (co s h 2a — cosh 2 a„) 
(cosh 2a — cos 2i8)“ ’ 


( 1 ) 

( 2 ) 

(3) 


while the displacements are given by 


J 

h 8/u 


(p — 1) cosh 2a — (p + 1) cos 2/3 + 2 cosh 2au} 


. (4) 


The strain energy of the material within the ellipse a, per unit thickness of plate is 
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On substituting and integrating, it is found that, as a becomes large, iho strain 


energy tends towards the value 

^'{i(p-l)^“4-(3-:p)co8h2„,| (6) 

Hence W, the increase of strain energy due to the cavity a,,, is given by 

W = (3 - ji) cosh 2«, (7) 


or, on proceeding to the limit, = 0, 

W = (8) 

Sfi 

for a very narrow crack of length 2c. 

IL— -R = 0 (= P in the case of plane stres.^!) = 0. 

Here the stresses are entirely unaltered by the crack, at. ever)' })()int of the ])late 
except the two points x — i c, y — 0, when^ Kaa Q. It follows that W — 0. 

III.—Q = R =- 0, a„ = 0. 

Here, again, the stresses are unaltered, and W = 0. 

The only positive quadratic function of P, Q and R which is compatible with these 
three particular cases is that given by equation (8) ; this is theref(»re the general form 
of W, and rupture is determined entirely by the stress R, perpendicular to the crack. 

A point of some intere.st, with regard to equation (8), may be noticed in passing. 
Since W cannot be negative it follows that, in real substances, where /x is positive, 
3 — p must be positive. Hence <t cannot be negative in real isotropic solids. 

The potential energy of the surface of the crack, per unit thickness of the plate is 

U = 4cr (9) 

where T is the surface tension of the material. 

Hence the total dinunution of the potential energy of the system, due to the presence 
of the crack, is 

W — U = ~ P) _ 4cT (10) 

S/j. 

The condition that the crack may extend is 

»(W-U) = 0. 

or 

(3 - p) ^cR* = 16 mT, (11) 
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80 that the breaking stress is 


in the (;ase of plane strain, and 


R = 2 

^ TTO-C ’ 


R 


▼ ^ 


TTcrC 


( 12 ) 

(13) 


in the ease of plane stress. 

Formula (13) has been verified experimentally. In connection with the experiments, 
interest attaches not only to the magnitude of R, hut also to the value of the maximum 
tension in the material, whitdi occurs at the extremities of the crack. This stress may 
1)0 estimated if the radius of curvature of the boundary of the crack, at the points in 
question, can be found. 

Expression (2) gives the maximum tension as 


2Ra/."’ (14) 

in case I. above, p being the radius of curvature at the corners of the elliptic crack. 
Prof. Inglis shows that this expression may also be used, with little error, for cracks 
which are elliptic only near their ends. The foregoing expressions for the stresses 
are obtained, however, on the assum})tion that the displacements arc everywhere so 
small that their squares may be neglected. At the comer of a veiy^ sharp crack, it 
cannot be assumed, without proof, that the change in p leaves formula (14) substantially 
unaffected. 

In the case under consideration the displacements at the surfa(;e of the crack, due to 
a small tension dR at distant points, are given by 


= (‘‘■^*«h 2«„ - cos 2ft) 


(16) 


h 


= 0 


J 


Whence, by resolution, the displacements parallel respectively to the major and minor 
axes are 

2dR 


which may be written 


c sinh a# cos ft 

2dR I • 
u = c cosh «(, sin ft 

^ hi 


2dR , , '' 

M, = -gr ^ tanh Oa 


• • (16) 


E 

2dR 

M» = y COth ao 




( 17 ) 
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Equations (17) show that the effect of the small stress (i!R on the elliptic cavity is to 
deform it into another ellipse. If o and h are the major and minor semi -axes of the 
ellipse, when the plate is subjected to a stress R, then, by (17), 


da _ ^ 
dR “1 

db 2a ^ 

dR “ E" 

on making use of the relation h — a tanh 

The solution of these simultaneous differential equations is 


(18) 


. 2R , . , 2R ) 

« cosh I I 

b a„ sinh + 6„ cosh-j^ j 


(19) 


where a„ and are the values ol a and b in the unstrained state. 

With tlie help of equations (19) it is possible to find the maximum stress, F, due to 
an applied stress, R, taking account of the change in the shape of the cavity. From (2) 


whence 


dR b 


H 1 2R , 

5 a„ cosh - j 

_ — 

„ a„ sinh^- 


K sinh ^dR 


1 I 2R 

E IT 


(20) 


E log (^cosh ^ siiili (21) 

and in the case of a narrow crack which is elliptic only near its ends, may, as in (14), 

be replaced by /\/ 

^ P 

In the general case, where Q is not equal to R, the quantity R — Q must be added 
to the value of F given by (21). 

Formulae (19) and (21) are not, of course, exactly true. The application of integration 
to equations (18) and (20) involves the assumption that the strains are so small that 
they can be superposed. If the strains are finite, this involves an error in the stresses 
depending on the square of the strains. In the case of ordinary solids, it is improbable 
that this assumption can alter the calculated stress by as much as 1 per cent. 

VOL. ccxxi. — A. 2 B 
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4. Experimental Verification of the Theory. 

In order to test formula (13), it was necessary to select an isotropic material which 
obeyed Hooke's law somewhat closely at all stresses, and whose surface tension at 
ordinary temperatures could be estimated. For these reasons glass was preferred to 
the metals in common use. A comparatively hard English glass,* having the following 
properties, was employed ; — 

Composition— -Si O 2 , 69-2 per cent. ; KjO, 12 -0 per cent. ; Na^O, 0-9 per cent. ; 

AljO,, 11-8 per cent. ; CaO, 4*6 per cent. ; MnO, 0-9 per cent. 

Specific gravity — 2-40. 

Young’s modulus- 9-01 X 10® lbs. per sq. inch. 

Poisson’s ratio— 4) -251. 

Tensile strength— 24,900 lbs. per sq. inch. 

The three last-named quantities were determined by the usual tension and torsion 
tests on round rods or fil)res about 0’04-inch diameter and 3 inches long between the 
gauge jioiuts. The fibres had enlarged spherical ends which were fixed into holders 
with sealing wax. A slight load was applisd while the wax was still soft, to ensure 
freedom from bending. The possible error of the extension measurements was about 
± 0’3 per cent., and Hooke's law was obeyed to this order of accuracy. No “ elastic 
after-working " was observed with this glass, though more accurate measurements 
would doubtless have indicated its existence. 

The problem of estimating the surface tension of glass, in the solid state, evidently 
requires special consideration. Direct determinations appeared to be impracticable, 
and ultimately an indirect method was decided on, in whit;h the surface tension was 
found at a number of high temperatures and the value at ordinary temperatures deduced 
by extrapolation. 

On the accepted theory of matter, intermoleciUar forces in solids and liquids consist 
mainly of two parts, namely, an attraction whi(;h increases rapidly as the distance 
between the molecules diminishes, balanced by a repulsion (the intrinsic pressure), 
which is due to the thermal vibrations of the molecules. It is reasonable to assume 
that the attraction, at constant volume, is sensibly independent of the temperature ; 
this amounts merely to suppo.sing that the attraction exerted by a molecule does not 
depend on its state of motion. On this view, the temperature variation, at constant 
volume, of the intermolecular forces is determined entirely by the change in thermal 
energy. Hence, it may be inferred, on the accepted theory of surface tension,^ that 
the surface tension of a material, at constant volume, is equal to a constant diminished 
by a quantity proportional to the thermal energy of the substance. In the case of 
solids, nearly the same result should hold at constant pressure, as the temperature- 
volume change is small. 

* Supplied in the form of test-tubes by Messrs. J. J. Grifiin, Eingsway, London. 

•f PoYNTiNO and Thomson, ‘ Properties of Matter,’ ch. xv. 
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The specific heat of glass is greater at high than at low temperatures, but the 
temperature coefficient is not large. Hence its surface tension may be ex})ec1cd to be 
nearly a linear function of the temperature, and extrapolation should be fail!}' reliable. 
This was found to be the case with the glass selected for the present experiments. 

In the neighbourhood of 1100° C. the surface tension was found by Quincke's drop 
method. At lower temperatures this method was not satisfactory, on ac(;ouut of the 
large viscosity of the liquid glass ; but between 730° C. and 900° C. the melhod described 
below was found to be practicable. Pi*l)res of glass, about 2 iiu^lies long and from 
0-002-inch to 0-01-inch diameter, with enlarged spherical ends, were pre])ared. These 
were supported horizontally in stout win; hooks and suitable weights were Jiung on 
their mid-points. The enlarged ends prevented any sagging exee])t that due t(» 
extension of the fibres. The w'hole w-as placed in an electric resistance furnace main- 
tained at the desired temperature. Under tliese i-onditions visiH)Us stretching of the 
fibre occurred until the suspended weight was just balanced by the vertical components 
of the tension in the fibre. The. latter w-as entirely due, in the steady state, to the surface 
tension of the glass, whose value could therefore J>e calculated from the observed sag 
of the fibre. In the experiments the angle of sag was observed through a window in 
the furnace by means of a telescope with a rotating cro.ss wire. If w is t he sus])ended 
weight, d the diameter of the fibre, T t he surface teirsioji, and 0 the angle at the point 
of suspension between the tw-o halves of the fibre, then, evidently, 

TT . d . T . sin 1 $ — w. 

For this method of determining the surface tension to be valid, it- is evidently necessary 
that the angle of sag shall reach a steady value before the development of local 
contractions, arising from the instability of liquid cylinders, be(a)me,s appreciable. 
That this requirement is satisfied is showm by the ft)llowing experimental results. After 
heating for two hours at about 760° 0. the angle of sag of a particular fibre was 18° -25. 
Two hours later it had increased by less than 0°-l. The tenqjerature was then raised 
momentarily to 940° 0., and quickly reduced again to 760° C. I'he angle was then 
found to be 20° -2. After two hours further heating at 760° C. the angle had decreased 
to 18° -4, agreeing within permissible limits of error with the former value. That 
is to say, substantially the same limiting angle of sag was reached whether the initial 
angle was above or below that limit. 

Above 900° C. it was found that the viscosity was insufficient to enable an observation 
to be made before the fibre commenced to break up into globules. Below 730° C., on 
the other hand, observations made on fibres of different diameters were inconsistent, 
the apparent surface tension being higher for the larger fibres. The obvious meaning 
of this result is that below 730° C. the glass used was not a perfect viscous liquid and 
hence the method was inapplicable. The transition from the viscous liquid state was 
quite gradual. The maximum tension (apart from surface tension) which could be 
permanently sustained, was zero at 730° C., 1-3 lbs. per sq. inch at 667° C., and 24 lbs, 

2 B 2 
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per sq. inch at 640° C. At lower temperatures the rates of increase, both of this “ solid 
stress ” and the viscosity, were enormously greater. At 640° C. a fibre took about 
70 hours to reach the steady state. 

Table I. below gives the values of the surface tension obtained from these experiments. 
That for the temperature 1110° C. is the mean of five determinations by the drop 
method. The remaining figures were obtained from the sag of fibres. 


Table I. — Surface Tension of Glass. 


Temperature. 

Surface Tension. 

° C. 

lb. per in ell. 

1110 

0-00230 

905 

0-00239 

89G 

0-00250 

852 

0-00249 

833 

0-00254 

820 

0-00249 

801 

0-00257 

760 

0-00255 

745 

0-00251 

15 

o-oosi* 


So far as they go, these figures confirm the deduction that the surface tension of glass 
is approximately a linear function of temperature. Moreover, as the actual variation 
is not great, the error involved in assuming such a law and extrapolating to 16° C. is 
doubtless fairly small. The value so obtained, 0*0031 lb. per inch, will be used in 
the present application. 

Rigorously, expressions (13) and (21) above are true only for small cracks in large 
flat plates. In view, however, of the difficulties attendant on annealing and loading 
large flat glass plates, it was decided to perform the breaking tests on thin round tubes 
and spherical bulbs. These were cracked and then annealed and broken by internal 
pressure. The calculation cannot be exact for such bodies, but the error may obviously 
be reduced by increasing the ratio of the diameter of the bulb or tube to the length of 
the crack. It will be seen from the results of the tests that the variation of this ratio 
from two to ten caused little, if any, change in the burstiixg strength, and hence it may 
be inferred that the error in question is negligible for the present purpose. 

The cracks were formed either with a glass-cutter’s diamond, or by scratching with 
a hard steel edge and tappiixg gently. The subsequent annealing was performed by 
heating to 460° C. in a resistance furnace, maintaining that temperature for aboxit 
one hour, and then allowing the whole to cool slowly. The question of the best annealing 
temperature required careful consideration, as it was evidently necessary to relieve the 


* By extrapolation. 
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initial stresses due to cracking as much as possible, while at the same time keeping the 
temperature so low that appreciable deformation of the crack did not occur. It was 
found that the bursting strerigth increased with the annealing temperature up to about 
400° C., while between 400° C. and 500° C. verj' little further change was perceptible. 
From this it was inferred that relief of the initial stresses was sufficient for the purpose 
in view at a temperature of 450° C. 

The principal stresses at rupture, Q and R, were calculated from the observed 
bursting pressure by means of the usual expressions for the stresses in thin hollow 
spheres and circidar cylinders, the thickness of the glass near the crack being measured 
after bursting. In the case of the tubes the cracks were parallel to the; generators, 
and provision was made for varying Q by the application of end loads. 

In dealing with the longer cracks, leakage was prevented by covering the crack on 
the inside with celluloid jelly, the tube being burst before the jelly hardened. In the 
case of the smaller cracks leakage was imperceptible and this precaution was unnecessary. 

The time of loading to rupture varied from 30 seconds to five minutes. No evideniic 
was observed of any variation of bursting pressure w'itli time of loading. 

The results of the bursting tests are set down in Tables II. and III. below. 2c is 
the length of the crack, Q and R are the calculated principal stresses respectively 


Table II. — Bursting Strength of Cracked Spherical Bulbs. 


2c 

1) 

Q 

R 

R> 

inch. 

inch. 

lbs. j>er sq. inch. 

lbs. per sq. inch. 


016 

1 *49 

864 

864 

237 

0-27 

1*53 

623 

623 

228 

0A4 

1*60 

482 

482 

261 

0-89 

2*00 

366 

366 

! 

1 

244 


Table III. — Bursting Strength of Cracked Circular Tubes. 


2c 

D 

Q 

R 

R^r. 

inch. 

inch. 

lbs. per sq. inch. 

lbs. per sq. inch. 


0-25 

0-69 

-621 

678 

240 

0-32 

0-71 

-176 

690 

232 

0-38 

0-74 

- 31 

626 

229 

0-28 

0-61 

55 

665 

246 

0-26 

0-62 

202 

674 

243 

0-30 

0-61 

308 

616 

1 

238 


parallel and perpendicular to the crack, and D is the diameter of the bulb or tube. 
The thickness of the bulbs was about 0*01 inch and the tubes 0*02 inch. 
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The average value of R \/c is 239, and the maximum 251. 

According to the theory, fracture should not depend on Q, and R v^c should have, 
at fracture, the constant value 

2ET 

TTO- 

In the case of the glass used for these experiments, E = 9'01 X 10“ lbs. per sq. inch, 
T = 0-0031 lbs. per inch, and o- = 0-251, so that the above quantity is equal to 266. 

'J’liese conclusions are sufficiently well borne out by the experimental results, save 
that the maximum recorded value of R v^cis 6 percent., and the average 10 percent., 
below the theoretical value. It must be regarded as improbable that the error in the 
estimated surface tension is large enough to account for this difference, as this view 
would render necessary a somewhat unlikely deviation from the linear law. 

A more probable explanation is to be c)btained from an estimate of the maximum 
stress in the cracks. An upper limit to the magnitude of the radius of curvature at 
the ends of the cracks was obtaiiied by inspection of the iivterfereiu e colours shown 
there. Near the ends a faint brownish tint* was observed, and this gradually died out, 
as the end was approached, until finally nothing at all was visible. It was inferred 
that the width of the cracks at the ends was not greater than one-quarter of the shortest 
wave length of visible light, or about 4 X 10~“ inch. Hence p could not be greater 
than 2 X 10"“ inch. 

Taking as an example the last bulb in Table II. and substituting in formula (21), it 
is found that 

^(» ^ f) 

^ 8-13 X 10-'’, 

E 

whence the maximum stress F i 344,000 lbs. per sq. inch. The value given by the 
first order expression 

F -= 2R 

is 350,000 lbs. per sq. inch. 

A possible explanation of the discrepancy between theory and experiment is now 
evident. In the tension tests, the verification of Hooke’s law could only be carried 
to the breaking stress, 24,900 lbs. per sq. inch. There is no evidence whatever that 
the law is still applicable at stresses more than ten times as great. It is much more 
probable that there is a marked reduction in modulus at such stresses. But a decrewe 
in modulus at any point of a body deformed by given surface tractions involves an 
increase in strain energy, and therefore in the foregoing experiments a decrease in 
strength. This is in agreement with the observations. 
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6. Deductions from the Foregoing Results. 

The estimate of maximum stress obtained above appears to lead to a peremptory 
disproof of the hypothesis that the maximum tension in this glass, at rupture, is always 
equal to the breaking stress in ordinary tensile tests. If Hooke’s law' was obeyed to 
rupture, and the squares of the strains were negligible, the maximum tension in the 
above cracked tube could not have been less than 344,000 lbs. per sq. inch ; but, in 
the tensile tests, Hooke’s law was obeyed up to the breaking stress, the squares of 
the strains were negligible, and the maximum stress was only 24,900 lbs. per sq. inch. 
Hence the stresses could not have been the same in the two cases. Moreover, 
the order of the results obtained suggests (though this is not rigorousl}- proved, 
as the assumptions have not been checked at stresses above 24,900 lbs. per sq. 
inch) that the actual strength may be more than ten times that given by the 
hypothesis. 

Similar conclusions may be drawn regarding the “ maximum extemsion,” " maximum 
stress -difference ” and “ maximum shear strain ” hypotheses w'hich have been proposed 
from time to time for estimating the strength of brittle solids. 

These conclusions suggest inquiries of the greatest interest. If the strength of this 
glass, as ordinarily interpreted, is not constant, on wdiat does it depend ? What is 
the greatest possible strength, and can this .strength be made available for technical 
purposes by appropriate treatment of the material ? Further, is the strength of other 
materials governed by similar (lonsiderations ? 

Some indication of the probable maximum strength of this glass may be obtained 
from the bursting te.sts already described. There is no reason for supposing that, in those 
tests, the radii of curvature at the corners of the cracks were as great as 2xl0~" inch. 
It is much more likely that they were of the satne order as the molecular dimensions. 
Considering, as before, the last bulb in Table II., and putting — 2X 10”" inch 
in formula (21), it is found that the maxijimm stress, F, is about 3x10" lbs. per 
sq. inch. Elastic theory cannot, of course, be expected to apply with mucdi accuracy 
to cases where the dimensions are molecular, on account of the replacement of 
summation by integration, and the probable diminution of modulus at very high 
stresses must involve a fiu’ther error. Talcing these circumstances into consideration, 
however, it may still be said that the probable maximum strength of the glass used 
in the foregoing experiments is of the order 10" lbs. per sq. inch. 

It is of interest to enquire at this stage whether there is any reason for ascribing 
similar maximum strengths to other materials. On the molecular theory of matter 
the tensile strength of an isotropic solid or liquid is of the same order as, though less 
than, its “ intrinsic pressure,” and may therefore be estimated cither from a knowledge 
of the total heat required to vaporise the substance or by means of Van der Waai/s 
equation.* It may be noted that these methods of estimating the stre^ss indicate that 


* PoYNTiNo and Thomson, ‘ Properties of Matter,’ ch. xv. 
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it should be, approximately at least, a constant of the material. Traube* gives the 
following as the intrinsic pressures of a number of metals, at ordinary temperatures : — 


Table IV. — Intrinsic Pressures of Metals (Traube). 


Metal. 

Intrinsic Pressure. 

Nickel 

lbs. ppT sq. inch. 

4-71 X W 

Iron 

4-70 X 10« 

Copper 

3-42 X 10« 

Silver 

2-34 X 10" 

Antimony 

1-74 X 10" 

Zinc 

1-68 X 10" 

Tin 

1-06 X 10" 

Lead 

0-75 X 10" 


These are of the same order as the direct estimate obtained above for glass, but they 
are from 20 to 100 times the strengths found in ordinary tensile and other mechanical 
tests. 

In the case of liquids, the discrepancy between intrinsic pressure and observed tensile 
strength is much greater. According to Van der Waal's equation, water has an 
intrinsic pressure of about 160,000 lbs. per sq. inch, whereas its tensile strength is found 
to be about 70 lbs. per sq. inch. It has been suggested that this divergence may be 
due to impurities, such as dissolved air, but Dixon and JoLvf have shown that dissolved 
air has no measurable effect on the tensile strength of water. 

Thus the matters under discussion appear to be of general incidence, in that the 
strengths usually observed are but a small fraction of the strengths indicated by the 
molecular theory. 

Some further discrepancies between theory and experiment may now be noticed. 
In the theory it is assumed that rupture occurs in a tensile test at the stress corresponding 
with the maximum resultant pull which can be exerted between the molecmles of the 
material. On this basis the applied stress must have a maximum value at rupture, 
and hence, if intermolecular force is a continuous function of molecular spacing, the 
stress-strain diagram must have zero slope at that point. This, of course, is never 
observed in tensile tests of brittle materials ; in no case has any evidence been obtained 
of the existence of such a maximum anywhere near the breaking stress. 

Again, the observed differences in strength as between static and alternating stress 
tests are at first sight inexplicable from the standpoint of the molecular theory, if the 

• * ZeitBchx. fur Anorganische Chemie,’ 1903, vol. xxxiv., p. 413. 
t ■ PhU. Trans.,’ B, 1896, p. 568. 
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breaking load is regarded as the sum of the intermolecular attractions. According to 
the theory, large changes in the latter can only occur as a result of large changes in 
the thermal energy of the substance, such as would be immediately evident in alternating 
stress tests, if they took place. 

Lastly, as indicated above, the strain energy at rupture of an elastic solid or liquid 
should on the molecular theory be of the same order as its heat of vaporisation. Hence 
rupture should be accompanied by phenomena, such as a large rise of temperature, 
indicative of the dissipation of an amount of energy of this order. It is well known 
that tensile tests of brittle materials show no such phenomena. 

If, as is usually supposed, the materials concerned are substantially isotropic, there 
is but one hypothesis which is capable of reconciling all these apparently contradictory 
results. The theoretical deduction — ^that rupture of an isotropic elastic material always 
occurs at a certain maximum tension — is doubtless correct ; but in ordinary tensile 
and other tests designed to secure uniform stress, the stress is actually far from uniform 
so that the average .stress at rupture is much below the true strength of the material. 

Now it may be shown, with the help of elastic theory, that the stress must be 
substantially uniform, in such tests, unless tlie material of the test-pieces is heterogeneous 
or discontinuous. It is known that all sub.stancies are in fact discontinuous, in that 


they are composed of molecules of finite size, and it may be asked whether this type 
of discontinuity is sufficient to account for the observed phenomena. 

With the help of formula (13) above, this question may be answered in the negative. 
Formula (13) shows that a thin plate of glass, having in it the weakest possible crack of 
length 2c inch, will break at a tension, normal to the crack, of not le.ss than 266/'\/c lbs. 
per sq. inch. This result, however, is subject to certain errors, and experiment 
shows that the true breaking stress is about 240 /\/ c lbs. per sq. inch. But such a 
crack is the most extreme type, either of discontinuity or heterogeneity, which can 
exist in the material. Hence it is impossible to account for the observed strength, 
24,900 lbs. per sq. inch, of the simple tension test specimens, unless they contain 


discontinuities at least 2 X 


240 

24,900 


inch, or say, 2 X 10"* inch wide. This is of 


the order 10"* times the molecular spacing. 

The general conclusion may be drawn that the weakness of isotropic solids, as 
ordinarily, met with, is due to the presence of discontinuities, or flaws, as they may be 
more correctly called, whose ruling dimensions are large compared with molecular 
distances. The efiective strength of technical materials might be increased 10 or 20 
times at least if these flaws could be eliminated. 


It is easy to see why the presence of such small flaws can leave the strength of cracked 
plates, such as those of the foregoing experiments, practically unaffected. The most 
extreme case of weakening is that where there is a flaw very near the end of the crack 
and coUinear with it. Here the result is merely to increase the effective length of the 
crack by less than 10"* inch. This involves a weakening of lees than O-l per cent. 


VOIi. ocxxi. — A. 


2 C 
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6. The Strength of Thin Fibres. 

Consideration of the consequences of the foregoing general deduction indicated that 
very sniall solids of given form, e.g., wires or fibres, might be expected to be stronger 
than large ones, as there must in such cases be some additional restriction on the size 
of the flaws. In the limit, in fact, a fibre ’consisting of a single line of molecules must 
possess the theoretical molecular tensile strerxgth. In this connection it is, of course, 
well known that fine wires are stronger than thick ones, but the present view suggests 
that in sufficiently fine wires the effect should be enormously greater than is observed 
in ordinary cases. 

This comdusion has been verified experimentally for the glass used in the previous 
tests, strengths of the same order as the theoretical tenacity having been observed. 
Incidentally, information of interest has been obtained, somewhat unexpectedly, 
concerning the genesis of the flaws, and it has been found to be possible to prepare 
quite thick fii)res in an unstable condition in which they have the theoretical strength. 

Fibres of glass, about 2 inches long and of various diameters, were prepared. One 
end of a fibre was attached to a stout wire hanging on one arm of a balance, and the 
other end to a fixed point, the medium of attachment being sealing wax. A slight 
tension was. applied while the wax was still soft, in order to eliminate bending of the 
fibre at the points of attachment. The other arm of the balance carried a beaker into 
which water was introduced from a pipette or burette. The weight of water necessary 
to l)reak the fibre was observed, and the diameter of the latter at the fracture was 
found by means of a high-power measuring microscope. Hence the tensile strength 
was obtained. 

At first the results were extremely irregular, though the general tendency of the 
strength to increase with diminishing diameter was clear. It was found that the 
irregularities were due to the dependence of the strength on the following factors 

(1) The maximum temperature of the glass. — ^To secure the best results it was found 
necessary to heat the glass bead to about 1400° C. to 1500° C. before drawing the fibre. 

(2) The temperature during drawing. — If the glass became too cool before drawing 
was complete, a weak fibre was obtained. This temperature could not be very closely 
defined, but it is perhaps the same as the limiting temj)erature of the viscous liquid 
phase, namely, 730° C. This effect made the drawing of very fine fibres a matter of 
some difficulty, as the cooling was so rapid. 

(3) The presence of impurities and foreign bodies. 

(4) The age of the fibre. — For a few seconds after preparation, the strength of a 
properly treated fibre, whatever its diameter, was found to be extremely high. Tensile 
strengths ranging from 220,000 to 900,000 lbs, per sq, inch were observed in fibres up 
to about 0-02 inch diameter. These strengths were estimated by measuring the radii 
to which it was necessary to bend the fibres in order to break them. They are therefore 
probably somewhat higher than the actual tenacities. The glass appeared to be 
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almost perfectly elastic up to these high stresses. The strength diminished, however, 
as time went on, until after the lapse of a few hours it reached a steady value whose 
magnitude depended on the diameter of the fibre. 

Similar phenomena have been observed with other kinds of glass, and also w'ith fused 
silica. 

The relation between diameter and strength in the steady state was investigated in the 
following manner. Fibres of diameters ranging from 0*13 X 10~'‘inch to4-2 X 10“‘‘inch, 
and 6 inches long, were prepared liy heating the glass to about 1400° C. to 1600“ C. in 
an oxygen and coal-gas flame and dniwing the fil)re by hand as quickly as possibh;. 
The fibres were then put aside for about 40 hours, so that, they might reach the 
steady state. The test specimens were prepared by breaking these fibres in tension 
several times until pieces about 0-5-inc.h long remained ; these wi're then tested l)y 
the balance method already described. 'J’he object of this procedure was the 
elimination of weak places due to minute foreign bodies, local impurities and other 
causes. 

Table V. below gives the results of these tests. Diameters are in thousandths of 
an inch, and breaking stresses in lbs. per sq. inch. 

Table V. — Strength of (Jlass Fibres. 


Dianiotor, 

Br(‘akin|:^ Rtru.HH. 

1 Diaiuctor. 

Hn‘aking StrcKa. 

0*001 inch. 

lbs. ])(T s(|. incJi. 

0*001 inch. 

lbs. per H(j. inch. 

40*00 

24.900* 

0*95 

117,0(X) 

4*20 

42,:iOO 

0*75 

134,0<K) 

2*7S 

50,800 

0*70 

104,0(K) 

2 • 25 

04,100 

0*00 

185,000 

2*(K) 

79,000 

0*50 

154,0(K) 

1*85 

88,5(K) 

0*50 

195,0(M) 

1 * 75 

82,000 

0*38 

232, (KK) 

1*40 

85,2(H4 1 

' 0*20 

332, (XX) 

1*;)2 

99,5(K) 1 

0* 105 

498,CXX) 

1*15 

88,700 P 

i 0*130 

491,0(X) 


It will be seen that the results are still somewhat irregular. No doubt more precise 
treatment of the fibres would lead to some improvement in this respect, but such 
refinement is scarcely necessary at the present stage. 

The limiting tensile .strength of a fibre of the snudlest possible (molecular) diameter 
may be obtained approximately from the figures in 'J'able V. by plotting reciprocals 
of the tensile strength and extrapolating to zero diameter. This maximum strength 
is found to be about 1-6 X 10® lbs. per sq. inch, which agrees sufficiently well with 
the rough estimate previously obtained from the cracked plate experiments. 


* From the tensile tests previously described. 
2 0 2 
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In 1868, Karmarsoh* found that the tensile strength of metal wires could be repre- 
sented within a few per cent, by an expression of the type 

F = A+| (22) 

where d is the diameter and A and B are constants. In this comiection it is of interest 
to notice that the figures in Table V. are given within the limits of experimental error 
by the formula 

F = 22,400— (23) 

’ 0.06 [-d ' 

where F is in lbs. per sq. inch and d is in thousandths of an inch. Within the range 
of diameters available t.o Karmarsch, this expression differs little from 

F = 22,400-1-^^^^, (24) 

which is of the form given by Karmarsch. <• Moreover, the values of B found by him 
for the weaker metals, e.g., silver and gold, in the annealed state, are of the same order 
as that given by formula (24) for glass. 

To a certain extent this correspondence suggests that the mechanism of rapture, as 
distinct from plastic flow, in metals, is essentially similar to that in brittle amorphous 
solids such as glass. 

The remarkable properties of the unstable strong state referred to on p. 180 above 
are exhibited most readily in the case of clear fused silica. If a portion of a rod about 
6 mm. diameter be made as hot as possible in an oxyhydrogen flame, and then drawn 
down to, say, 1 mm. or less and allowed to cool, the drawn-down portion may be bent 
to a radius of 4 or 5 mm. without breaking, and if then released will spring back almost 
exactly to its initial form. If instead of being released it is held in the bent form it 
will break spontaneously after a time which usually varies from a few seconds to a 
few minutes, according to the degree of flexure. To secure the best results the drawing 
should be performed somewhat slowly. 

When fracture occurs it is accompanied by phenomena altogether different from those 
associated with the fracture of the normal substance. The report is much louder and 
deeper than the sharp crack which accompanies the rupture of an ordinary silica or 
glass rod, and the specimen is invariably shattered into a number of pieces, parts being 
frequently reduced tg powder. This shattering is not confined to the highly stressed 
drawn-out fibre ; it usually occurs also in the unchanged parts of the original thick 
rod and sometimes in the free ends, which are not subjected to the bending moment. 
The experiment is most striking, for it appears at first sight that the 6 nmi. rod has 
been broken by a couple applied through the fibre, which may be only 0*6 mm. in 

* ‘ Mittheilungen des gew. Ver. fiir Hannover,* 1868, pp. 138-166. 
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diameter. As a matter of fact, however, the shattering is probably merely one of the 
means of dissipating the strain energy of the strong fibre, which at fracture is perhaps 
10,000 times that of silica in the ordinary weak state. An elastic wave is doubtless 
propagated from the original fracture, and the stresses due to this wave shatter the 
rod. 

Confirmation of this view is obtainable if the fibre is broken by twisting instead of 
by bending. The thick part of the rod is in this case found to contain a number of 
spiral cracks, at an angle of about 46° to the axis, showing that the material has broken 
in tension, but the cracks run in both right- and left-handed spirals, so that the surface 
of the rod is divided up into little squares. This shows that the cracking must be due 
to an alternating stress, such as would result from the propagation of a torsional wave 
along the rod. 

Another phenomenon which has been observed in these fibres is that fracture at any 
point appears to cause a sudden large reduction in the strengl li of the remaining pieces. 
Thus, in one case a glass fibre was found to break in bending at an estimated stress 
of 220,000 lbs. per sq. inch. One of the pieces, on being tested iimnediately afterwards, 
broke at about 67,000 lbs. per sq. inch. 


7. Molecular Theory of Strength Phenomena. 

From the engineering standpoint the chief interest of the foregoing work centres 
round the suggestion that enormous improvement is possible in the properties of 
structural materials. Of secondary, but still considerable, importance is the demon- 
stration that the methods of strength estimation in common use may lead in some cases 
to serious error. 

Questions relating to methods of securing the indicated increase in tenacity, or of 
eliminating the uncertainty in strength calculations, can scarcely be answered without 
some more or less definite knowledge of the way in which the properties of molecules 
enter into the phenomena under consideration. In this connection it is of interest to 
enquire whether any indication can be obtained of the nature of the properties which 
are requisite for an explanation of the observed facts. 

For this purpose it is convenient to start with molecules of the classical type, whose 
properties may be defined as (o) a central attraction between each pair of molecules 
which decreases rapidly as their central distance increases, and which depends only on 
that distance and the nature of the molecules ; (6) translational and possibly rotational 
vibrations whose energy is the thermal energy of the substance. In the unstrained 
state, the kinetic reactions due to (6) balance the central attractions (o). 

In a body composed of such molecules, the flaws which have been shown to exist 
in real substances might consist of actual cracks. But experiment shows that under 
certain conditions the strength of glass diminishes with lapse of time. On the 
present hypothesis this would require the potential energy of the system to increase 
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spontaneously by the amount of the surface energy of the cracks. This view must 
therefore be regarded as untenable. 

Again, the observed weakening might conceivably occur if at any instant the vibrations 
of a large number (at least 10®) of near molecules synchronised and were in phase, 
provided the energy of these molecules was approximately that corresponding with 
the temperature of ebullition of the substance. Except in the case of a material very 
near its boiling point, the probability of such an occurrence must be so small as to be 
quite negligible. Hence this hypothesis also must be discarded. 

The foregoing discussion seems to suggest that the assmned type of molecule is too 
simple to permit of the construction of an adequate theory. An increase in generality 
may be obtained by supposing that the attraction between a pair of molecules depends 
not only on their distance apart, but also on their relative orientation. The properties 
of crystals seem definitely to require the molecules of anisotropic materials to be of 
this type, but those of isotropic substances h^ve usually been assumed to be of the 
simpler kind. In view of the author, however, ntolecular attraction must be a function 
of orientation even in substances, such as glass, metals and water, which are usually 
referred to as “ isotropic.” 

Gorxsider a solid made up of a number of such molecules, initially oriented at random. 
Doubtless the mechanical properties of the substance, while it is in this amorphous 
condition, will differ little from those of a substance composed of molecules of the 
simpler type, having an attraction of appropriate strength. If this is so, the tensile 
strength of the material must be that corresponding with its average intrinsic pressure. 

In general, however, this initial condition cannot be one of minimum potential 
energy. 

Tl. is clear that under suitable conditions the tendency to attain stable equilibrium 
can cause the molecules to rotate and set themselves in chains or sheets, with their 
nmxima of attraction in line. The formation of sheets will commence at a great number 
of places throughout the solid, i.e., wherever the initial random arrangement is sufficiently 
favourable. Evidently it is possible for the number of such “ sufficiently favourable ” 
arrangements to be enormously less than the total number of molecules, so that the 
ultimate result will be the formation of a number of units or groups, each containing 
a large number of molecules oriented according to some definite law. The relative 
arrangement of the units will, of course, be haphazard. 

Now, in each unit there will, in general, be a direction which is, approximately at 
least, that of the minimum attractions of the majority of the molecules in the unit. 
Hence if the ratio of the maximum to the minimum attractions is sufficiently great, 
each unit can constitute a “ flaw,” and there appears to be no reason why the units 
should not be as large as the flaws have been shown to be in the case of glass. Thus, 
in order to explain the spontaneous weakening of glass, it is only necessary to suppose 
that the thermal agitation at about 1400° C. is sufficient to bring about the initial 
random formation. 
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It will be remembered that in the case of the freshly drawn ftbres the reduction in 
tenacity required several hours for completion, so that the time taken was large 
compared with the time of cooling. Expressed in terms of im>lecular motion, this 
means that the molecules resist rotation very much more than they resist translation. 
This is in keeping with the conclusions of Debye,* who found that , on the basis of the 
quantum theory, the phenomena associated with the specific heat of solids <^ould be 
explained only if the thermal vibrations of the molecules were regarded as ])ract.ically 
irrotational. The same thing is shown more roughly, without introducing the quantum 
theory, by the law of Dulong and Petit, which requires that each molecule shall 
have only three degrees of freedom. 

The theory here put forward makes the spontaneous weakening a consecpienee of 
the attainment of a molecular configuration of stable equilibrium ; if Iherefon* suggests 
that the weakening should be accompanied, in general, by a cluuige in the dimensions 
of the solid. Tliis has been verified by direct observation with a high-power microscoj)e ; 
in the course of half an hour a spontaneously weakening glass fibre increased in length 
by about O’l per cent., while the length of a silica fibre decreased by about 0'(>3 per 
cent. 

On account of the random arrangement of the molecular grouj)s, this spontaneous 
change in unstrained volume must set up internal stresses, which may la^ sufficiently 
large to start craclcs along the directions of least strength. In this c.oniK'ction if may 
be mentioned that irregularly shaped pieces of glass, of which some })arts had been 
put into the strong unstable state by heating, have sometimes been observed to break 
spontaneously about an hour after cooling w'as practically complete. 

It was remarked on p. 184 that cracks could not form spontaneously in a substance 
composed of molecules having spherical fields of force, as the pna^c^ss would involve 
an increase in potential energy. This is no longer true w hen f lu' attiac.f.ion is a funct ion 
of orientation, as the surface energy of the cracks may be more than (auintcrbalanced 
by the decrease in potential energy accompanying the molecnlar rearrangement. 

For this reason, it is impossible to deduce the ratio of the maximum to the minimum 
molecular attractions from the ratio of the maximum and minimum strengths of the 
material, as it is possible that the spontaneous 'vyeakening is always accompanied l)y 
the formation of minute cracks, of the same size as the molecular grouj)s. 

It is probable that, in many cases, the most stable orientation of the molecules at 
a free surface is that in which their maxima of attraction lie along the surfatie. Such 
an orientation would in turn lead to a similar tendency on the part, of tlu^ next layer 
of molecules, and so on, the tendency diminishing with increasing distanc-e from the 
surface. There would therefore be a surface layer having the special property that in it 
the “ flaws ” ran parallel to the surface. 

Hence this layer would be of exceptional strength in the direction of the surface. 
This suggests a reason for the experimental fact that the breaking load of wires and 

Ann. der Physik,’ 39 (1912), p. 789. 
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fibres consists mainly oi two parts, one proportional to the area, and the other to the 
perimeter of the cross-section. The process of drawing, too, might predispose the 
molecules to take up positions with their maxima of attraction parallel to the surface. 

If a perfectly clean glass plate be covered with gelatine and set aside, the gelatine 
gradually contracts, and as it does so it tears from the glass surface thin flakes up to 
about 0* 06-inch diameter and shaped like oyster shells.* This tendency to flake at 
the surface is also observed when glass is broken by bending. This was particularly 
well shown in the specially prepared fibres used for the experiments described in the 
present paper. In almost all cases of flexural fracture the crack curled round on 
approaching the compression side, till it was nearly parallel to the surface. On two 
occasions the fracture divided before changing direction, the two branches going 
opposite ways along the fibre and a flake of length several times the diameter of the 
fibre was detached. 

Surface flaking is also observed when some kinds of steel are subjected to repeated 
stress. Here the flakes are usually very small. 

All these facts are evidently in complete agreement with the “ surface layer ” theory 
and, indeed, it is difficult to account for them on any other basis. 

8. Extended Application of tlie Molecular Orientation Theory. 

On the basis of the present theory, the physical properties of materials must be 
intimately related to the geometrical properties of the molecular sheet-formation. In 
order that a substance may exhibit the characteristic properties of crystals, it is clearly 
necessary for the sheets of molecules to be plane. In this case the crystals are, of 
course, the molecule groups or “ units ” referred to above. In “ amorphous ” materials, 
on the other hand, the sheets are probably curved. f 

In materials of the former type, there must exist planes on which, if they are subjected 
to a sufficiently large shearing stress, the portions on either side of the planes can undergo 
a mutual sliding through a distance equal to any integral multiple of the molecular 
spacing, without fundamentally affecting the structure of the crystal. It is well known 
that the phenomenon of yield in crystals, and especially in metals, is of this nature. 
The planes in question are, of course, the well-known “ gliding planes,” and it is further 
possible that they may be identified also with the surfaces of least attraction. The 
stress at which gliding occurs in a single crystal must be determined in the following 
manner. The molecules of a crystal are normally in a configuration of stable equilibrium, 
and if two parts of the crystal slide on a gliding plane through one molecular space the 
resulting configuration is also stable. Between these two positions there must, in 
general, be one of higher potential energy, in which the equilibrium is unstable, and the 
shearing stress is determined by the condition that the rate at which work is done, in 

* Lord Rayleigh, ‘ Engineering,’ 1917, vol. 103, p. Ill, and H. E. Head, ‘ Engineering,’ 1917, vol. 103, 
p. 138. 

t See Quincke, ‘ Ann. der Physik,’ (4), 46, 1916, p. 1026. 



THE PHENOMENA OF RUPTURE AND FLOW IN SOLIDS. 


187 


sliding from the stable to the unstable state, must be equal to the greatest rate of 
increase in potential energy wJiich occurs during the passage between the two states. 
This rate will depend on the sha})e of the molecular fields of force, and may in particular 
cases be zero. Liquid crystals are doubtless of this type. 'J’he average shear stress, 
during yield, of a random aggregation of a large numl>er of crystals, is doubthvss greater 
than that of a single crystal, as the angle Ix'lween the gliding planes and the maximum 
shear stress must vary from crystal to crystal and can be zero in only a few of them. 

As the mutually gliding portions of a crystal pass from the stable to the unstable 
state, the molecular cohesion between them (normal tt) the gliding plane) must, in 
general, become less. In particular instances it may diminish to zei'o before the 
position of unstable equilibrium is reached. In these ceases, shearing iraclure along 
the gliding planes will occur, unless the material is subjected to a. sufiiciently high 
“ hydrostatic ” pressure, in addition to the shearing stress. Thus, a cry.stalline 
substance may be either ductile or brittle., according to nature tif the ajiplied stress, 
or it may be ductile at some temperatures and brittle at others, under the same kind 
of stress as has been actually obsi'rved by Kknoough and Hanson in the case oi tensile 
tests of copper. This rupture in shear ex})lains the characteristic fracture of short 
columns of brittle crystalline material under axial compression. The theory indicates 
that such fracture can always be prevented and yield set. up by applying sufficient 
Lateral pre.ssure in addition to th(‘ longitudinal load ; this is in agn'cment with experi- 
ments on rocks such as marble and sandstone.* Conversely, a ductih' substance }uight 
be made brittle if it were possible to apjdy to it a sufficiently large hydro.staUc tension. 

In the case of an alloy of, say, two metals A and B, siqipose, as an example, that the 
sequence of molecules on either side of a gliding plane is 

.A.B.B.A.B.B 

B.B.A.B.B.A. 

Let sliding occur (through one molecular space) to an adjoining position of stable 
equilibrium, or, say, to the configuration 

.A.B.B.A.B.B.^ 

. B . B . A . B . B . A-^ 

Evidently, the structure in the neighbourhood of the gliding plane is in this case no 
longer the same as in the original crystal formation. It is therefore likely that the 
new state is one of higher potential (“nergy, whence it is reasonable to suppose that 
the maximum rate of increase in jxtteirtial, in sliding, is greater than it would have 
been had the potential of the two states been the same. Thus an alloy may be expected 
to have a higher yield-point than its most ductile constituent. Tliis is in accordance 
with experience. For example, it is kirown that quenching from a high temperature 

• T. V. Eabuan, ‘ Zeitschr. Ver. Deutsch. Ing.,’ 65, 1911. 
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hardens tool steel by preventing the separation of “ ferrite/’ or iron containing no 
carbon. 

In a single crystal the molecules are presumably in an equilibrium configuration of 
maximum stability. In this event, the equilibrium of molecules at or near inter- 
crystalline boundaries, in a body composed of a large number of crystals, must, in 
general, be less stable than that of the molecules in the interior of the crystals. In 
fact, where the orientation of the component crystals is haphazard, the stability of 
the boundary molecules may be expected to range from the maximum of normal 
crystallisation down to zero, i.e., neutral equilibrium. If such a body be subjected 
to a shear stress, some of the molecules in or near neutral equilibrium must, in general, 
become unstable, and these will tend to rotate to new positions of equilibrium. This 
rotation, however, will be strongly resisted, as has been seen, by forces doubtless of 
a viscous nature, and its amount will accordingly depend on the time during which 
the stress is applied. If, therefore, the strain is observed it will be found to increase 
slowly as time goes on, but at a constantl}'’ decreasing rate, as the molecules concerned 
approach equilibrium. If now the load is removed, these molecules must rotate in 
order to regain their original positions of equilibrium, and this process in turn will be 
retarded by viscous forces. Hence a small part of the observed strain will remain 
after the removal of the load, and this will gradually disappear as time goes on. I’hese 
properties, known as “ elastic after- working,” are, of course, well known to belong 
to crystalline materials. Moreover, the theory shows that they should not be possessed 
by single crystals, and this has been demonstrated experimentally.* 

There is a special type of gliding or yield which may occur at stresses below the 
normal yield point. Consider a pair of adjacent crystals, separated by a plane boundary. 
If these crystals are thought of as sliding relatively to each other, it wiU be seen that 
only in a finite number of the positions so taken up can the two be in stable equilibrium. 
Between each pair of such positions there must in general be one of unstable equilibrium. 
Suppose that, while near such an unstable position, the two crystals are embedded in 
a number of others. Under these conditions the boundary molecules of the two crystals 
will be pulled over in the direction of one or other of the two adjoining stable positions, 
and they will strain the solid in the process. If now the body is subjected to a shearing 
stress tending to cause relative displacement of the two crystals towards the other 
stable position, then at a certain value of this stress the molecules on either side of the 
boundary will be wrenched away, will pass through the position of instability, and will 
then take up a new position bearing the same relation to the second stable position 
as their original state did to the first. This new condition will, of course, persist after 
the removal of the load, as the original state cannot be regained without passing through 
unstable equilibrium, i.e., a condition of maximum potential energy. To cause the 
crystals to pass through this condition it would be necessary to apply a load of opposite 
sign, and in this way the process might be repeated indefinitely. In a body composed 
• H. V. Wabtenbeeo, ‘ Deutsoh. Phys. Gesell., Veih.,’ 20, pp. 113-122, August 30, 1918. 
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of a large number of crystals there must be many arrangements of this type, in which 
adjacent crystals can execute inelastic oscillations about positions of unstable equilibrium, 
under alternating shear stresses below the ordinary yield stress. 'J'he consequent 
observed phenomena would correspond exactly with those known to be manifested 
in metals, under the name “ elastic hysteresis.”* 

Experimeiitally, elastic hysteresis is distinguished from elastic after-working by the 
circumstance that it is completed very much more quickly. This is just what would 
bo expected theoretically, on the view that molecidar translation occurs much more 
readily than rotation. 

It has been remarked that wlnm a single crystal of a pure substance is caused to 
yield, its structure is fundamentally unalltwed. This caimot hold, however, in the 
case of an aggregate of a larg(“ number of c.iystals arranged at random, or a crystal 
embedded in amorphous material. True, the material in the interior of each crystal 
can retain its original properties, but. near the crystalline boundaries the structure 
must be violently distorted. As a result, il. may be expected that the number of the 
molecules of inferior stability will be largel;^ increased. Elastic after- w'orking in nietals 
should therefore be increased by overstraining or “ cold -working.” I’his, again, agrees 
with experience. 

The lf)regoing c.onsiderations lend support, to the view that each crystal of a severely 
cold-worked piece of metal is surrounded by an amorphous layer of appreciable 
thickness. If such a piece of metal undergoes a shear strain greater than that which 
can initiate yield in the normal crystallijw* substaji(;e, the average stress which is 8<'t 
up must be above the normal yidd stress, for the part due to the amorphous layers 
must be the elastic stress corresponding with the strain, and this, by hypothesis, is 
greater than the yield stress. This j)art, moreover, will increase with the strain. It 
follows that yield in (iold-worked metal should be less sharply defined, and should oc(!ur 
at a higher shear stress than in the normal crystalline variety. 'J'hat this is actually 
the case is, of course, well known. 

In the case of very large strains an im})ortan1 j)art of the shear stress must be taken 
by the amorphous boundary layers, and as a result the maximum tensile stress may 
reach a value sufficient to cause rujhure of some favourably disposed crystals across 
their planes of least strength. This is, perhaps, the actual mode of rupture in ductile 
materials. On this view, the “ ductility ” of a metal depends simply on the relation 
between the tensile strength of the ‘‘ flaws ” and the normal yield stress. A substance 
whose ductility is small may still be “ malleable,” as hammering need not give rise 
to large tensile stresses. 

The formation of non-crystalline material at the intercrystalline boundaries, when a 
piece of metal is over-strained, appears to provide an explanation of the sudden drop 
in stress which occurs immediately after the initiation of yieldj’ in ductile metals. 

• Guest and Lea, “ Torsional Hysteresis of Mild Steel,” ‘ Roy. Soc. Proc.,’ A, June, 1917. 
t Bobbbtsom and Cook, ‘ Roy. ^c. Proc.,’ A, vol. 88, 1913, pp. 462-471. 

2 I> 2 
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Remembering that the surface tension of a substance is the work done in forming unit 
area of new surface, it will be seen that the tension of any surface of a crystal must 
depend on the angle it makes with the crystal axis. Thus the surface tension parallel 
to the planes of least strength must be less than that in any other direction. 
Consequently, in a body composed of a number of cry.stals there must exist a mutual 
surface tension at each intercrystalline boundary. Now, the theory of surface tension 
shows that the magnitude of such a mutual tension is greatly diTuinished by making the 
transition between the two bodies more gradual. Hence the formation of the amorphous 
boundary layer involves a reduction in the surface energy of the crystals, and this is 
shown in the experiments by a drop in the stress. Tf this account of the phenomenon is 
complete, the drop in stress must be determined by the condition that the loss of strain 
energy equals the reduction in surface energy. T'he mechanism of the process appears 
to be that the breaking up of the boundary, Avhich must accompany yield, is resisted 
by the surface tension, and yielding therefore rsequires a higher stress for its initiation 
than for its maintenance. 

According to this view, the loss of strain energy should be inversely proportional to 
the linear dimensions of the crystals. Hence the results of different experiments should 
show considerable variation in the magnitude of the drop in stress. 1’his is actually the 
case ; a single series of experiments on mild steel, by Robertson and Cook, gave drops 
varying from 17 per cent, to 36 per cent., while in other experiments as little as 7 per 
cent, has been observed. 

In the above series of experiments the average loss of strain energy was about 
12 inch-lbs. per cubic inch. Assuming, for simplicity, that the crystals were cubes, 
of, say, 0*001 -inch side (which is a fair value for well-treated mild steel), the area of the 
intercrystal surface A¥as 3000 sq. inches per cxibic inch. These figures give the average 
intercrvstal surface tension as 0*004 lbs. per inch. This is certainly of the right order 
of magnitude. 

Many of the phenomena discussed above will be more complicated, in practice, if 
the coefficient of expansion of the crystals is not the same in all directions. In such 
an event, internal stresses vdll be set up in c.ooling. on ac^count of the random arrangement 
of the crystals, and these stresses must betakeninto consideration in applying the theory. 

There remains for consideration the problem of the fracture of metals under alternating 
stress. It is known that fatigue failure occurs as the result of cracking after repeated 
slipping on gliding planes, and the theory has been advanced* that this cracking is due 
to repeated to and fro sliding and consequent attrition and removal of material from 
the gliding planes. This theory presents some difficulties, in that it does not explain 
how the attrition can occur, or the method of disposing of the debris. 

A theory which is free from these objections may be constructed if it is supposed 
that a change in volume occurs on the passage of the metal from the crystalline to the 
amorphous state. This assun^ption is, of course, kno^^^l to be valid for many substances 
* Ewing and Humfrey, ‘ Phil. Trans.,’ A, 1902, p. 200. 
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at their melting points, but at lower temperatures there seems to be no definite 
information available. 

This assumption being granted, suppose that a piece of material which contracts on 
decrystallising is being subjected to a stress cycle just sufficient to cause repeated 
slipping in the most favourably disposed crystals. As a result, the inaterial at the 
boimdaries of these crystals will become amorphous, and the quantity of ainor})hous 
material will increase continuously as long as the repeated slij)ping goes t>n. But, by 
hypothesis, the unstrained volume of the amorphous phase is less than the space it 
filled when in the crystalline state. Hence all the material in the immediate neigh- 
bourhood will be subjected to a tensile stress, and as soon as this exceeds a certain 
critical value a crack will form. It has been observed al)ove that the application of 
a sufficiently large hydrostatic tension maybe expected to make' a ductile sub.stance 
brittle. Hence the crack may occur either in tension or in shear, according to the 
properties of the material and the nature of the applied stress. Further alt.(‘niations 
of stress will caxise this crack to spread until (‘.omplete rujdiire occurs. This theory 
makes the limiting safe range of stress qqual to that which just fails to maintain 
repeated sliding in the Tuost favourably disposed crystals. 

It may be asked why such cracking does not take place* in a static test where the 
quantity of amorphous material, once yield has fairly started, is jeresumably much 
greater. The answer to this is two-fold. In the first place, if the material becomes 
amorphous round all, or nearly all, the crystals of a piece of metal, it is evident that it 
will contract as a whole and no great tensile stress will be set up. In the case* where 
only a few crystals yield, the tension arises from the rigidity of the untihanged surrounding 
metal. 

In the second place, even if some crystals do crack, the cratiks will not, in general, 
tend to spread through the ductile cores of the neighbouring (;rystala, uiJess the a})plied 
load is alternating, on account of the equalisation of stress due to yield. 

The safe limit of alternating stress will usually be less than the ap])arent stress 
necessary to initiate yield in a static test, on account of initial stresses, including those 
due to unequal contraction of the crystals. 

The theory indicates that the cracking of the first (irystal marks a crilical point in 
the history of the piece. At any earlier stage the effects of the previous hiading may 
be removed by heat treatment, or possibly by a rest interval, but once a (uack has 
formed this cannot be done. True, the tension may be relieved and the ruptured 
crystal may even be compressed somewhat, but this caimot, in general, close the cra(;k, 
as cracking is not a “ reversible ” operation. An exception may occur if th(^ tojj 
temperature of the heat-treatment is sufficient to bring the molecules on eithei side 
of the crack within mutual range by thermal agitation, but it is unlikely that, this 
can happen save in the case of very small cracks. 

If this theory is correct, it appears at first sight that the phenomenon of fatigue 
failure must be confined to substances which contract on decrystallising. This, however 
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is not necessarily so. If, for instance, a small thickness of material at the interface 
between two crystals were to increase in volume, it could not be said without proof 
that tensile stresses would not be set up thereby, in addition to compressions. In 
some cases, in fact, it is obvious that there must be tensioixs. Thus, if the outer layer 
of a sphere increases in volume, the matter inside must be subjected to a tensile stress. 

The effect of overstrain on the density of metals is at present under investigation 
at the Royal Aircraft Establishment. The work is not yet sufficiently complete for 
detailed publication, but it niay be mentioned here that the expected change in density 
has been found, and that the results already obtained are such as to leave little room 
for doubt that this change is in fact the cause of fatigue failure in metals. Thus, in 
overstraining mild steel by means of a pure shearing stress, a decrease in average 
density of as much as 0*25 per cent, has been observed. 

Some progress has also been made in the direction of estimating the internal stresses 
set up as a result of the change in density, and it has been found that an average change 
of the magnitude mentioned above could give rise to a hydrostatic tensile stress in the 
cores of the crystals, of the order of 30,000 lbs. per sq. inch. 

Dealing now with materials whose molecular sheet-formations are curved, it is at 
once evident that all yield, or slide, phenotnena must be absent, as possible gliding 
planes do xu)t exist. Thus, this case, though geometrically more complicated, is 
practically much simpler than that in which the sheets are plane. The theoretical 
properties of materials having the curved type of formation appear to correspond 
exactly with those known to belong to brittle “ amorphous ” substances. Exactly 
as in the case of crystalline materials, elastic after-working is explained by the inferor 
stability of molecules near the boundaries of the units of molecular configuration, but 
elastic hysteresis should not occur. If adequate precautions are taken to avoid secondary 
tensile stresses, fracture of short (;olumns in compression should o(5cur at stresses of an 
altogether higher order than in the case of crystals. In this connection it may be 
remarked that the compressive strength of fused silica is about 26 times as great as 
its ordinary tensile strength. 

It appears from the foregoing discussion that the molecular orientation theory is 
capable of giving a satisfactory general a<‘count of many phenomena relating to the 
mechanical properties of solids, though closer investigation will perhaps show that 
the agreement is in some cases superficial oidy. Such questions as the effects of unequal 
cooling, foreign inclusions and local impurities, and the behaviour of mixtures of 
different crystals, have not Ixeen dealt with ; it is thought that these are matters of 
detail whose iliscussion cannot usefully precede the establishment of the general 
principles on which they depend. 

9. Practical Limitations of the Elastic Theory. 

It is now possible to indicate the directions in which the ordinary mathematical 
theory of elasticity may be expected to fail when applied to real solids. 



THE PHENOMENA OF RUPTURE AND FLOW IN SOLIDS. 


19S 


It is a fundamental assumption of the mathematical theory that it is legitimate to 
replace summation of the molecular forces by integration. In general this can only 
be true if the smallest material dimension, involved in the calculations, is large compared 
with the imit of structure of the substance. In crystalline metals the crystals appear, 
from the foregoing ijivestigation, to be anisotropic and the\ must therefore be regarded 
as the units of structure. Hence tlie theory ot isotropic homogeneous solids may 
break down if applied to metals in cases where tlie smallest linear dimension involved 
is not many times the length of a crystal. 

Similar considerations apply to solids such as glass, save that here the units of 
structure are probably curved. 

The most important practical case of failure is that of a re-entrniit- angle or groove. 
Here the theory may break down if the radius of curvature t)f the re-e)itering Ciorner 
is but a small number of crystals long. An extreme instance is that of a surfacte 
scratch, where the radius of curvature may be but a fraction of the length of the 
crystals. 

In the case of brittle materials the generaj nature of the effect of scratches on strength 
may be inferred from the theoretical criterion of rupture enunciated in section 2 above. 
Whether the material be isotropic or anisotropic, homogeneous or heterogeneous, it is 
necessary on dimensional grounds that the strain energy shall depend on a higher power 
of the depth of the scratch than the surface energy. It follows that small scratches 
must reduce the strength less than large ones of the same shape. Hence, where the 
tenacity of the material, under “ uniform ” stress, is determined by the presence of 
“ flaws," it must always be possible to find a certain depth of scratch whose breaking 
stress is equal to that of the flaws. Evidently such a scratch can have no influence 
on the strength of the piece. Deeper scratches must have some weakening effect, 
which must increase with the depth, until in the limit the strength of very large grooves 
may be found by means of the elastic theory and the appropriate empirical hypothesis 
of rupture. 

In the case of ductile metals, the effect of scratches is important only under alternating 
or repeated stresses. On the theory advanced in the preceding section, fatigue failure 
under such stresses is determined by phenomena which occur at the intercrystalline 
boundaries. Hence the strength of a scratched piece is fixed, not by the maximum 
stress range in the comer of the scratch, but by the stress range at a certain distance 
below the surface. This distance cannot be less than the width of one crystal, and it 
may be greater. Elastic theory suggests that the stress due to a scratch falls off very 
rapidly with increasing distance from the re-entrant comer, so that the relatively small 
effect of scratches in fatigue tests is readily explained. 

Possibly many published results bearing on this matter depend more on initial skin 
stresses than on sharp comer effects. 
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10. Methods of Increasing the Strength of Materials. 

The most obvious means of making the theoretical molecular tenacity available for 
technical purpose.s is to break up the molecular sheet-formation and so eliminate the 

flaws.” In the case of crystalline material this has the further advantage of eliminating 
yield and probably also fatigue failure. 

In materials which normally have curved sheets, the molecular fields of force are 
presumably asymmetrical, and the process indicated above woiild lead of necessity 
to a rand(»m arrangement, which might be unstable. It has been seen that in glass 
and fused silica it is actually unstable, except in the case of the finest fibres. 

As regards crystalline materials, however, in which the fields of force niust have 
some sort of symmetry, there seems to be no reason why there should not be possible 
a very fine grained stable configuration, which could be derived from the oidinary 
crystalline form by appropriate rotations of certain molecules to now positions of stable 
equilibrium, in such a way as to break up the gliding planes. The grain of such a 
structure need be but a few molecules long, and its strength would approximate 
t(» the theoretical value corresponding with the heat of vaporisation. 

There is some evidence that mild steel which has been put into the amorphous 
condition by over-strain tends, under certain conditions, to take up a stable fine-grained 
formation of this kind, in preference to resuming its original coarse crystalline configura- 
tion, in that a temperature of 0° C. appears to prevent recovery from tensile over- 
strain.* 

These considerations suggest that if a piece of metal were rendered completely 
amorphous by cold-working, and then suitably heat-treated, its molecules might take 
up the stable strong configuration already described. The theory indicates, however, 
that over-straining tends to set up tensile stresses in the unchanged parts of the crystals 
which may start cracks long before decrystallisation is complete. Such cracking could 
be prevented if the over-straining were carried out under a suflficiently great hydrostatic 
pressure, and this line of research seems to be well worth following up. It might, of 
course, be found that the requisite pressure was so enormous as to render the method 
unworkable, but if the theory is sound there seems to be no other reason why definite 
results should not be obtained. 

The problem may be attacked in another way. As has been seen, the theory suggests 
that the drop in stress at the initiation of yield is due to the surface energy of the inter- 
crystal boundaries. Thus the yield point may be raised by “ refining ” the metal, 
i.e., so heat-treating it as to reduce the size of the crystals. The limit of refinement is, 
doubtless, reached when each “ crystal ” contains but a single molecule and the material 
is then in the strong stable state already described. 

Refining is also of great value in coimection with resistance to fatigue failure. Suppose, 
in accordance with the foregoing theory of fatigue, that one crystal has been fractured, 

* CoKEB, ‘Phys. Rev.,’ 16, August, 1902. 
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then the general criterion of rupture shows that the crack cannot spread unless the 
material is subjected to a certain minimum stress, which is greater the smaller the crack. 
Thus, reducing the size of the crystals increases the stress necessary to cause the initial 
crack to extend. There is therefore a critical size of crystal for which the stress-range 
necessary to spread the crack is equal to that necessary to start it. Until the refining 
has reached that stage it can have no effect on the magnitude of the safe stress range, 
but from that point on the range must increase progressively with refinement until the 
limit is reached, as before, when each “ crystal ’ contains but one molecule. 

It therefore appears that refining is one avenue of approach towards the ideal state 
of maximum strength. Strangely enough, another line of argument suggests that the 
reverse of refinement might be effective in securing the desired result, in certain special 
cases. If a wire is required to withstand a simple tension, it seems that the best 
arrangement is that in which the strongest directions of all the molecules are parallel to 
the axis of the wire. This is equivalent to making the wire out of a single crystal. 
Tlie theoretical tenacity would not be obtained, however, if the gliding planes made 
with the axis angles other than 0“ C. and S0° C., as yield would occur. 

If, in passing from the normal crystalline to the strong fine-grained state, the necessary 
orientation of the molecules were p(!rformed in accordance with some regular plan, 
the resulting configuration would possess some kind of symmetry, and the material 
might therefore exhibit crystalline properties. In cases where a substance exists in 
nature in several different crystalline forms, of which one is much stronger than the 
others, it may be that the strong modification is of the fine-grained type here considered. 
Thus, diamond may be a fine-grained modification of carbon. If this view is correct, 
it suggests that the transformation of carbon into diamond requires, firstly, the existence 
of conditions of temperature and pressure imder which diamond has less potential 
energy than carbon ; and, secondly, the provision of means for causing relative rotation 
of the molecules. In the attempts which have so far been made in this direction, 
attention seems to have been concentrated on satisfying the former requirement, the 
possible existence of the latter one having been overlooked. The most obvious way 
of satisfying it, if the mechanical difficulties could be overcome, would appear to be 
the application of suitable shearing stresses in addition to the hydrostatic pressure. 

11. Application of the Theory to Liquids. 

A detailed discussion of the properties of liquids, in the light of the present theory, 
would scarcely fall within the scope of this paper. One prediction which has been 
made, however, and which has been verified experimentally, affords such a remarkable 
confirmation of the general theory that it is felt that no apology is necessary for 
introducing it here. Consider a solid composed of molecules whose attraction is a 
fimction of orientation, the molecules being arranged in groups, in 'accordance with 
the theory outlined in the preceding pages. If the temperature of this body be supposed 
to be increasing, it will be seen that at some temperature the kinetic reactions due to 
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the thermal vibrations must overconre the minimum attractions of the molecules in each 
group. It is clear, therefore, that at this temperature the substance will be unable to 
withstand shearing stresses. At the same time it cannot vaporise, as the molecules 
must still be held together in chains by their maximum attractions. In other words, 
the transformation which has been discussed is .simply the liquefaction of the solid. 

This view of the phenomenon of melting indicates that the molecules of liquids are 
in general arranged in groups or chains, of a length comparable with that of the 
struc/ture ascribed to solids in the preceding work, or, say, 10* molecules. 

If, therefore, a liquid be contained in a solid boundary which it wets, the ends of 
these chains may be expected to attach themselves to the solid ; and if at any point 
the distance between the boimding walls is less than the length of the chains, some of 
the latter will attach themselves to both walls and hinder the free flow of the liquid 
and the relative movement, if any, of the boundaries. At such a point the liquid will 
act as a solid under any stress which is insufficfent to break the chains. 

This has been verified experimentally. The apparatus con.sisted of a polished steel ball 
1 inch in diameter, and a block of hard tool i^teel containing a circular hole about 4 inches 
long. The hole was (carefully ground, after hardening, to a diameter about 0*0001 inch 
greater, at its smallest part, than the diameter of the ball. When both were dry the ball 
passed freely through the hole. If, how'ever, they were wetted with a liquid, consider- 
able pressure was necessary to force the ball through. This resistance possessed the 
characteristic “ sticldness ” of solid friction, and w'as exactly the kind of resistance 
which would have l)een expected in forcing the dry ball through a hole which was too 
sjnall for it. 

To show that the resistance was a true “ solid stress ” and not due merely to viscosity, 
the apparatus was on one occasion left for a week, with the w'eight of the ball supported 
by the stress in the liquid (paraffin oil). The hole was vertical, so that there w^as no 
normal pressure between its surface and the surface of the ball. During this period 
no motion w'hatever could be detected. 

It is essential to the success of these experiments that the ball and hole should be 
thoroughly wetted by the liquid. For this reason the liquids used have been chiefly 
pa.raffin oil and lubricating oils, but on one occasion the effect was obtained with water. 

The present theory suggests a reason for the very low tensile strength of liquids. 
If a liquid is composed of a random aggregation of chains of molecules, it may reasonably 
be expected to contain regions of dimensions comparable with, but smaller than, the 
length of the chains, across which no chains run. Rupture of the liquid will evidently 
occur by the enlargement of these cavities. Now the tension, R, necessary to enlarge 
a spherical cavity of diameter, 1), in a liquid of surface tension, T, is given by 

R = 4T/D. 

* . 

In the case of water, the tensile strength, R, is about 70 lbs. per sq. inch at ordinary 
temperatures, while T is about 0*00042 lbs. per inch. Hence the cavities, if spherical, 
must be at least 0 * 000024 inch in diameter. This is of the order indicated by the theory. 
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The foregoing conclusions are of especial interest in their relation to the theory of 
Rosenhain,* on which many of the properties of metals, and particularly “ season 
cracking ” under prolonged stress, are explained by supposing that the crystals are 
cemented together l)y very thin layers of amorphous material having the properties 
of an extremely viscous undeicooled liquid. The experiments described above show 
that fluidity is not a property which can be ascribed a priori fo such films. Hence 
if the view of Rosenhain and Archbiitt were t(j be definitely established, it would 
be necessary to regard it, not as a theory of season crac-king in terms of the known 
properties of materials, but as a deduction of the properties of the intercrystalline 
layers from the phenomena of season cracking. Looked at in this way, it would be 
of extreme interest, for it would show that the molecular arrangement of the inter- 
crystalline layers could not be of the coarse-grained type characteristic of the nornial 
states of solids and liquids. 

It is clear that the foregoing theory bf liquids is not free from objection, and that in 
some respects it appears to be less satisfactory than existing theories. The most 
obvious objection is that it seems to be 'iicompatible with acce})led determination of 
the molecular weight of liquids. Since, however, these experiments are based ultimately 
on Ivinetic considerations, the author believes that this difficulty will not in fact arise 
unless the requisite lionds beWeen the molecules of each group are found to be sufficiently 
strong to cause appreciable modification of the average molecular kinetic energy. 

12. Summary of Conclusions. 

(1) The ordinary hypothesis of rupture carmot be emjiloycd to predict the safe range 
of alternating stress which can be applied to metal having a scratched surface. 'I’lie 
safe range of an unscratched test piece apjiears to be slightly less than the yield range, 
but if the surface is scratched the safe range may be several times the range which 
causes yield in the corners of the scratches. 

(2) The “ theorem of minimum potential energy ” may be extended so as to be capable 
of predicting the breaking loads of elastic, solids, if account is taken of the increase of 
surface energy which occurs during the formation of cracks. 

(3) The breaking load of a thin plate of gla.ss having in it a sufficiently long straighl 
crack normal to the applied stress, is inversely proportional to the square root of the 
length of the crack. The maxitnum tensile stress in the corners of the crack is more 
than ten times as great as the tensile strength of the material, as measured in an ordinary 
test. 

(4) The foregoing observation is in agreement with the known fact that the observed 
strength of materials is less than one-tenth of the strength deduced indirectly iron) 
physical data, on the assumption that the materials are isotropic. The observed 

* W. Rosenhain and D. Ewen, “ Intercrystalline Cohesion in Metals,” ‘ J. Inst. Metals,’ vol. 8 (1912) ; 
and W. Rosenhain and S. L. Archbutt, “ On the Intercrystalline Fracture of Metals under Prolonged 
Application of Stress (Preliminary Paper),” * Roy. Soc. Proc.,* A, vol. 96 (1919). 
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strength is, in fact, no greater than it would be, according to the theory, if the test 
pieces contained cracks several thousand molecules long. 

(5) It has been found possible to prepare rods and fibres of glass and fused quartz 
which have a tenacity of about one million pounds per square inch (approximately 
the theoretical strength) when tested in the ordinary way. The strength so observed 
diminishes spontaneously, however, to a lower steady value, which it reaches a few 
hours after the fibre has been prepared. This steady value depends on the diameter 
of the fibre. In the case of large rods it is the same as the ordinary tenacity, whereas 
in the finest fibres the strength diminishes but little from its initial high value. The 
relation between diameter and strength is of practically the same form for glass fibres 
as for metal wires. 

(6) If it is assumed that intermolecular attraction is a function of the relative 
orientation of the attracting molecules, it is possible to construct a theory of all the 
phenomena mentioned in (3), (4) and (6) above*. In the case of crystalline substances 
the theory also appears to explain yield and shearing fracture ; elastic hysteresis ; 
elastic afterworking ; the fracture in tension, of ductile materials and the flow of brittle 
materials under combined shearing stress and hydrostatic pressure ; the drop in stress 
which occurs on the initiation of yield in ductile substances ; fatigue failure under 
alternating stress ; and the relatively slight efiect of surface scratches on fatigue 
strength. In the case of non-crystalline materials the theory explains elastic after- 
working and the great strength of short columns in compression. 

(7) The theory shows that the application of the mathematical theory of homegeneous 
elastic solids to real substances niay lead to error, unless the smallest material dimension 
involved, e.y., the radius of curvature at the corner in the case of a scratch, is not many 
times the length of a crystal. 

(8) It should be possible to raise the yield point of a crystalline substance by 
“ refining ” it, until at the ultimate limit of refinement the yield stress should be of 
the same order as the theoretical strength. It should also be possible similarly to 
increase the tenacity. Up to a certain stage the fatigue range should be unaffected by 
refining, but thereafter it should increase in the same degree as resistance to static stress. 

(9) The theory requires that a thin film of liquid enclosed between solid boundaries 
which it wets should act as a solid. Experimental confirmation of this has been obtained. 

In conclusion, the author desires to place on record his indebtedness to many past 
and present members of the staff of the Royal Aircraft Estabhshment for their valuable 
criticism and assistance, and also to Prof. C. F. Jenkin, at whose request the work 
on scratches was commenced. 

[Note . — It has been found that the method of calculating the strain energy of a cracked plate, 
which is used in Section 3 of this paper, requires correction. The correction affects the numerical values 
of all quantities calculated from equations (6), (7), (8), (10), (11), (12) and (13), but not their order of 
magnitude. The main argument of the paper is therefore not impaired, since it deals only, with the order 
of magnitude of the results involved, but some reconsideration of the experimental verification of the 
theory is necessary.] 
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1. IntrodiLCtory, — This paper is a development of two eaHier papers,* which for 
brevity I call “Reduction” and “Fitting” respectively. The papert immediately 
preceding “ Fitting” is referred to as “ Factorial Moments.” 

These earlier papers deal with two problems, which ai-e closely connected and have 
the same solution. For both of them, the data are a set of quantities u.j, ... o(‘ 

the same kind, which we regard as representing certain true values /7a, ..., 

with errors Cq, ej, Ca, ..., so that ?/,. = These errors may be independent or 

may be correlated in any way. The first problem is based on the assumption (which 
defines the class of cases we are dealing with) that tlie sequence of is fairly 
regular, so that differences after those ot a certain order, which we will call,/, are 
negligible. This being so, we may alter any or any linear compound of the 7 /s, 
such as an interpolation-formula, by adding to it any linear compound of the neg- 
ligible differences. (I use tlie term “linear compound” in preference to “linear 
function,” since there is no consideration of functionality.) The problem is to find 
the value of the resulting sum when, by suitable choice of tlie coefficients in the 
added portion, the mean square of error of the sum is a minimum. This is the 
problem of “ reduction of error.” For the second problem it is assumed that is a 
polynomial in r of degree and the problem is to find tlie coefficients in this poly- 
nomial by tlie method of least squares. This is the problem of “ fitting.” 

The practical solution of* these problems for the general case, in which the errors 
are correlated, is not easy. The particular case which is simple is that in which 
the errors all have the same mean square, whicli by a suitable choice of unit is taken 
to be 1, and the mean products of error are all 0. (In the previous papers I have 
called this system of' errors the standard system ; in the present paper the set of 
which possesses this property is called a self-conjugate set.) In “ Reduction ” I gave 
the solution for this particular case in terms of central differences, and in “ Fitting ” 
I gave the solution in terms of advancing differences and of advancing and central 
sums, formed in a particular way. I also gave expressions in terms of the uh, but 
these were rather complicated. It remained to obtain expressions for the mean 
squares of error of the new values, in order to compare them with those of the old 

* “ Eeduction of Errors by means of Negligible Differences,*^ ‘Fifth International Congress of 
Mathematicians,’ Ci^mbridge, 1912, ii., 348-384; “Fitting of Polynomial by Method of Least Squares,** 

‘ Proceedings of the London Mathematical Societ}^* 2nd series, xiii., 97-108. 

t “ Factorial Moments in terms of Sums or Differences,** ‘ Proceedings of the London Mathematical 
Society,’ 2nd series, xiii., 81-96. , 
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values. In doing this I found that the whole of the work could be very much 
simplified by using certain general theorems, which applied not only to the special 
case of the standard system but also to the general case, and even to a still more 
general problem in which, in the one aspect, the reduction of error is effected by 
means of quantities which are not necessarily a set of differences, or in wliich, in the 
other aspect, is not necessarily a polynomial in r of degree^/ but is a linear com- 
pound, with coefficients to be determined, of anyy-f 1 functions of r ; and the present 
paper is mainly concerned with these general theorems, so that to a certain extent it 
supersedes the previous papers. 

The abbreviations l.c., m.s.e., m.p.e., are used for linear compound, mean square of 
error, mean product of errors. The mean square of error of A is denoted by (A ; A ), 
and the mean product of errors of A and B by (A ; H) oi* {li ; A). Other special 
notations used in the paper are the same as in the three papers mentioned* at the 
beginning of this section, or are explaii^ed in 5 (iii.), 7, 17, and 20. 


(!onjuga*te Sets. 

2. Conjugate Set. — (i.) Let A, li, (7, be a set of quantities, not necessarily all 

of the same kind, containing coexistent errors which are either independent or 
correlated in any way. For the purpose of the following investigations it is 
convenient to consider, in connexion with these quantities, another set of quantities, 
G, H, •/, K, , equal to them in number and connected with them by the conditions 
that (l) each quantity of the second set is a l.c. of those of the first set, and (2) the 
m.p.e. of corresponding members of the two sets is 1 and that of members whicli do 
not correspond is 0. If* we replace the quantities of tiie two sets by A^, Au ••• > 
and G()j Gi, , we can express this latter condition by saying that m.p.e. of 

and Ag = 0 (s 7*^ r) or 1 (.s‘ = ?•), The second set of quantities is said to be conjugate 
to the first. 

(ii.) Let the member of the second set which corresponds to C of the first set 
be J. To determine t/, let us write 

J = aA^-hB'VcC-vdD-\^ 

Then, denoting the m.p.e. of A and B by {A ; /?), condition (2) gives 

{A ; A) a -h( A ; B) h-h (A ; C)c-h(A ; IJ) d-h... =0, 

(B ; A)a + {B ;B)b^{B ; C) c + ; I>) ... =0, 

{C ; A)a + (C ; B)b-i-(C; C)c + {C;D) ... = 1, 

A)a-^{D ; B)h^{D ; C) c-f (D ; I>) ^4 . . =0,’ 

&c. 

2 F 2 
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There are as many equations as there are coefficients a, h, c, d, ; and the values 
of these are thus tmiquely determined. 

(iii.) The values of a, h, c, ... as found from the above equations have as their 
denominator the determinant 

e = j (A ; A) (A ;B) (A ;C) {A ;D) .. . 

(B ; A) {B : B) {B ; C) {B ; D) . . . 

{C ; A) {C : B) {O ; (J) {C ■,!))... 

{D ; A) {D ; fi) (2> ; C) {D ■, D) . . . 


There is therefore no conjugate set if this determinant is zero. The nature of the 
relations which in this case hold between the errors is considered in Appendix L, § 3. 

(iv.) Since the members of the conjugate set are l.cc. of those of the original set, 
the converse also bolds. Kegrouping the equations which determine the coefficients, 
it will he seen that the original set is conjugate to the conjugate set; i.e., that the 
two sets are conjugate to each other. The formulse for the members of the original 
set in terms of those of the conjugate set are 

A =(A; A)G+{A ; B)n-v{A ; C) J+..., ' 

B =^{B •,A)(i + {B ; B)ll+{B ■,C)J+..., 

> ( 1 ) 

C = {C A)a+{C ; B)H+{C C)J+.... 

&c. 

'I’hese follow from tlie solution of the equations in (ii.), by the ordinary properties 
of detei'ininants ; or they may be obtained more simply by determining the 
coefficients of G, II. J, ... in each case from the second of the conditions stated 
in (i.). 

(\). By means of these relatioTis we can not only express any l.c. of the quantities of 
either set in tenns of those of tlie other set, but we can also express any such l.c. in terms 
of particular quantities of one set and those of the conjugate set which correspond 
to the remaining quantities. We can, for instance, express any l.c. of G, H, J, K, ... 
in terms of A, B, .7, K, ... by using the first two equations in (l) to determine 

(i and II in terms of A, B, J, K, The results involve a certain determinant in 

the denominator ; it is shown in Appendix I., § 4, that this is not zero if 0 is not zero, 
(vl.) Two special cases may be mentioned : — 

(«) If the errors of A, B, C, D, ... form a standard system, i.e.. if the m.s.e. of 
each of the quan,*jities is 1 and the m.p.e. of each pair of quantities is 0, the conjugate 
set is identical with the original set ; and conversely. A set which is identical with 
the conjugate set will lie called a self-conjugate set. 
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(b) If the m.p.e. of each pair of quantities of the original set is 0, but the m.ss.e. 
are not all 1, this is also the case for the conjugate set. The original set l)eing 
A, B, C, , the quantities of the conjugate set are A /{A ; A ), B/{Ji ; B), C/{ C \ C\ ... : 

and their m.ss.e. are ll{A ; A), ifiB ; B). l/(C' ; C) 

3. Belatioris between (Original Set and Conjugate Set. — For expressing a ineml>er 
of either set in terms of the members of the otlier set, it is convenient to give tliem 
a linear order. We therefore denote the members of the original set by d,, ... 8, 


and tliose of the conjugate set by o-,, a,, <r„ ... tr,. Also we write 

^r.t = ni.p.e. of 8^ and <5, = f,., (2) 

= m.p.e. of and (t, = i/,,, (3) 

(i.) The condition of conjugacy is that (r = 0, 1, 2, ... / ; / = 0, 1, 2, ... /) 

m.p.e. of (1, and <r, = 0 (?• t) or ](/• = /) (4) 


(ii.) The expression for 8^ in terms of the <r’s is {cf. § 2 (iv.)) 
[For, if we write 

(5,. = + ^i<ri + a./T.i + . . . + aicr I, 

then (2) and (4) give 

f,. f = m.p.e. of Sf and a„(ru + a,(ri + ...+aieri 
= ««•] 

(iii.) Similarly the expression for a-t in terms of the rl’s is 

(ft = »?(>, A + *ll. A + rii.A + ’ll. t8i- 


(r.) 


( 6 ) 


If we write 


Z = 


f’s 

and 

the t]B 

are easily deduced from (5) and (6). 

fo.o 

fo.i 

fo. 2 • • 

• fo, 1 

, (7) 

fi.o 


L. ■ • 

■ ki 




ku . • 

. k.i 


, 0 

^1,1 

k. . . 




Z,,, = cofactor of in Z = Z, ,,, 


( 8 ) 
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then 


^ 0.0 *? 0.1 f 

*7l,0 *Jl,l •?!, 2 • • • ^1,1 

^ 2,0 ^/ 2.1 ^ 2,2 • • * *J2,l 


I ^1,0 %1 *ll,2 •’ * I I 

Hp., = cofactor of i,p., in H = H,.p, (lO) 

’Ip.g—^P.J^y (11) 

^p..= Hp.,/H, (12) 

HZ = 1 (13) 


(v.) The assumption that there is a conjugate set implies {cf. §2(iii.)) that 
Z is not = 0. It follows from (13) that H is not = 0. It also follows (see 
Appendix I., §4 (?>)) that none of the principal minors of Z or of H are = 0. 

4. Two Related Pairs of Conjugate Sets. — (i.) Suppose that there is another set 
of Z + 1 quantities Uy, u.^, ... Ui, connected with the S’b by the linear relations 
(r = 0, 1, 2, ... 0 

Ur = (n) S^+{ri)S^ + {r.j)S.,+ ... + {r,)Si (14) 


Then, by the condition of conjugacy of the S’b and the tr’s, 

(r,) = m.p.e. of and cr,. 


(15) 


Let the set conjugate to u„, u,, u.^, ... Ui be y„, y^, y^, ... yi. Then there are linear 
relations between the ys and the u’b and between the o-’s and the S’b, and therefore also, 
by (14), between the y’s and the <r’s. To find the o-’s in terms of the yB, we write (15) 
in the form 

(r,) = m.p.e. of o-, and ; 
and we see that {t = 0, 1, 2, ... /) 

•Tt = (h«)yo+ (l«) ^1+ (2() y.i+ ... + {Q yi (16) 


(ii.) Similarly, if the expression for the S’b in terms of the h’b is (s = 0, 1, 2, ... 1) 


S, = {so} ‘Wo+ {«i} ^1+ {«»} ^8+...+ {«j} u„ (17) 

where, by (14), 

(n){0,} +(r,){L} +...+ (r,){i,} = 0(r ?£ 0 or 1 (r = 0, • • • (18) 

{«o} (0,) + {sj (1, )+...+ {«;} (Z,) = 0(r <) or ] (r = ^), . . . (19) 

{«,} = m.p.e. of S, and y,, (20) 

Vt = {1«}<»’J+ {2,} <rs+...+ (21) 

« 


then 
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(iii.) The above relations can be expressed diagrammatically, thus ; — 



X 

X 

X 

X . . . 

• 

m 

b 


X 

X 

X 

X . . . 

b 


X 

X 

X 

X . . . 



X 

X 

X 

X . . . 



?/,» 


?/., 

?/3 . . . 






ec 

^ . • 




• 





The crosses represent the ( ) coefficients if they are the coefficients of the (?’b in 
the u’s and of the ^’s in the ir’s, and the { } coefficients in the converse case. 

(iv.) Similarly, if we write (r = 0, 1, 2, ... I ; t = 0, 1, 2, ... 1} 


[rj = m.p.e. of jy, and at, (22) 

then 

Vr — [^l>] ^0+ [^l] <^1+ [^ 2 ] ••• + ("3) 

<’■< — [b«] ''/'o+ [l<] '^>■1 + [2|] U.J+ ...+ [^,] Ui (24) 


5. Slims as Conjugates of Differences . — The cases of importance are those in 
which the ^’s are successive differences of the n's. It will be found that in these, 
cases the as are l.cc. of successive sums of the ys. 

(i.) Let the ^’s be the advancing differences of the ?/’s, i.e. 

K = '<h, <^1 = Att„, = AX. •••• 

Then the diagram for the ( ) coefficients is 


^0 


0 0 0 1 . . . : 

0 0 1 3 . . . 

0 1 2 3 . . . 

1 1 1 1 . . . j 


Mj, M3 . . . 




9% 


b 

b 

b 

€ 
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80 that 

<’■(1 = + + •••+?/(» 

0-1 = 2/i + 22/;; + 32/3+ 4^4 4-...+/^,, 

o’a = 2/2 + 3^3+62/4+102/5+. ..+^Z(Z—l) 2/(, 

and, generally, 

<7 = 2//+(y+l> l)2//+i + (y+2, 2) 2/y^^.3+ ... + (Z, y*) Vi 

= 'i' {q,f)y,; (25) 

Q-/ 

or, in the notation of* “{Fitting, ” § 4, and “ Factorial Moments,” 

«y=2:"/^«2/y (26) 

The (t’b can be obtained by successive summations of the y/’s in nsverse order, i.e. 
from pi to y/u, as shown in the following diagram, in which the crosses represent 
<intries in a sum- or difference- table : — 


0 

0 

(ft 



(ii.) Let the ^’s be the central differences of the us. Then it will be found in the 
same way that 

(a) If the us are tt#, Ui, u^, ... Wj^,, so that 

^0 ^1 " ™ ^ "U,!, ^3 W,,, . . . , 

f 
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then 


(^) 


then 


<^2/1= ^ 2/' ) 2/„+r. (27) 

r — —11 

^ ^ ~ l] /Ai + r {2H) 

7 * — — 71 

ir the 'ti’s avi' 7<,„ 7<,, ... 8o that 

•I = ,1, = (t, = 

cr,A_, = ['--i, 2// -1) (29) 

r = - rt +1 

^ 2 h -2 ^ ^ ('^’“■^7 

r=c - n + 1 


(iii.) The values given by (25)-(30) hiay be expressed in terms of successive sums 
by the formulae given in ‘‘Factorial Moments/' The notation, however, can be 
simplified. Suppose that we have a set oi»* (juautities Fu Kj, ... corresponding 

to values ... 0, 1, 2, ... of some variable, and that w(^ form tlie talfie of successive 
differences (and also, if we lik(^, of successive sums) of the F s. Then the Lagraiigian 
formula for Fg in terms of F^jy F^^^y ... which can be exjm^ssed in a good many 
different ways, may be regarded as the forniula for it in terms of the whole 
(unlimited) set of differences (and sums) which form a tri.angle with its apex 
at A^F^; and we can denotes it by L {Fg ; A^Fj,\, With this notation, the above 
results may be written 


(25) 

<7 


f/f * Jt^o y . . . . 

. . . (31) 

(27) 

^‘Jh 

II 

+ 

."•//« + ( fj,,. n-l 

. . . (32) 

(28) 

^2h-l 


^Hn-^1 I J( - -7*-*’ 

. . . (33) 

(29) 

^2h - 1 

= [L [ —na''}),, 


. . . . (34) 

(30) 



. i-l/ = n + d 

f + ^ -if - — /M i 

. . . (35) 


The L is distributive as regards the first member inside the I | ; c.r/., in the case 
of (31), 

A(r,+Ba-t = [L '• 

(iv.) More generally, suppose that the S'b are the successive^ diff'erences of the iih 
according to any system of diffiireiices ; by which we mean that is eitlier a definite 
difference of the t^'s of order .s* (the uh themselves being differences of order O) or a 
l.c. of such differences. Then (rj of (14) is a polynomial in r of degree ty and <t< is 
VOL. ooxxi. — A. 2 G 
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q^l 

of the form Z (g) y^, where (g) is some polynomial in g f>f degree It follows 

g = (i 

that any l.c. of (t^, o-,, ... cr^ is also of tliis form. 

(v.) If we denote the moment of the ys by Mf, them Mf is of the form 

<1 = VI 

^ 'Pf {9) Vq- Hence o-, is a l.c. of Mn, M^, M.,, ... M, ; and Mf is a l.c. of o-u, or,, 0 - 2 , ... a-f 

(J 0 

More generally, any l.c. of cr^, o-i, fTi,, ... is a l.c. of M^; and 

conversely. 


Reoitotion of Error (General). 

6. (leneral TJteoy'ems. —Lvt A, B, C, ... I\ Q, /?,... be a set of quantities as in § 2, 
but all of the same kind. If 

w = aA-^hB + cC-\- ... (with or without terms in P, (J, R, ...), 
rr = iv^pP^^qQ + rR^ ... , 

where a, ft, c, ... are fixed and jp, g, r, ... an^ arbitrary, and if we choose p, r, ... 
so as to make the m.s.e. of x a minimum, tlie resulting value of x is called the 
improved vahie of w, using P, Q, K, ... as auxiliaries. The following are general 
theorems ; some are quite elementary, but it is convenient to state them here. The 
specially important theorems are (TIT.) and (Xlll.). The assumption mentioned 
under (VI.) should be noted. If strict proofs of (I.) and (IT.) are required, the 
method should be that of Appendix I., § 2. 

(I.) The vi.p.e. of A and any l.c. of A, B, 0, ... is the same l.c. of the m.pp.e. of 
A and A, B, 0, ... [i.e., m.p.e. of A aud aA +hB + cC+ ... is a (A ; A)+h{A ; B) + 
c(A ; 6') + ...]. 

(II.) 77ie m.s.e. of aiiy l.c. of A, B, C, ..., or the m.p.e. of any two such l.cc., is 
found by squarhtg the former or multiplying the latter and replacing squares and 
products by the corresp(»i,din.g m.ss.e. and m.pp.e. [i.e., m.s.e. of aA+bB+cC+ ... 
= anA ] A) + 2ab {A : B) + b^ {B ; B) + 2ac {A ; C) + 2bc (B ; C) + (C ; 6') + • • •. and 
similarly for m.p.e. of aA + bB + cC+ ... and a'A +b' B-\-e'C+ ...^. 

(III.) If the improved value of A, using certain au.riliaries, is A + a, then the 
m.p.e. of A+a and each of the aaxilianes or a or a'ny other l.c. of the auxiliaries is 
zero. [Let the auxiliaries Ikj B, Q,I{,..., and let A-^a. = A+pP + qQ-\-rR+ ... . 
Then the m.s.e. of A + {p-\-B) P + qtj-\-rl{+ ... {= A -{-a + BP) is {A+a;A-ha) + 
26{A + a ; P) +B’‘(/* ; J*). In order that this may be a minimum for 0 = 0, 
(A+a.; P) must be zero. Similarly for (A-{ a ; (j), (A+a ; B), .... This proves the 
first part of the theorem ; the second then follows from (I.).] Hence 
* (IV.) jy the imp^’oved values of A and of B, using in each case the same set of 
auxiliaries, are A + a and B + /8, the m.pp.e. of A + a and B + pi, of A + a and B, and 
of A and B + /8, are all equal ; and 



REDUCTION OF ERROR BT LINEAR COMPOUNDING. 


20'J 

(V.) If the improved rahie of A, using certain auxiliaries, is A + a, and that 
usin^ some only of these, is B + 8, the m.p.e. of A + a and B + /:I is equal to that of 
A + a and B. 

(VI.) Jf the impi-oved vahce of A, using P, Q, B, ... as auxiliai-ies, is 
A + pP + qQ + rB.+ . . . , the values of p, q, r, ... are given hy a set of liu.ear relations 
between p, q, r, ... and the. m.pp.e. <f A and P, Q, B,, ... . [Tlie equutions aro given 
by (III.), viz., since (A +pl* + g(i}+rll+ ... ; P) = 0, &c., 

(J ; P) p{P ■ 1>) +q {Q ; J>) +r{P ; P) + ... ^ 0, 

(A ; (J) p{P ; V) "^q {(J I 1’ {P + - •- = 0, 

{A : P)+p{P ; A) + 7(V : P)+r{R ; P) + ... = 0. 

itc. 


It is assumed that tli(‘ determinant 


(e 

p) {(J 

/’) 

(/•* 

/')... 

X 

V) (V 

(J) 

{r 

c^) . . . 

(e 

p) {<,) 

e) 

(/<': 

p) . . . 


is not zero ; t.e. (see § 2 (iii.)) that tliere is a set conjugaU* to /', (,>. P, ... .] 

(VII.) IA>r any pai'ticAilav set of (nu'lllaries there is one and oolij oufi vnipi'oeed 
value of A. [This follows fi*om tlie fact tha-t the e(|ua.tioiis in (VI.), on the 
assumption there stated, have one and only one^. sohdion.l Henc.(^ we. f^et the 
convei-se of (III.) : — 

(YTTT.) Jf X IS the snni if w ami a Lr, (f P, Q,, U, , ami if the 7n.p.e. if x and 
each of P, Q, K, ... is zero, then, x is the iinprored ralue (f \v, using I\ Q, K, ... as 
auxiliaries. As a particular case : — 

(TX.) If the m.p.e. of w and each of P, K, ... is zero, the improved value of w, 
using P, Q, 11, ... as auxdiaries, 'is the same as the origimd value. 

(X.) The vuiproved value if P, using P, Q, K, ... as auxiliaries, is P — P = 0. 
[This follows tiither from (VIII.) or from taking A = P in the equations in (VI.).] 
Hence 

(XT.) If w is a l.c. of A, B, (J, ... P, R, ... , the improved value of w, using 
P, Q, R, ... as auxiliaries, is the same as that (f the quantity obtained hy adding to 
w any l.c. of P, Q, R, ... ; and, conversely : — 

(XII.) If the improved values of w and of w', using in each case the same set of 
auxiliaries, are identical, then w and w' either are identicfd or differ by a l.e. (f the 
auxiliaries. 

(XIIL) If the improved values of A, B, C, , using in each case the same set of 

2 G 2 
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mixiliaries, are A -fa, Bf-/5, C-f y, ... , the improved value of any lx. of A, B, C, , 
using these auxiliaries, is the same lx. of A + a, B 4-/3, C + y, ... . [Let the l.c. of 
A, B, C, ... be u) = aA -\-hB + eC-l ... . We want to prove that x = <x(^-fa) + 
6 (7?-f f-c (C-hy) -f ... is its improved value. We can do this in either of two 
ways : 

(i.) By (ITT.), the m.p.e. of x and each of the auxiliaries P, Q, R, ... is zero ; and x 
differs from ?r by a l.c. of P, Q, R, .... Hence, by (VIII.), x is the improved value 
of using P, Q, R, ... as auxiliaries. 

(ii.) A more direct proof follows from the linearity of the equations mentioned in 
(VI.). It is not necessary to set out the proof here.] 

(XIV.) //* A, B, ... C, 1), ... P, Q, ... B, S, ...fall into two classes A, B, . . . P, Q, . . . 
a7id C, D, , B, S, ... , S7ich that the m.p.e. of each member of the one class and 
each member of the other class is ze/ro, then the improved value of a l.c. of any of the 
meiyibers, using P, Q, ... B, S, ... as auxiliarieSy is to be found by taking the two 
classes separatelyy i.e., by using P, if ... as auxiliaries for the terms in A , li, ... P, Q, . . ., 
and R, S, ... as auxiliaries for tlie terms in D, ... R, S, ... . [For the m.s.e. of 
-f . .. + cC-f- dZ) + . . . -f 4 -f ... -f f .svS-f ... is the sum of those of 
aA ^-hB-\- ...-\-Y)P-\^qQ-V ... aTid ct/f 77)4 ... 4^7^4tSvS?4 ..., since the m.p.e. of these 
latter is zero ; we cannot i*educe the m.s.e. of tlie first of them by abiding terms in 
7?, aS, , or that of the second of them by adding terms in P^ Q, ... ; and the result 
is therefore the same as if we considered them separately.] 

(XV.) If the irnpinwed value of w, rising P, (J, B, ... as auxiliarieSy is 
X = w4pP4/‘e?'m,<? hi Q, B, ..., this is also the imp^xved value of w4pP, rising 
Q, B, ... as auxiliaries. [For x differs from w-\-pP by terms in Q, R, ..., and the 
m.p.e. of X and each ol* Q, R, ... is zero.] This can be stated more generally as 
follows : — 

(XVI.) If the improved value of A, using a set of auxiliaries S, is A 4 a, and if 
ive divide S into two sets, and S., and the corresponding paits of ol are aiid 
(he7h A 4a is the hnpixrved i^alne of A 4 a,, using Sy as ayixiliaynes. [We may take 
... Py Q to be aSj, and J?, ... to be The theorem states that, if the improved value 
of Ay using ... Py Qy Ry ... y \s A^ ... -hpP-hq(J-j-rR-i- ..., this is also the improved 
value of .4 4 ... 4jr>7^4g^), using R, ....] 

(XVIT.) The following corollaries of (111.) may be noticed, though we shall not 
require them. If the improved values of A and of B, using in each case the same 
set of auxiliaries, are A -ha and B-h/8y then 

(1 ) (A-ha ; A-ha) = (A ; A) — {a; a) 

and 

(2) {A + a; B+fi) = (A ; /?)-(«; /3). 

» 

7. Notation : antd Particular Valuca. — (i.) Jt will now be convenient to adopt a 
linear arrangement of the quantities we are dealing with, and we therefore replace 
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A, B, C, ... P, Q, B, ...hj So, S,, S 2 , ... Sj^j, S^^^f ••• ‘V The order is quit<! arbitrary, so 
far as any general theorems are concerned ; but it will usually be convenient to place 
the auxiliaries last. If, for instance, we are using all but ;/+l as auxiliaries, we 
denote those not so used by So, S„ ... Sj, and the auxiliaries by Sj^^, S, ; the 
improved values are then denoted by ( )^. 

(ii.) We use the following notation ; — 

(e/)j = improved value of <5y. using ^’s after Sj ; 

= (e^)j = improved value of S,, using all subsequtmt (^’s ; 

E m.p.e. of (ey)j. and (ejj ; 

= (Xjj)j = m.s.e. of E^. 

Where there is no doubt as to the S’s used as auxiliaries, (e^}j and can be 

replaced by ty and Xy * 

(Hi.) By (X.) of §6 — 

U/)j = 0if/>j; (36) 

^ or .7 >./ • 

(iv.) By (IV.)- 

= ni.p.e. of (ty}j and S^ 

= m.p.e. of Sy and (e^}j 

Aj = m.p.e. of Ej and Sj . 

8. hnproved Values in te^'rns of Conjugates . — In “Fitting” I have given some 
formulae for im])roved values in t(‘rms of sums. These may he regar-ded as derivable 
from a general theorem relating to the expression of imj)i'oved values in terms of 
members of the conjugate set. The theorem is given by (XTX.) and (XX.) Ijelow ; 
(XYIII.) is a particular case. 

(i.) Take any one of the ^’s as ^o. By (6) — 

<’■(1 = 0 ^ 0 +'?!. 0 ^ 1 + ••• +' 7 (, o^e 

Hence o-„/%,o diffcn-s from (!„ by a l.c. of the other S’b. Also the m.p.e. of „ and 
each of these other ^’s is zero. It follows from (VIII.) of §6 that 0 - 0 /%, „ is tlu^ 
improved value of (!„, using the other S’a as auxiliaries. The m.8.e. of this improved 
value is >7o.o/('/,,.o)* = lAu.o- Hence — 

(XVIII.) The improved value of any member of the. original set, talcing all the. 
other members as auxiliaries, is the product of the corresponding member of the 
conjtigate set by a constant ; this constaiit being = the m.s.e. of the improved value. 
(ii.) The fii’st part of the more general tlmorem is : — ■ 

(XIX.) The improved value of any l.c. of a set of quantities, using those after the 
first j + 1 as auxiliaries, is a l.c. of the first j + 1 of the conjugate set. 


(37) 

(38) 

(39) 
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For, if w is a l.c. of we can (see §2 (v.)) express it as a l.c. of 

o-fl, (r„ (T2, ...oTj, (5,^1, fij+2, ...fV Let the result be (i)) + (A), whore (2) is a l.c. 
of <T„, (T,, (T2, ...erj, and (a) is a l.c. of <5,+2, .-.<5/ Then (2) differs from w hy a 
l.c. of these latter i^’s, and the m.p.e. of (i!) and each of these it’s is 0 ; hence, by 
iVTll ), (^) is the improved value of w, using these d’s as auxiliaiies. 

(iii.) Further — 

(XX.) The coefficients of the a-’s in the improeed valne of the l.c. are the m.pp.e. of 
this improved vidue. and the corresponding ifs. 

For, if the improved value of w is x, and we write 

X = huOr^ + hiO-i + b./r.^ + ... +bpj, 
then, by the condition of conjugacy of tin; o-’s and the ifs, 

m.p.e. of X and <y = bf. 

(iv.) Tliis would give us a solution of' the problem of finding the improved value, 
if we could find the m.pp.e. Ordinarily, w is or can be expressed in terms of tlu', S'h, 
and we do not find its improved value independently, but deduce it from those of the 
(Vs up to Sj. The improved value of is, by (iii), 

(‘a); = (\i.A)j<r.. + (Xi.A)j'ri+ ••• +(\,/,),(T, ; (40) 

and the m.pp.e. that we really require are therelbre the values of’ With 

regard to this, see §9. 

(v.) As the converse of (XIX.) it may he noted that - 

(XXI.) A quantity of the conjugate or a Lc. of such quantideSy camiot he 
improved hy means of the non- corresponding quantities of the original set; e.g.y 
a l.c. of cTj^ and cr^ cannot be improvcMl by using tin; (fs, other than (\ and ^4, as 
auxiliaries. Tliis follows from (TX.) of §6, since the m.p.e. of and (t, is 0 
unless r = .s. 

(vi.) If, as in § 5, there are related conjugate sets of and ?/ s, and the (?s are the 
differences of the ?//s, it follows from § 5 (v.) that (X) in (ii.) above is a l.c. of the 
moments of the ys up to the (XIX.) is therefore a generalisation of the 

theorem, for a self-conjugate set, that the improved values are l.cc. of the moments ; 
and, in fact, it explains the appearance of the moments in this connexion. 

9. Mea 7 b Pi^oducts of Error of lnip 7 \)ved Values, — (i.) We have found, in § 8 (iv.), 
that 

(«a)j = (Va)j<^ 0+ {^l.A);<ri+ ••• 

To obtain the As, we lutroduce the condition that this shall differ from (5,, by a l.c. 
of ^’b after 
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(ii.) Substituting for o-,„ <r,, ... from (6), this condition gives 

(^0, h}j (%. 0^0 + l/l, 0^1 + • • ■ + >ll. (A) 

+ (’7(1. 1*^0 + + ••• 

+ {%. A + >71. A + ■■■+Vt. A) 

+ ... 

+ {\h)) (>7o.Ao + »7i.A + ••• +'7/.A) 

= Sf,+ terms in ... (\. 

Equating the coefficients of (?,, 4, ... <\, we find that {/= 0, 1, 2, ...j) 

*ifjA\/,)j + Vf.\{^i.h))+ = 0{f ^ h) or !(/=//).. 

Let us write 

— j '7<i, I) ’/(>, 1 Vi>, u • • • *lo,j > 

Vi,i 

I # 

I >h.(i >h.i >h.'J ■ ■ ■ *h.j 

j . . . . , 

' >/,.n >lj.\ '/;,2 •••»/;,; ' 

TIj,.,,., = cofactor of./,,* in (43) 

Then 

'7/,»lIo. A. > +»//. + , = 0 (A /') or ( A = /') ’ • • • 

and therefore, by (41), 

(45) 

Substituting iti (40), we obtain (e*), in terms of the o-’s. 

For the particular case of g = h =j, (x,,*)^ becomes Aj, and H,,*,, becomes Hj_, ; 
so that 

A, = H^_,/H, (46) 

(iii.) As an example, suppose that we have several independent observations, of 

unequal accuracy, of a single quantity U, and that we wish to obtain a suitably 
weighted” mean, which may be regarded as the improved value of any one of the 
observations. Let the observed values be w,„ u^, ... , and their m.ss.e. 

a,,®, a,*, a/, ... ; the m.pp.e. being 0, since the observations are independent. We 
take du to be one of the u’b, and dj, 4, ••• to be its successive differences. Then j = 0, 
since the true values of the first and later differences are all 0. Hence, by § 8 (1.), 
the improved value is a-J{m.8.e. of n^)- But, by § 5 (i.), ar„ — ; and, by § 2 (vi.) (b), 

so that m.s.e. of = iSl/a*. Hence the improved value is 
2:(M/a*)/2(lK). 


(41) 

(42) 
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(iv.) When j is relatively large, the solution given in (ii.) above can only be 
regarded as a formal one, since it involves calculation of determinants. I have not 
been able to provide a general solution which shall avoid determinants ; but it will 
be seen in §§ 17-19 that, if we can find the values of certain quantities occurring in 
the formulae, we can deduce the X’s and thence the coefficients of the o-’s. These 
latter are important as giving us formulae which contain only a few terms and are 
therefore suited for numerical calctilation. 

10. Expressio7is in terms of a Related Set . — Suppose that there is another set of 
/ + 1 quantities u^, tf,, u^, . . . iii, connected with the S’b by linear relations ; and let the 
set conjugate to the u’b be y^,, y^, y^, ... y^. We shall take the relations between the 


UB and the ^’s and between the yB and the (Vb to be, as in § 4, {r = 0, 1, 2, ... 1) 

Mr =(’"()) f^(l+ O'!) ^1+ (^"a) <53+ fV (47) 

?/r = [’’>] '5(( + ['>’)] ^, + [rjJ <5^ + . . . + [r J <5, (48 ) 


(i.) Let the improved value of Mr, using ^’s after <5,, be Then, from (47), by 


(XllL), remembering that, by (36), 

(v); = 0 if / > j, 

we have 

= (^'o) + (’’i) (fi)i + • • • + {r,) (49) 

= (^o) (eu)j + (’-i) (fi)> + • • • + {>)) {^j)j (49a) 


Thus the VB are related to the t’s in the same way that the 7iB are related to 
the <^’s. 

(ii.) Similarly, if the improved value of y,, using ^’s after Sj, is z„ we have 


= [ n ] { e,)j + [r,] (f,), + . . . + [rj (e,),. ( 50 ) 

= [’■<)] (^0)7 + [^i] (^1)7 + ••• + [^7] { e ,) j ; ( 50 a) 


and the z’s are related to the e’s in the same way that the yB are related to the <5’s. 

(iii.) Let IV be any l.c. of the (^’s or of the m’s or yB , and let x be its improved 
value, using (Vs after Suppose that x is expressed in terms of the ys , the 
coefficients being p^„ p^, p.j, ... pi, so that 


and let 
so that 


a? = PoVo +Piyi + . . . + PiVi ; 

X, = m.p.e. of X and (e^)^, 

X, = 0 if g > j. 


(51) 


Then, bj' the condition of conjugacy of the m’s and.the yB , 


m.p.e. of X and Mr = p , 


(52) 
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Hence, by (IV.) and (49) or (49 a), 

Pr = in.p.e. of ;<• and i\ 

= + ••• (> 53 ) 

= ('^’d) \) + (^’i) + (»'a) ^3+ ••• +('^v)\’ (53 a) 


Thus the p’s are related to the \’s in the same way that the f’s are related to the e’s, 
or the u's to the (?’s. 

(iv.) Similarly, if 

X = q„n„ + q,v.,+g.jU.j+ ... +-g,Wi, 

the g’s are related to the X’s in the same, way that the zs are rela ted to the r’s, or the 
p’s to the (^’b. 

11. SpecAal Case of Differences. — The important practical case is that in which the 
<5’s are successive differences of the u’s, in the pfeneral sense expl.ained in §5 (iv. ). If 
the differences of order exceeding j are negligible, W(* can use them as auxiliaries for 
improving the v/’s or the <fs or any l.c. of the w’s or the d’s. 

(i.) Since the ^’s are successive differences of the it’s, (-/’,) is (§5 (iv.)) a polynomial 
in r of degree f . 

(ii.) By § 10 (i.) the e’s are the diffisrences of the v’s according to the same system ; 
and is ^ polynomial of degree j in r, the diffej'ences ol‘ the v’s of ordi^r t!XC(«Miing j 
being zero. 

(iii.) With the notation of §10 (iii.), the X’s are the differences of the p’s acc-ording 
to the same system ; and p^ is a polynomial of degree j in r, the differences of tlie 
p’s of order exceeding j lunug zero. 

(iv.) If we form the. differences of the n’s in the usual way, there will he I differences 
of order 1 , 1 of order 2, and so on. The l—j + I of order,;, namely 

will differ from one another by l.cc. of the differences of higher order ; and th(;refore, 
V)y (XI.), th(^y will have the same imjn-oved value. If we denote this by E, then, 
if w = pA’Uu + qA^Ui+rA’ic.^+ ..., the improved value of tv is {p + q + r+ ...)E. 

Relation of “ Reduction of Erkor ” to “ Fitting ” (of a Polynomial). 

12. Standard Spstem. — in the case of a standard system, the process of reduction 

of error and the process of fitting a polynomial (by least squares or by moments) give 
the samif result. The following is a proof of this, not involving the properties of 
conjugate sets. The observed values are taken to be Ug, Ui, ... ; and 2 denotes 

summation for t — 0, 1, 2, ... 1. 

(i.) If the polynomial which we are fitting to the ti’s is * 

Vg = au + aiq + a.jq^-¥ ... +ajf, (54) 

2 H 
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the values of the o-’s when we fit by least squares are given (“ Fitting,” §§1, 2) hy the 
equations (/= 0, 1, 2, 

'Lqf. «„ + — 0^1+ ... +2g-^+-’. = My. (55) 

7 7 7 7 

These are the same equations that are given by the method of moments. 

(ii.) The above equation (55) is a statement that the moment of the vb is equal 
to that of the ub. In order to prove that the process of reduction of error, using 
differences of order exceeding j as auxiliaries, gives the same result, it is sufficient to 
show (a) that the improved value of ?/,, as given hy this process is of the form of 
in (5*1), and { 0 ) that the moment of the improved values of the ub is equal to 
that of the original values for y = 0, 1, 2, ... j. 

(iii.) We have shown, in §11 (ii.), that the improved value of is a polynomial of 
degree./ in q. This establishes (a). 

(iv.) By (XIII.), they**" moment of the improved values of the n’s is equal to the 
improv(^d value of their .y'‘ moment. In order to show that this is equal to the 
original value of the moment, it is sufficient, hy (IX.), to show that the m.p.e. of 
the originally *' moment and every difference of order exceeding j is zero. 

(v.) Let the difference of be 

4 = ••• +(-)*^*'!^r-*- 


Then the.y*' moment is 

... +r-''w,. + (r— l) A/ + (i — 201 !, ... , 
and the m.p.e. of this and \ is 

k„rf —k^ {r—\y+k 2 {r— 2 y— .... 

But this is the A;*'*' difference of {r—ky, and is = 0 if k'> f. 

This proves the proposition. 

18. Fitting hy Leant Sqnaren . — Next suppose that the set is not self-con jugate. 
If the (fs were the differences of' a set of u’b, we should fit a polynomial of degree 
(say) j to the u’b. This suggests that, in the more general case, the ub being 
connected with the (5’s, as in § 10, by the relation (r = 0, 1, 2, ... 1 ) 


= (’■o)^o + (»'i)<^i + (^2)<^a+---+(n)4 (56) 

we should try to fit an expression of the form 

’V = (n)f» + (^))fi + (»’a)e2+--.+(»V)e; W 

«* 


to the UB by an appropriate method of least squares ; the (r)’s being the same as in 
(56), and the e’s being the quantities to be determined. 



REDUCTION OP ERROR BY LINEAR COMPOUNDING. 


217 


(i.) If the y'e, are conjugate to the w’s, and if 

V-,,.=m.p.e. of and y. = (58) 

then (see Appendix II.) the direct (or a priori) probability of tlui occunv.nce of the 
given set of w’s, if the v’b as given by (57) were the true 7/’s, is proportional to 

exp { ( j , 

r s 

where S denotes summation for / = 0, 1, 2, ... /. The principle of the method of least 
squares therefore leads us* to choose the e’s so as to make 

22V-r..('«r-''V) («.—<’.) 

r 8 

a minimum. Differentiating with regard'to each ol‘ the e’n, this gives {/ = 0 , 1 , 2, . . . y ) 


But, by (58) and (16), 

(b/) \^o.. + (V)’Ai.*+ •••+((/') V';,. = m.p.e. of yy. and {0f)y„ + {\f) y^ + + y, 

= m.p.e. of yy, and oy (60) 

Denoting this, as in § 4 (iv.), by [s^r], the. equations (59) becouK' {/ = 0, 1, 2, ..../) 

= 0 (61) 

8 

(ii.) Instead of fitting an expression of the form given by (57) to the u’h we might 
fit a corresponding expression to the yy’s. Since 

Vt — [*ll] ^(1 + ‘^1 + [S^l +...+[ S;] <S;, ( 62 ) 

the expression to be fitted would be of the form 

= [^u] en + [«l] *1 +[sa] €*+ ••• +[«J (63) 


* Strictly, we ought to choose the t’s so as to make />’ . C exp - JP a maximum ; where 

P = - ?v) (m. - '»,) ; 

B is the direct probability of occurrence of the particular c’s denoted by co, €i, € 2 , ... and is therefore 
some function of these latter; and (7 exp- is the direct probability of occurrence of the particular 
values of v on the assumption that these values of the c^s are the correct ones, C being some function 
of these c’s. But I have assumed, as is commonly done, that the range of practically possible values of the 
c’s is so small that B and C may be treated as constants, so that we have only to consider the maximuTn 
value of exp -\P. 


2 H 2 
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We should have to choose the e’s so as to make 


SZffr.. {v,-^r) 

r fi 


a minimum, where 

This would give 

= m.p.e. of ’V 

(64) 

2 (rf) {Zr-Vr) = 0 

r 

(65) 

(iii.) The f’s given by (65) 
§ 4 that 

are the same as are given by (61). 

For we have seen in 

(rf) = m.p.e. of u^ and ay, . . . 

(66) 


[sy] = m.p.e. of y, and oy. . . . 

(67) 


If we express the us in terms of the ^'s, aiid'write 

2[.v]w. = 2.4A, 

H • t 


then, by the condition of conjugacy of the o-’s and the rfs, and by (66), 

At = m.p.e. of <Tt and 2 [.Sy] u, 

H 

= 2[5/](.s-,). 

This is symmetrical, and W(^ should get the same expression for the coefficient of d, 
in 2 (7y) y^, so that 

2 [s,] tt, = 2 (r^) (68) 

r 

Similarly, if we substitute the values of v, from (57) and of from (68) in 2[s/]t\ 
and in 2 (r^) z^, the coefficients of in the resulting expressions are equal. Hence 

r 

(61) and (65) are identical equations in the t’s. 

(iv.) The values of the e’s as given by these equations are in fact independent of 
the us, or the yn. For the value of At as found in (iii.) above is 

2 [s^] (st) = m.p.e. of 2 [sj,] u, and 2 (s,) y. 

s H K 

= m,p.e. of oy and (69) 

by (24) and (16). Hence, denoting the m.p.e. of oy and a-,, as in § 3, by ijy „ the e’s 
given by (61) or (65) are the same as would be given by (/= 0, 1, 2, ...j) 

tr=j (_{ 

t =S 0 t ss 0 


( 70 ) 
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(v.) The ordinary method of least squares would consist of making 2{v,— a 
minimum, and would lead to equations 

Z{Sy){v.-U,) = 0 , 

which would not give the niost probable values of the es. 

14. Fitting hy Moments. — (i.) The ordinary method of moments, adapted to the 
case in which the S’s are not necessarily the successive differences of the ?/.’s, would 
consist in equating the values of and Tliis, as will he siien from 

.V n 

§ 1.3 (v.), would not give the most proliahle values of the e’s. 

(ii.) In ordei- to obtain the most probable values of the e’s by equating moments of 
the v’b and of the a’s, we must write (say) 


— (< 0 

K 

and define the moment of the ua as' being Mf or a definite l.c. of Mp 

But the coefficient of u, in My would then not he given definitely l)y 
tin; relations between the n’a and the S'a, hut would depend also on the law of 
correlation of errors of the n’a. We see, however, from § 13 (hi.), that we have also 

2 (./>)?/ (72) 

r 

and that we get the same rtisult by equating moments, defined in this way, ol* the 
and the 2 : s. In the ordinary case in which the ^ s are successive diftenmces of the 
It’s, the coefficients of the ys in (72) are binomial coefficients, and tiie ordinary 
moments fall within the definition given above. It follows that in fitting a 
polynomial to a set of quaiitities (not being a self-conjugate set) hy the method of 
moments, the moments which ought to he equated are not those of the quantities 
themselves and their assumed rallies, hut those of the conjuga,te set of the former and 
the corresponding Lee, of the latter. 

15. Reduetio7i of E7^ror . — If we improve the <5’s or th(^ 'ub l)y means ol* the ifs 
after Sp the improved values of these latter are zero, and those of* tlit* (fs up to (\ nvo 
obtainable from (XXL) of § 8, which states that the improved values of the rr’s from 
(To to cTj are equal to the original values. Using (fi), this gives (./= 0, I, 2, ...,/) 

‘i:\/,,(e,),= (73) 

t - 0 i-i) 

Comparing this with (70), we see that the e’s given hy this process are the same as 
those given by the process of fitting the expression in (57). 

16. Difference of the Two /*roce.s.?e.s.— Although the two processe.s lead to the 
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same result, they are essentially different. This is explained in § 22 of ‘‘ Reduction.’^ 
The main difference may be expressed as follows : — 

(i.) In ‘'fitting^' we deal directly with the particular case. We assume that the 
true values follow a specified law, involving unknown constants, and we deduce 
values for these constants from the datn, by the principle of inverse probability. 

(ii.) In “ niduction of ei i’or we do not use inverse pro1)ability, and we only deal 
incidentally with the particular case. We regard the aggregate of the data as one of 
an indefinitely great numVjer of possible aggregates from the same ti'ue valiu\s, and 
we use a method which will n'duce as much as possible the m.s.(-\ of th(iS(^ possible 
aggregates. 

Some Steps in the CtEnekal Solution. 

17. Prelhninary. — (i.) Our object is to find the improved value of any l.c. of the 
f^s or the //'s, and the m.s.e. of tliis improved value or the m.]).e. of two improved 
values. Ordinarily, as already stated in § 8 (iv.), the quantity to be improvtd would 
be expressible in terms of tht* f'J’s, so that wv. mnid consider only the improved valm^.s 
of the (5’s, i.e,y the f's. There are then four problems before us, viz. : (l) expression 
of the f s in terms of the (^’s ; (2) expression in terms of the rr's ; (3) expression in 
terms of tht‘. ?y’s ; (4) determination of the X's. For practical purposes (2) is more 
important than (l) or (3), since there will be fewer coefficients involved. 

(ii.) Although it does not seem possibk^. to obtain a general solution, otherwise 
than by determinants, there are some general propositions that indicate stages in th(j 
solution. If, without necessarily finding the complete expressions of the t’s in terms 
of the f^s, we can find for each e the coefficient of tlu‘ first of the auxiliai’ies, then it 
will be seen from § 18 that we can find all the es if we know the E's, and from 
§ 19 (i.) that we can find all the X’s if we know the A’s. It follows from (40) that in 
this latter case we can at once obtain the es in terms of the n-’s. 

(iii.) We use the notation of § 7, and we also write 

— = coefficient of (as auxiliary) in (e/)j,.i, 


SO that 

= (74) 

(75) 


It should be observed that is not equal to dj f. The 08 may be known directly, 
or, as is shown in (83), we may be able to obtain them from certain of the X’s. 

18. Formula of ProgreHsiou . — The quantities which we want to find are the 
improved values 

of 4, using (Jg, ^ 3 ,^ . . . , 
of and using 8.^, 8^, ... , 

of 8^, 8i, and 8^, using 8g, 8^, 8^, , 

t 
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and so on. I’hero is a formula connecting these, which makes it unnec«‘ssary to deal 
with more than the first quantity in each row : or, if we deal with them all, the 
formiila Cfin be used for checking the results. (An example is given at the end of 
§ 15 of “ Reduction.”) 

We have 

(t/); 1 = terms in 

By (XV.), this is tln^ improved value of using d’s after ; and therefore, 

by (XIII.), 

~ 

Re-arranging, and replacing,/ by j—i, — 2, ..../'4 1, and remembering that, by (75), 
0f f = 1 , we have 

{^/)j (‘A- 1 ~ ^/‘.t 


{•f)f — ^/./ ^ 7 ' 

Hence, by addition, 

(‘A = i^/+i 2+ ••• ■•' 

19. Mean, Products of Error {AUernat'ivc Formula). — (i.) By (77) and (38), 


= m.p.e. of Sg and ^/.A7+ ^Vz+i^V+i + . . . + 
— ^//-t • (\./+ l)/l I X 


The sumnmtion has to be matle from t =f to I = ,y. Bnl, if </>,E wt* see from (37) 
that it is sufficient to make the summation from f = g. Hence, using ‘‘I =/, g" to 
denote summation from t =f or from t, = g, according as f or g is the greater, 
we have 


Xf.X - 


‘i' 0^.,(A,.,)«. 


(78) 


But, by putting g =j in (78) (or taking the m.p.e. of and each meml)er of (7r))) 
and then replacing/ and,y by g and I, 


Hence, siibstituting in (78), 


(\,«)« — 


X-f-Xj ~~ ^ 


(79) 

(80) 
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If we can obtain the d’s and the A’s in a simple form, we thus have a workable 
fornuila foi- calculating the X’s, and thence, by (40), for determining the e’s in terms 
of the o-’s. 

(ii.) From (80), using (II.) of §6, we get the m.ss.e. and rn.pp.e. of the improved 
values of any l.cc. of the cfs. Let 

'ii> — + + — "t />/(!/, wf ~ C(,(lo + Cj(l| + ... + 


and let the improved values of w and w', using ^’s after Sj, be x and x'. Then 

t = .) 

m.p.e. of X and x' = Z (M«,i + ^i^^i.«+ •••) + •••)A,, 

) 

^1^1. < “i" f,) {^0^0, i ^'1^1, f ••• (®0 


/ 2^0 

i - ) 

'V 

f - 0 


m.s.e. of X — 


i = (t 


(82) 


(iii.) W(‘. Iiavo assumed that the O'h are known. If they are not known directly^ 
hut the values of are known, then, by (79), 


II 

(83) 

Substituting in (80), 


(V.i?); ~ ^ 

t - f, 9 

(84) 

Also (77) is replaced by 


= 2 (Xy,,XE(/A, 

(85) 


Application to Self-Conjugate Set. 

20. Prelmmhary. — (i.) We have now to apply the preceding results to the case in 
which the ub are a self-conjugate set, so that (?/.,. ; ?/,) = 0 {r^s), {v ^ ; u^) = 1, = u^. 

We take the rfs to be successive differences of the ?/'s, commencing with a difference 
of order 0. The (5’s to be used as auxiliaries will be those following ; the ( )j 
will usually be omitted. W(* shall take the number of ub or of S'h to be m, so that 
ni = / + 1 . 

(ii.) There will be three cases to be considered; advancing differences, and central 
differences for nt odd and for m even. For advancing differences the us will be 
taken to be Fcr central differences we shall write m = 2n-fl or 

m = 2n ; and the us will be ••• and respectively. We 
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shall require the following m.pp.e., winch can he obtained from ordinary difference 
formulae. 


m.p.e. of and A%o = {f+g,f) (8(1) 

» = (-K'^(2/+2(7,/+(7), (87) 

„ ,, = 0 (88) 

M<^-h/„ = (-)/-^(2/+ 2.9-2, /+p-l)/(2/+ 2.(7), . (89) 

,, =(_)/-<((>.>/•+ 2.7-2,/+.9- 1 ) (90) 

S‘f-hn „ = (91) 


„ = (l)/'i'(2./-H2.(7-4,/+9-2)/(2./’+29-2). (92) 

(iii.) For advancing diffeiences we shall h&,ve 

y = A^(’,. 

The formulae will he marked (A). 

(iv.) For central dittei-cnces the two case.s of m odd and in. (weu must be considered 
separately; but it will be found that, when the formuhe relating to i^Va, ... 
(m odd) and to Sv^, ... (ni, even) are propcu'ly expressc^d, they are practically 
identical in form, as also are those relating to ... (m odd) and to 

/u7>j, ... (ni, even); and the latter correspond to the former with certain inter- 
changes of ( ] and [ ). We tluerefore, for uSS’n, ... and /xrj, ... , replace 

0, E, A, A, by I, M, n, with the appropriate suffixes. 

(v.) Form = 2//,-tl it will be .seen from (88), taken with (XIV.) of § (!, that the 
differences of even and of odd order can he treated independently. The <Vn will he 
u^„ in the one case and in the other. We shall 

denote these by (5o, <%, ... <%„ and r^i, fl,, ... (\„_| n^specdively, and shall take j to be 
2k or 2/: -1-1 for the former and 2k— \ or 2^ for the latter. I’he subscrijds of the 9’s 
and the ^’s will be modified accordingly ; v.c., 'will mean the coefficient of — in 

(« 2 /) 2 *- 2 > similarly for The formulae for the two cases will be marked 

(B) and (C) respectively. 

(vi.) Similarly for in, = 2n we see from (91) that differences of odd and of even 
order can be treated separately. The ifs are (!,, ti,, ... in the one ca.se, and 
Su, S.J, ... ^a »_2 iu ftie other, where 4/-i = ; and./ is taken to be 

2k— \ or 211 for the former and 2k— 2 or 2/i— 1 for the latter. Also ‘da/- 1 , a *- 1 means 
the coefficient of — ^ 2 t_i in : and similarly for ^ 2 /_ 2 . 2 *- 2 - The formula} will be 

marked (D) and (E). 

VOL. ooxxi. — A. • 2 X 
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(vii.) Writing 

rp < a . I I — Ot (flt + 1 ) . ^ (^+ 1 ) • • • I 

where a is a negative integer, it should be noted that 


and that, if 
then* 


LV'. 

a = — 7t, ^Z' + x == — n + /8 + y+l, 


rvs^/.irx,n] [V^.nlCx.n] ' 


( 93 ) 


(94) 


(viii.) For the oeiitral-difFerence formulae it will he convenient to write, if r and .s 
are both even or both odd and s >■ r, 


- (ly + s)is, js + jr) 


(95) 


1 r, .S' (• = {^y 


{S + r, r) 


(r+l)(^ + is, r) 


so that, if Ic > /, 


{2t+ 1, 2/4- 1 } = ii±L m^ = iM- a '> , 


l2yl:. 


o/-. _ r./’+i, /:|(^,/) _ \f +lk-\-\{k-\,f-l) 

' " 2/+ 1 “ 2/ 


:/ 


and, if k -v.. s, 


\2k+ I, 2s + 


1 I — _ I ^' + + 1 ] 

' {2k-{-2){s, k) (2vS+ 1) (s, Z;) ’ 


j *>/. ‘>ol 


(2Z:+1)(«, A:) 


(96) 

(97) 

(98) 

(99) 

(100) 


(ix.) Tlie successive steps ai'e as follows. The formulae for the ts(the improved 
values of the differences) in terms of the differences have already been found in 
“ Reduction ” .and “ Fitting ” ; they depend on certain theorems as to the coefficients 
when 1.CC. of moments or sums are expressed in terms of differences. From these 
formulae we get the O’s, and also the E’s ; and thence we get, in each case, the 
progression formula supplied by (77). This formula is not really necessary, but it is 
useful for checking. The A’s, i.e. the m.8S.e. of the E’s, are found from (86)-(92), 
using (IV.) of § 6 ; this results in certain hypergeometric series, to which we apply 
(93) and (94). We then get expressions for the X's, by (80). From these, by (40), we 

* ‘Proceedings of the London Mathematical Society,’ 2nd series, x., 474, 
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have the values of the es in terms of the o-s ; and also, by § 10 (iii.), the values in 
terms of the us (which are identical with the y^). This completes the investigation 
of the improved values ; but we also want to see the extent of the improvement. A 
further section therefore gives the ratio of the m.s.e. of the improved value to the 
m.s.e. of the original value, in a form convenient fi)r calculation. 

(x.) The m.p.e. of and is ( — y (2^, Hence, in finding the general 

solution of our problem for the case of a self-conjugate set, we are also finding it for 
the case of a set in which the m.p.e. of arid u, is of the form ( — )*'* (2/,/-h.s*-“r), f 
being some positive integer ; for we can treat tliese iis as the differences of 
members of a self-conjugate set. 

21. Improved Value.f^. — (i.) Adapting § 11 (iii.) to the case in which the ?/s are 
identical with the vfs, we see that, if w is any l.c. of the a’s, its improved value, 
using diflerences of order exceeding j, is of the Ibrni where is a polynomial 

of degree j in r. The improved values ^of the v/'s and tlieir differences ai't^ obtained 
from this by means of certain formuhe, given in §§ G and 7 (iv.) of “ Factorial 
Moments,” for the expression of '^pp^r ii* terms of differences. The results are given 
in (12), (18), (19), (26), and (25) of “ Fitting.” From the first of these, replacing 
m4 I by m, we have (,/= 0, 1, 2, ...,/) 


(A) 




F, = m - 1 

= 2 (.s,/)(i-.sy-/) 


(i+Z+l,.?) (m, .S-+1) 


: 


( 101 ) 


and from the other four, altering k to 1 in the last, we have {/ = 0, 1, 2, ... i: in 
(102) and 1, 2, ... k in (103)-(105)) 

(B) = T k+f) ik-.. k-f) i 

(C) .r-.. = ;i; i+/- ,) (i-., k-f) 

. . . (103) 

(103 A) 

2A:+1 \{2.k, 2.S'} {^n, 2^] 




= *+i s—/2k 


. . . (104) 

t 

= * 2 ' ^ ^±l . . . ( 104 a ) 

* ' « = / 2yfc+l {2*, 2s} [^, 2/) 


2 1 2 
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(E) k.f-2)(i-., k-f) |||±|fc|||=|) 

. . . (K 

= + ( — Y~f *s" ^ {2^ — 1, 2/— 1} (^,_2£— 1] 

MO “i+V ^ .="+,.s-/2yfc{2^:-l, 2.S-1} (^, 2/-!]'^ ‘• 


(ii.) From (i.) we obtain 
(A) 


(105a) 


e,, = (-V-/(y n0'-<- /^y-i) (^»i±i) (106) 

i ^ u,/; (2/,y-i) (m,/+i)’ ■ • • • 


(B) 

(C) 

(D) 

(E) 


^2/. 2k 


, y_r i2k,2f\ rim, 2^+l) 

^ ’ {2k,2k}[im,2f+-i)’ 


^ _ Y-f { 2^-1, 2/-T r (jm, 2k \ 

M _ V -/ ( 2/: — 1, 2,/*— 1 } [jm, 2^) 

^ j 2/' - 1 , 2/.- - ] r [ |m, 2/) ’ 


i‘-2f-2,ik-2 


I _Y-f (j m, 2/--11 

^ ’ {2A:-2, 2^-2} (im, 2/-1]' 


(107) 

(108) 
(109) 

(no) 


(iii.) Also, by putting/—,/ in (lOl) and/ = h in (102)-(105), 


(A) 

E^ = 


, . (HI) 

(B) 

E^= 

{2A;+1, 2k+l \ Tim, 2.'>- + l) 

.Ta- { 2A:+ 1, 2s+l} [im, 2^+1) ‘ ' 

. . (112) 

{^) 


^ {2h 2k) (iw., 2.S-] 

“ ,r/,.{2/fc,2s} (im,2ir 

, . (113) 

P) 

! 

II 

1 

*V* {2^, 2^} [ini', 2^) ?2,-i 

{2^:, 2,s* } 2lc) 

, . (114) 

(E) 


%" {2^-1, 2^-1} (im, 2s-l] 

. . (115) 


(iv.) It has been pointed out in § 11 (iv.) that the differences of order j all have 
the same improved value. It follows that (112)— (115) are particular cases of 
(ill), expressed in terms of central differences; the proper values being taken for 
m and for / and being altered to u_„ for (112) and (113) and to for (114) and 
(115). We can verify this by expressing the E’s in terms of the differences of 
order/ For (A") we have 

AX = {(1 + A) — 1}*~-^AX = AX-j— ii 1) AX-j-i + --- • 
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Substituting in (ill), and rearranging the terms, it will l)e found that the coefficient 
of is 




(2i+l.i) (m, i + r+l) 

(2y+r4-i,y) (m, y+]) 


so that 


F{— m4-y + r+l,y + ?-4 1 ; 1, 2/ + ?’ + 2| 

= (./ + ’■>./) (m — r — 1. 2/ + l] ; 


(A) 



2 (.f+ni) 


r - it 


(m— 1 — 1, y) 
{■>», 2y+i‘i 




(116) 


Similarly from (112)~(115) 


(B) 




’■"y ‘ {n + Jc + i-, 2k) [n. + k—r, 2k) 
r--,. !*■ (»i, 4^+1] 


(117) 


(0) I,*.. = 

(I>) E*,., = 
(E) = 


r=r(> (m, 4 a:-;L| 

(n + k + r-l, 2k-l)in + k-r-l, 2k-L) 

. = • • • 

-£-\(n+j(; + r- l, 2Z^-2) ('^^+^— 2. Mr?) _ 

rt-o (m, 4 a' — 3| 


(118) 

(119) 

( 120 ) 


The identity of (117)- (120) with (116), the uh being altered as explained above, is 
easily verified. 

(v.) The formula of progression (77) takes simple forms if we attach the factors 
involving m to the S’s ; for m then disappears from the formula. 

(A) Writing 

At = (m,t + l)E, = {m,t + l) ( Ahj^),, 


BO that, in effect, we take fly to he A%„, (77) gives 

(A) (m,/+i) AA^, = 


Fory = 3, for instance, we should have 

(m, !)'(?„ = Au-A,+iAi—j;A:, 

(m,2}Avo= A, — ^Ag-i-^As 

(m, S') A\ = A.j—2Ai 

{rn, 4) A\ = A^ ^ 

where Ao is the value of (m, l) for j - 0, A^ is the value of {rn, 2) Ai>o for j = I, 
and so on. This may be verified by § 5 (i.)-(iii.) of “ Fitting.” , 

(B) (C) Writing 

2^4 l) Ejtt, Qa(_i = (^W., 2l\ 
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we have 

[im,2/+l)«,= 


(B) 

. . (122) 

(C) 


. . (123) 


The first of these has been given, for /= 0, in “Reduction,” § 15 (v.), p. 362 ; the 
notation of differing, however, in a factor ^m. 

(D) (E) Writing 

20Ei,e.-,. 

we have 


(O) 


l^n, 2/) *'('4 


=/ ’ {2<-l,2/,-l} 


P 


'At- 1» 


(124) 


(E) 




l-^f 


2t-2, 2t-2} 


(125) 


(vi.) The A’s are obtained from the E’s by means of (IV.) of § 6 ; e.g., for advancing 
differences, m.8.e. of E^ = m.p.e. of E^ and We can use either the values of 

the E’s given by (lll)-(ll5) or those given by (I16)-(l20); for tbe former we 
require the m.pp.e. given in (86), (87), (89), (90), (92), and for the latter the value 
of the m.p.e. of two differences of order f as given in § 20 (x.). Using the former 
method, we get the following results : — 


(A) 


(B) 


(C) 


(D) 


« a m— 1 

A^= 2 

« ^.7 


( _ )-j (.s j) + 0 (.s. + / j) 


= {2j,j)F{-m+j+l, 2j+l ; l,2j + 2} 

= (2y,i) (m-y-i) ! {2j +1)1 /(w+y) i 
= ( 2 y, 2 y + 1 ] ; (126) 

fl A* { Zlc + 1 , 2.s‘ + 1 } Zlc + 1 ) 

= (4i, 2k) F {—7i-{-k, n + ifc+l, 2^ + |- ; 1, 2A:+1, 2^ + f} 

= (4*, 2k)l{m, 4A;+1] ; (127) 

TVI - I V-* ( 2 &- + 27 b— 2 , « + /;— 1 ) 

**“' ■ {2k, 2s] {^i, 2h^ 2s-{-2k 




= (4A:— 2, 2k—\)l{‘ik ) . F { — « + i, n + A:+ 1, 2k— \ ; 1, 2A:+ 1, 2^ + ^} 
= (4A:— 2, 2k—\)l(rn, 47b— l] ; 


(128) 






= (4^—2, 2A:— l) F {—n-\-k, n + k, 2k — ^ ; 1, 2k, 2^+^-} 
= {4:k—2, 2k—l)j{m, 4Ar— l] ; 


( 129 ) 
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= ’¥ (- y -* 2A:-1} (hn, 2.s-ll (2a-t-2^-4, .s + A;-2) 

, = t {2^— 1, 2,s — 1 } (^i, 2^— l] 2.<t + 2A*— 2 

= (4^—4, 2k—2)f{4:k—2 ) . n + ^:, n + k, 2k— ^ ; 1,2^, 2^— 

= (4A:— 4, 2k—2)f{ni, 4^—3] (l30) 


It would, of course, in view of the identity of the E’s {is stated in (iv.) above, liave 
been sufficient to obtain (126) and deduce (l27)-(l30) from it. 

(vii.) The A’s having been found, the X’s, i.e., the m.pp.e. of the improved values of 
A%o efc-) are obtained by (80). The 9’s and ^’s litung {is in (ii.) above, 


(A) 

V, = ,‘2 O/.. 

i = A ff 

9,.,(2<, /,)/(m, 2/ + 11, 

. (131) 

(B) 

X 2 A 2 , = *2 0 ,^,,, 0.^,,, (4/, 2t.)/{m, 4/ + 1], 

t -f* ff 

• 

• (182) 

(e) 

/ = k 

Ma/-1.3j7 1 = <1^2 A 

t=f, ;/ 

\,2t \^2g 1,2^-1 2, 2/ 1 )/('?/?, 4/ 1 ], 

• 

. (133) 

(P) 

t ^ k 

^2f-l,2g-\ = ^ ^2/- 

t - A u 

-<.2.-. V. . (4/ -2, 2/.- !)/(«», 4<-l]. . . 

. (134) 

(E) 

t k 

Ma/-a,2^ 2 ^ ^ 02/ 

f ■- .A ft 

2.2«-2l('2i,-i>.2*-2(4/-4. 2f-2)l{m, 4/-3]. 

. (135) 


'J’o Hud the m.s.e. of the improved value of any l.c. of the difi’ereuces, or the m.p.e. of 
two such l.cc., we apply (TI.) of §6, as in § 19 (ii.). Thus, for m = 2n-^ 1, 


m.p.e. of + + ... and + + • • • + 


= 2* ri' {U, 2t)l{m., 4/. + l] 

f i- 1 I / =-' 1 J [ f; IS 1 J 

(viii.) The \’s having been found, tlui e’s are then given in terms of the o-’s by (40). 
Using the expressions for the a’s given in (26) and (3l)-(.‘I5), we get the following ; — 

(A) = (136) 




trrO 

(B) 

r [ff -k 1 

L ' fir - 0 J Jt ~ -im 

(C) 


1 =1 m 

< = — ^ 


(136 a) 

(137) 

(138) 



( 139 ) 
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(E) = (140) 

L. l.<7 “ 1 J Ji~ -iw 

The expression in (l36) difters slightly from that given for AX’,, in “ Fitting,” (15) and 
§ 5 ; see Appendix III. 

(ix.) Finally, we want to express the e’s in terms of the ?/’s. This is done by means of 
the geiK^ral theorem in § 10 (iii.), that the coefficients of the y’a in any t are related 
to the m.pp.e. of this e and the e’s in the same way that the r’s art' related to the e’s. 
Thus we find that — 


(A) 

If A\ = 

2 Pr'>/ry 

Pr= (r, ; 

. (141) 



r r- 0 

U D 


(B) 

If = 

r ^ 7j 

2 pr'^lry tlieil 

r — —n 

0 ~ k 

Pr= ^ [r, 2g)\.jf,2, 

. (142) 

(C) 

If = 

r — 71 

2) PrUr> 

ft - k 

Pr= ^ [r, 2g-l']n2f-u^-^>■ ■ 

. (143) 



r — V 

^7- 1 


(D) 

[f = 

r - n 

Z PrVfy then 

p, = ' i: [r-k. 2g-l) ; 

• (144) 



r ~ -U4-1 

P - 1 


(E) 

If = 

r - n 

prOr, then 

r/w k 

Pr = - [r-h 2.1 Mil/-. a, 2 , a- • 

. (145) 


For a comparison of these formulae with thost; given in “ Fitting,” see 
Appendix TV. 

22. Extent of Improvement [Central IHffereMves).- -A question of practical 
importance is the extent to which the use ol' those foi’inulae actually reduces the 
m.s.e. of some selected quantity, such as, for the cases marked (B), (t,, or The 

m.ss.e. of the various improved values are found from (l 3l)-(l35), by putting p = f. 
Comparing tliese with the m.ss.e. of the original values, for the central -difterence 
formulae (which aie the important ones for practical izse), we obtain the following : — 


/TJX m.s.e. of (fX?„ 1 f {2<, 2/ |- 2^+l) |’^ [U, 'll) 

^ m.s.e. of (4/, \{2t, 2t} [|w, 2/+l)J (m, 4^ + lJ 

= 1 y* ii±l f{2<. 2/1 

[m, 4/+ 1] t=f4f + 1 l{2/, 2/}i 

{m='-( 2 / 4 -l)n {r>v‘-i2f+SY} ... {m=^- (2^-1)^} . 

{m*- {2/+2Y} {m=*- (2/4 4)*} ... {m*- (2<)*} ’ 


( 146 ) 
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/Q\ m.s.e. of _ 4/ f 2/-1} (^. 2e] \^ (4<— 2, 2^ — l) 

m.8.e. of (4/-2, 2/- 1) <"/ t [2^ - I, 2^-1 } {\m, 2f]\ (m, 4<- 1] 

= 4/ 2/-1 n * 

(m, 4/- 1] (f / 4/- 1 1 -1 2/- 1 , 2/- 1 } f 

{m^-(2/+l)^} {w ’‘-(2/+3)‘* } ... {w’'- (2^-l . / 1 47 \ 

{m*-(2/)»}{mM2/+2n...{m*-“(2r-2)*} ’ ^ 

fD^ m.s.e. of ^ 1 '=/' f {2/-! . 2/-1 f jw, 20 ] =* (4/ -2, 2/_- l) 

^ m.8.e. of (4/— 2, 2/— l)(t^r l{2/ — 1, 2^ — 1 1 (w, 4^ — i] 

1 ‘.^*4«-l f{2i-l, 2/-l}l* 

(m, 4/-l].t,4/-l r{27-l,2 /-l}| 

-! m»-(2/)n {m^- (2/+2 )=‘! ■■■ {m»- (2t-2 r} . , . 

^m^-(2/+l)n |m='-(27+3)n... {r>M2 ^-in’ ^ ’ 

if -2 '^5 ( \fj i hn, 2 ^- i n* (4/-4. 2 /- 2) 

(4/— 4, 2/— 2) (Tf i 12/ — 2, 2/ — 2} 27—1]] (7/1,, 4/ — 3] 

if -2 it-> f 12/ -2, 2/- 2!- 1 ^ 

(m, 47-3] (t, 4/- 3 V127-2, 2/-2}J 

{w^- {2ff 1 lm’'-(2/+2)^i- ■■■ iw^-(2/-2) =^'} _ / . . gv 

{m*— (2/— Ifl |w“— ( 2/+ 1 )“!• ... {m*'— (2 /- 3)“) 

23. Smooth, ing. — When we have a table containing a very large namb(}r of u’s, a 
common method of procedun^ is to use a formula involving a bmited numl)er of terms 
and to apply it to successive sets of the ■w’s for the purpose ol‘ obtaining a table to be 
substituted for the original table. Thus we might u.se a formula involving 2n+ 1 
terms, and apply it to u,„ u,, u.^, ... u.j„ for finding a new value w„, then to ?<„ ... 

■/^sn+i for finding a new value and so on. These values having been obtained, a 

differenced table would be formed ; but, as by hypothesis the true differences of order 
exceeding are negligibk;, the tabk*, would oidy go up to dift'erences of order j. 'fbere 
are two cases to be considenid. 

(i.) If our object is to obtain as accurate values as possibk*. for the w’h, consistently 
with our iising only the specified number of it’s for each, the most accurate values 
would be the ?fs given by the fornmlae considered in this and the preceding papers. 
It should, however, be observed that the diffei'ences of the w/s are not the same as the 
AA\„ etc., occurring in those formulaj. Suppose, for instance, that we replacti 

by its improved value a,, obtained by means of the (B) formula involving n_n, 

... Un, and replace u, l)y the improved value obtained in a similar way. The 
resulting vahie of 1’„ will involve the 2» + 2 'ii.'h from to ; but it will not be 
the same thing as the improved value Vj obtained by the (D) formula involving these 
u's, and its m.s.e. will therefore be greater than that of the latter. * 

(ii.) If our object is to obtain a smooth table of the w'a as a whole, we could do this 
by obtaining as accurate values as possible for the differences of the w’s of order 7 
VOL. OCXXI. A. * 2 K 


fEl of 

m.s.e. of 
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The formula which would have to be applied to the u'r in order to obtain this result 
can be constructed without difficulty. The important thin^f to notice is that, if we 
alter the differences of the u'r and then obtain the wa from the altered differences by 
summation, the resulting values must be sucb as can be legitimately substituted for 
the MS. Suppose, for instance, that./ = 2^+1, and that we use 2n + l ub for each w. 
The formula for w will have to be of tbe form 

and this will give 

The problem of determining the c’s so that the m.8.e. of shall be a minimum 

is the same as that of determining the coefficients in the improved value of for 

.y = 4il:+l or 4^ + 2, ni being 2n + 2Z' + 2 ; anu tbe solution of this problem is given in 
§ 21. Thus, in terms of sums, (139) gives 

r [ + l ]“|f = n+A + l 

L I .17=1 J Jt= -(n+A-pl) 

The X’s having been found, we shall then have, by summation, 

r ( .i/ = aA+i ) “]< = n-pA+i 

Wo = Z j ; o-**+Xr 

L I <7 a: 1 j = - (>» + A4- 1) 

The ratio of the m.s.e. of to that of is given by (148). 

Appendix I. — The C !obbelation-Determinant. 

1. The m.p.e. of A and H being denoted by (A ; B), let 

e = I (A ; A) (A ;B} (A ; C) . . . 

{B ; A) {B ^B) [B -,C) . . . 
iC;A){C;B)iC;C)... 


We call this the cor^'elation-determinant of A, B, C, — 

2. The elements of this determinant may be regarded as obtained as follows. We 
first take a representative collection of values of the error of A ; being usually 
indefinitely great. Then, for each of these values, we take a representative collection 
of Ng values of the error of B ; the resulting Nji collections will all be alike if the 
errors of A and of B are independent, but not if they are correlated. This gives 
NjiNg combinations of an error of A and an error of B. For each of these we take 
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a representative collection of A^, values of the error of C ; and so on. Thus finally 
we shall have N = N^N,fNf — combinations of a?i error of A, an error of B, &c. 
Numbering these I, 2, ... N, and denoting the errors of A, of /?, of C, ... by 

a. h. c. ... , the combinations will be n^. />,. c h.^, ... , ... Cj,,, ... ; and 

we shall have 

(A A) = ((*]* 

(A : /y) = + ... +aybx)/.^, 

&c. 

3. Substituting these values in B, we find that, if there are m of the quantities 

A,B.C,..., 

= 1 4- r/,/ + «/+... 

4- + ... 

\ d-iCi + a.r..^ + cr,.,r . + . . . 


(/,|//| 4 u . . . 

4 • • • 


4. 1 C, 4 CtjOa 4 «:,C3 4 . . . &C. 

44 4 h^Cn 4 4 . . . &C. 

C]*4C/4C:*4 ... &c. 


= . . )* 4 (ay^;jC,. . . )“ 4 ,Ce • • Y + {aAc.,.. .f + ... . 


where denotes 




Cl 


CaC;, 


Hence 0 is not = 0 unless each of the 


determinants {/ihc...) is = 0. This would he the case, for instance, if A were a 
constiint, so that every a would he 0, or’ if theiv. wej-e a. linear relation connecting 
the errors of A , B, C. .... 

4. Let <f> be the correlation-determinant of A , B, ... P, Q, ... , and that of 
A,B,...P. 

[a) Suppose that = 0. Then, by § 3 of this Appendix, each of the determinants 
{ah ... p), where a, h, ... p are the errors of A, B, ... P. is 0. But these are the 
minors of the q h in the determinants {ah ... }>(]() ; and therefore these latter 
dtiterminants are 0. Proceeding in this way, we see tliat the determinants 
{ah...pq...) are all U ; and therefore ^ = 0. 

{h) Hence, if ^ is not = 0, is not = 0. 

Appendix II, -Frequency of Correlated Errors. 

] . Let «o. 'h. Wa, . . . Ui and //„, y^, ^ 2 , ... j/, be two conjugate sets. Denote the errors 
of the w’s by 60 , 6 ^ 6 .^, ... O, ; and let the resulting errors of the y’s be ^o. ^ 1 . ••• 

• 2 K 2 
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Then, on the assumption of normal correlation of errors, the frequency of joint 
occurrence of these <?’s is proportional to 

exp -1^7', 

where P is a homogeneous quadratic function of the (J’s. We want to prove that 

(i.) the ^’s are the partial differential coefficients of with regard to the $'b, 
and conversely ; 

(ii . ) P = + Sx<j>i + + . . . + ; 

(iii.) P = i/"o.(A* + 2V'o,i^iA + V^i.i^i*+ ••• where is the m.p.e. of and 
; and similarly 

(iv.) P = iTo, 0 ^ 0 * + 27r„, , ^ 0 ^ 1 + xi, 1 ^ 1 *'+ ... where Try^isthe m.p.e of Wyand Ug. 

2. Suppose that 

P = <*o. <1^0^ + 2 o!'„, I 4 </■!, 1 ^^/ + . . . + ; 

and let us, without making any assumptio.n of conjugacy, write {f = 0, 1, ...1) 

yf=0,f. oMo + i'" 1 + «/. yWa + • • • + < V. 

^y= error of y^ 

= <*/. 0^" ■*" **/• 2 ^ 1 ’ 4- ... + tty. 

= ^dPldOy. 

Then, writing the subscripts in the order f, 0, 1, 2, ... I, 

P = <*/. f^f ^*0. o^fi^ + • . . 4- (It, fif 

where Q does not contain 6>y. 

3. The mean value of <j)^g is NJl), where 

iVj = |jj^...|^y0^exp-^P. (i6>y(7eydej ... 

. |exp— ^P . dOydO,) ddi ... dd,, 

the integration being in each case from — oo to oo . If we write 

yfr — fyf \/ay.y, 

then 

^g= ill ■ ■ ■ • exp— . d\fr dOo dBj ... ddj. 

(a) . First, suppose that g is not = f. Then, integrating with regard to -yfr, 
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(h) Next, suppose that g = f. Then 

Nf = . jjj ••• A---- -«/. A) exp-^P . dBfde,, ... dB, 

- I- . exp . dBj dd„ dSt . . .dSi, 

by ( a). Hence 

Nf = . [|| • • • exp— 1 ^ 1 ^* . exp— . rfi/' d0„ ... dO, 

= {"^'"hf.f) • jj •• • • ^^0 do, ... do,. 

Also 

P = l/v/ %/ • [fj • • • • exp— . d\/r do, I dft, ... dB, 

= v' (27r/rt/,y.) . jjexp-^^ . (jlB,, dBi ... dB,. 

Hence 

N,/D = 1. 

4. Hence the g's are related to the us in sucli a way that 

m.p.e. of yj and w, = 0 {gj^f) or 1 (p =/) ; 

and therefore the u's and the ys are conjugate sets ; which proves (i.). It follows 
that 

af,g = m.p.e. of y^ and y^. 

This proves (iii.) ; and (iv.) is the similar result which we should have obtained hy 
expressing P in terms of the ^’s. Also 

P = + ai., 0 ,*+...+a,.A* 

= ^0 («o. A + «o. 1^1 + a«, + • • • + »o. 

+ («i. 0^0 + «,. 101 + a,, a^a + • • • + a,, I 0 i) 

+ . . • 

+ 01 (a/,«0« + »i.i0i + ai,A+ ••• +«J.A) 

= 00^0 + + ^a^a + • • . + 01^1 ; 

which proves (ii.). 

Appendix HI. — Improved Advanoing Differences in terms of Sums. 

The expression for given by (136) difters from that given in (15) and §5 of 
“ Fitting,” in that it involves 2)"wo, 2 "’‘'ri, . . . , instead of • • • • 
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The new expressions are more conv(mient for calculation and for tabulation, since the 
coefficients are rather smaller and are symmetrically placed about a diagonal. For 
y = 2, m =13, for instance, the forraulse given by “ Fitting,” § 5 (ii.), are 

lOOlrv = + COSTS', -1985^a + 22 >S;, 

1001 An, = -23LS’, + 88-S;-lLS;„ 

1001 A®'r„ = + 3 5.S', - 1 5-S, + 2-.%, 

where .S', = 2"^,,, S, = -S = If we write 2, E 2, E 2"*?/-,, 

2;, E 2"“Ma, these beconie (by (136), or by writing .S', = 2,, .S'^ = 2, + 2,,, 

s ., = 2, + 22, + 2,,) 

lOOl'n, = +5172,-1542, + 222,, 
lOOlAn, = -1542, + 662,- 112,,. 

100] A'n, = + 222,-1 12, + 22„. 

The symmetry of the coefficients is due to the fact that 

CO. in AA;,, = = X^,f = co. in A%„. 

For any particular value of m there will he only |(y +!)(./ + ") coefficients to be 
tabulated, instead of (_/+l)*. 


Appendix IV. — Formui^a; in terms oj’ m’s. 


(1.) Formula? foi‘ AA’„. &c. . in terms of tlu? uh have already been given in (l5re), 
(2l), (22), (20), and (28) of “ Fitting ” ; and the results in (l4l)-(]45) of the prtjsent 
paper can ]»e cheeked by comparing the dilferent expi-essions I'or th«' coefficients of the 
us. We should require to use the following identities ; — 

(r + //, h) = (r, 0) (//, 0) + (?-, l) {h, l) + {r, 2) {/t, 2)-)- ... , 

(r, 2^] = (0, 2/)] + lr, 2) (O, 2/f-2] + [r, 4) (O, 2/(-4l+ ... , 

[r, 2;i-l) = (r, 1] [±i 2h-2) + {r, 3] [±i 2A-4) + (r, 5] [±i 2//-6)+ ... , 
(r-i 2A-1] = [r-i 1) (0, 2//-2] + [r-i 3) (O, 2A-4] + [r-i 5) (O, 2//-6]+ ... , 
[r— 2//,— 2) = [±1-, 24- 2) + (i — i, 2] [±i. 2//— 4) + (i — i, 4] [±|-, 2// — (>)+ — 


(ii.) Taking, for instance, the formula for when m = 2w + l, (21) of “ Fitting 
gives (replacing t hy f) 


(Pr)«=(-)^>~'-n 
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Hence we find that 


/ \ / \ t \n /oL.n -1 2/1- "v'z 2AJ (r, 2//J 

(pX-ip.U-, = 2/+1) 2/,+l] ■ 


(« ) — (-.yifti (2/4--V) ''2/, 2/1 /_u {2/_. 2// 1 (/■• 2/( I , 

{Prh^-{ ) 2^1 i ) (irn. 2// + 1I ’ 


and therefore 


where 




(-y-*4n) 




{2L2/i {2f,2 g\ ^ 

\lm, 2/4 l) (|m, 2(f 4 1 J 


0 = /^’{-/4-S', g + i : 1, -iw4-.gr4-l, ^n4-f7+l ^ 


_ (fm, _2y + l] 2^4-1) 

(l^i, 2«+l] [^m, 20'4-I)‘ 

» 

This expression for will he found to he equal to as given by (132) of the 

present paper, so that tlu^ formula in “ Fitting” agrees with (142). 
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The astronomical importance of tlie dissipation of energy that goes on in shallow seas 
has been shown by G. T. Taylor's reccmt estimate* of the amount in the Irish Sea, 
which is enough to account for about one-fiftieth of the st^cular acceleration of tin* 
moon. It also produces a consKhu'abh^- efS^ct on the tides themselves, and there tire 
probably many places where it must be taken into account bedbn* any satisfactory 
theory of the local tid( 5 S, or (wen their empirical prediction, can be achieved. It is 
indeed very well known that there are bays and straits wher(‘ the heiglit of th(^ 
tides, or the speed of the curremts, or both, are greater than in the Ti'isli S(ia, and a 
careful examination of such places, with a. view to finding tht‘ dissipation in them, is 
needed. There ai-e otlier places wliere the dissipation for an (Hjual area is less than in 
the Irish S(^a, but which may actually contriluite mucli mon^ altogether on account of‘ 
their greatc^r size. The object of this paper is to discuss what regions are capabh^ of* 
producing notable parts of the secular acceleration ; to estimates as accurately as 
possible from the data available the dissipation in these ; and to compare this with 
that calculated from tlu? s(^cular acceleration, so as to find out whether it is necessary 
to assume th(i existence of any other important cause to account for th(* lattcn*. 

The horizontal force of the skin friction of water over tlu^ sea bottom is 0*002/5 
dynes per square centim(‘tr(‘, where p is measured in grammes per cubic cemtimetre 
and V in centimetres per second. The difficulty of the problem is in the estimation 
of V. The available observations of tlu^ velocities of tidal currents aie given in the 
Admiralty Sailing Din^ctions ; but they are iievej* uniformly distributed, and ar<^ 
usually confined to the neighbourhood of the coasts, and tht^y must be supplemented 
by theory before the velocities rc^mote from the coast can be found. A few 
theoretical considerations that have been found useful in this process will now 
mentioned. 

Take first the case of a bay or strait long in comparison with its width, and 
consider a wave entering it whosi^^ period is much longer than the time needed for a 

* ‘Phil. Trans./ A, vol. 220, pp. 1-33, 1919. 
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wavfi of tidal typo to cro8.s. This time is known to be ind(?pendent of the period of 
the disturbance, depending only on tlie width and depth. Such a wave is reflected 
from one side to the oth(>r again and again before it reaches the other end. • Tt is also 
known that the transverse velocity at the sides is zero, since water cannot cross a 
I’igid boiindary. Thus if we compare two points on opposih; sides of the channel, we 
know that the times of arrival of the wave at them differ by a small fi’action of a 
period ; and since the ti'ansverse velocity .at both is zero, it cannot h(( great at any 
intermediate point, for' that would contradict the hypothesis that the wave-length is 
ninch greater' than the width of the channel. The trairsversr' velocity may accord- 
ingly he neglected in problems of this cl:iss. 

If the period of the entering wave is of th(^ same order’ of magnitude as the time 
needed to cro.ss the channel, we can no longer' infer that the transverse velocity is 
much less than the longitudinal one. This case seldom or never arises. The velocity 
of a tidal wave is (( 7 D)^ where g is the inteusitv of gravity and T) is the depth ; and if 
the water was only 20 fathoms deep a tidal wave would in 12 hour's travel 700 km., 
which is far greater than the width ol' almost any channel whose length is much 
gnrater than its width. Where the width is greater, the depth also is always greater, 
so that the above argument always holds in long channels of whatever size. 

Tf now X he the distance of a point fr'orn the entrance to the channel, y the distance 
from the side, « the longitudinal velocity of .r particle ther-e, and tf the height of 
the free surface above its undistui’bed position, the equations of motion of the particle 
are 

^ a term due to friction 

dt dx 


o ^’1 

2wv - -pr- 

oy 

where w is the component of the earth’s angular velocity of rotation about the vertical 
at the point. The equation of continuity is 


dx 


(Dn)=- 


ar 


From this and the second equation of motion we deduce at once 


2’? 

dx 


dj]o , fdii 

dx g Jd 



dy 


where % is the value of >/ at the side. In this w’e see from the conditions that the 
chaimel is narrow and the depth slowly varying along it that the first term is much 

dr 

greater than the others. Accordingly ~ is the same lor all particles in the same 

dx 

cross-section of the channel, and the first equation of motion tlien shows that the 
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same is true of u if the friction is small. Thus in such cases the velocity is the same 
at all points in the same cross-section, so that observations made at the side will be 
correct for points in tlie middle. Tf friction is fjreat this result must he modified, 
since for the same velocity tin* frictional force is independent of the depth of the 
water, whereas the mass aifected is proportiojial to the deptli. Tims friction has 
more inflmince in reducing thv vadocities in shallow water than in deep water. Henc(‘ 
when the cliaimel is shallow a.t the sides and deep in the middk* the vadocity will be 
least at the sides. Tlie ratio of the frictional terrii to tla^ first term is 0*002 7//2D'i2, 
where D' is the (h^pth at the. shallow part. When this is 10 fathoms and the 
velocity 1 knot the fraction is 0*25, so that this effect is them apprc^ciable ; and when 
the depths are less and the velocities greater, the influence of IViciion may incr(‘ase to 
such an extent as to doininat(‘ the whole character of the motion. When this occurs, 
the velocity will always he in th(‘ direction of* di^creasing pressui'e, and inertia may 
])e neglect(*d. , 

The last iv.sult ma}’ appear to contradict thi‘ general [)rincipl(‘ that still waters 
run deep.” Then^ is no real contradiction, liowaner, lor tla‘ ju'ohhuns nderred to are 
diftereiit. The above argument deals with the ditf(*rtmc(*s between tin* V(dociti(*s at 
[daces in the sanu' cross-si^ction of the channel, wht'rtais the proverb concerns rivers 
whose depth varies along them, a.nd in such cases the motion is natui'ally slowest 
where tlie depth is gr(‘atest, since th(^ amount of* wat(‘r (M‘ossing any section in a given 
time must be the same. It also has an impoiTant and well-kiiown a[)plication in bays 
of varying depth and width, such as the Bay of Fundy. If, for instance, the bay is 
very long, and these (piantities change only by small fractions of* tlHunselves per wav(o 
length, it can be shown* that the height of the wave at any point is proportional 
to and the velocity of the water to where b is the width at the 

surface. The rate of* dissipation of eniTgy across any section is proportional 
to Inc'' or to It ther(d*ore inci’eases slowly as the chann(d becomes nari’ower 

and much more quickly as it liecomes shallower. When the depth and width vary 
much Muthin a waxve-length th(\se rt^sults cease to In* useful approximations, but the 
tendency for the heught of the tide and the, velocity of the tidal current to incnnise as 
the channel becomes narrowaM* and shallower remains. Thus in such places we of*ten 
find very high tides and strong tidal currents. Apparently, how(*ver, tladr limite^d 
area prevents the dissipation in them from being as great as that in larger places with 
less violent currents (at l(?ast, if the Bay of Fundy may be regarded as typical 
of them). 

The widths of most actual bays are, however, comparable with their lengths, and 
in these it is generally a matter of some diflBculty to settle whether we can treat the 
recorded currents as a fair sample of the whole. The amplitude of the tide in mid- 
ocean is only about a foot, but in the shallow water around the coasts it is magnified 
to ‘several feet, and the tidal currents are increased correspondingly. Where the 

Lamb, ‘ Hydrodynamics,’ p. 258. 
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shore is fairly open and regular in outline, like most of the coast of Africa, it is not 
possible to find the dissipation along it, for there are no data to show how far out 
the currents extend. Tn partly enclosed regions, however, it is frequently possible to 
interpolate between the records made on opposite sides. A serious difficulty may 
arise if the depth of the sea is very different at different points within it, for this 
may destroy the possibility of interpolation, and therefore we miist always examine 
the soundings for any great variation. Ordinarily we should not expect much 
variation in the velocities, for such places are intermediate in charactei’ between 
narrow channels and the open shore, and therefore the currents in them may be 
expected to show some increase in shallow water, but not so much as would be caused 
by a proportional decrease in depth along a narrow bay or in approaching the open 
shore. In shallow water also friction may, and often does, neutralize the magnifica- 
tion that would occur in its absence. 

One other fact may be nottid. In shallow bays the difficulties of navigation 
may be great, and navigators avoid them if possible by choosing a harbour 
near the entrance. Thus obsei vations of currents are most numerous about the 
entrances, and often at the very places where the currents, and consequently the 
dissipation, are greatest there are insufficient observations to give a satisfactory 
estimate. 

Great care must be taken in dealing with observations among islands, straits, and 
shoals. When the passage of a tidal current is obstructed by a shallow of small 
horizontal extent, part of it goes round the shoal and part over the top. The 
influence of this on the main current is of course small, but on the top of the shoal and 
in its immediate neighbourhood the velocities may be much increased, for much the 
same reason as accounts for the greater speed of a river where it is shallow. On the 
othei' hand the increase in the influence of friction may greatly reduce the currents, 
and shoals often afford in this way an important shelter from tidal currents to the 
deeper water behind them. This is particularly noticeable at some points on the Korean 
side of the Yellow Sea. Thus observations of currents taken at lightships and buoys 
over shoals whose dimensions are all much smaller than those of the main bay or channel 
must be regarded as giving no reliable estimate of the main current. Small islands 
also require examination before the records obtained are accepted. If one is surrounded 
by a shoal they are of course untnistworthy ; but if deep soundings are found 
within a few miles of it, they will probably give a very good idea of the main current, 
which will, especially in a wide channel, be fully as useful in our investigation as the 
results of observations at the sides. Straits are in a different position. When the 
tides in two seas or even oceans are in widely different phases, a large head may be 
produced between the .tvjo ends of a strait connecting them, so that a swift tidal 
current will flow, along the strait. In no circumstances, however, can this give any 
indication of the currents in the seas, for it is produced by the tide heights, and not 
directly by the currents. Such currents may attain very great velocities, as in the 
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Magellan Strait and Smith Sound, and when the area of the strait is not insignificant 
the dissipation may be an important part of that in tlie seas as a whole. 


EuR.orKAN Seas. 

1. TJu' Irish Sen. 

This sea has been discussed in detail by Taykor. The rate of dissipation is found 
to he 1040 ergs per square centimetre per second, or 4'lxlO'’ ergs per second in 
all, on an average at spring tides. This residt is based on the law that the rale is 
proportional to the cube of the velocity. The Irish Sea is remarkable in that the 
maximum current occurs nearly at high water, whereas in ordinaiy places the water 
is nearly slack then ; though other examples will be given later in this paper. This 
aftbrds the most favourable conditions for an accurate’ estimate of the rate at which 
energy enters the sea ; to this Tayi.OR added the rate* at which the moon’s attractiem 
does work on the sea, and from the fact jihat all this energy must be dissipfited in 
the course of a period (for if it were not, there would be a continu.al increase of energy 
in the Irish Sea) he found that the mean rate of dissipation at spring tides w.as 
6‘Ox 10^’ ergs per second. This e.stimate is probably more accurate than the other, 
as the data involved are obtained from observations in St. George’s Ghannel, supph'.- 
mented by an accurate theory ; but the former is based on an average of the velocities 
in the Irish Sea itself, which are more dldicull to determliu'. 

2. 77/ c Ettglish Channel. 

On an average the tidal currents in the English Channel at springs reach about 
2 ‘5 knots. The speed is greatest towards the Straits of Dover and least at the 
entrance to the Channel, and enough data are available in the Admiralty publication, 
‘ Tbe Tides and Tidal Streams of the British Isles ’ to give a very accurate estimate 
of the total dissipation if this were required in the present problem ; but as the errors 
introduced by using only a rough approximation in this case are far less than those 
involved in the best data referring to regions with far larger dissipations, accuracy is 
not here required. 

The rate of dissipation is 0*002/) V'* ergs per square centimetre per second. Here /. 
is practically 1 ; and one knot is 51*5 cm. per second. Thus the dissipation per square 
centimetre for a velocity of one knot is 274 ergs per second, and that per square 
kilometre is 2*74x10’* ergs per second. The area of the English Channel is about 
60,000 sq. km., so that the dissipation when the currents are flowing fastest is 
2*74 X 10’*x 6 X lO^x 2*5*, or 2*5x10“ ergs per second. This is of course a maximum, 
while the value obtained for the Irish Sea is the mean over a period ; the average 
rates of dissipation in the two places are perhaps not very different. 
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3. The North Sm, 

A satisfactory estimate of the dissipation in the North Sea is practically impossible. 
Velocities up to over 3 knots are recorded here and there, but all tlie observations are 
in the coastal region, which is very much complicated by shoals. The maximum in 
the outermost part of the Moray Firth is about t’l knot, and this is probably fairly 
typical of the whole of the North Sea. Taking the area to be 5x 10’’ sq. km. and 
adopting the above value of the velocity, we see that the maximum dissipation is of 
tlie order of J '8 x I 0^^ ergs per second. 

4. Other European Waters, 

In the Mediterranean there is probably little or no dissipation of tidal energy, for 
the Atlantic tidal wave can only enter through the very narrow Straits of Gibraltar, 
and partly for this reason and pai'tly on account of the great length and considerable 
depth of the sea there is very little tidal movement in it. The same argument applies 
to the Baltic, for the entrance through the Kattegat is lai'gely blocked up by the 
Danish islands, so tliat little water can enter to produce a tide. The Bay of Biscay 
is mostly too deep to have any important cui'rent, while the White Sea is too small 
and landlocked to give as much dissipation as the Irish Sea. 

The average dissipation in a period is Ajoir of the maximum. If we find the 
maximum for the Irish Sea on this basis, we obtain for* tlie total dissipation in 
European waters when the spring tide currents are flowing strongest about 6*0 x 10'” 
ergs per second ; the average at spring tides is 2*4 x ergs per second. 

Asiatic Seas. 

It has already been pointed out that the tidal currents in mid-ocean are insufficient 
to give any important dissipation.* Accordingly we need consider only those places 
where the currents are very much magnified by great decreases in depth. On 
referring to a physical map of Asia it is at once seen that the places around the coast 
where the depth is less than ]()() fathoms are the Straits of Malacca, the South China 
Sea (with the Java Sea), the Gulfs of Siam and Tongking, the Yellow Sea, the 
Persian Gulf, and parts of the Seas of Japan and Okhotsk and the Bering Sea. 
These regions will be dealt with separately. The Persian Gulf may be omitted at 
once, as its narrow entrance prevents the tide from being great. 

1. The South China Sea, 

This sea is in the form of a letter T. The middle sti'oke points north-east and lies 
between Annam and Southern China on the one side, and Borneo and the Philippines 
* ‘ Philosophical Magazine,* May, 1920, vol. 39, pp. 578-586. 
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on the other. The two side-pieces are the Gulf of Siam and the Java Sea. The data 
for it are obtained from the ' China Soa Pilot/ volumes 3 and 4, (except the depths, 
which are taken from the Admiralty Charts. Tht^ tides ai’e affected i)y a larjje diurnal 
inequality due to the inclination of the Equatoi' to the ecliptic. Wlnai tlie moon is 
north of the Equator it tends to raise two tidal protuberances in the ocean, one 
exactly bedow it and the other exactly opposite to it. Owing to tiie earth’s rotation 
each of these moves round the earth onc(^ a <lay. kee})ing the stunt* distanct^ north or 
south of the Equator. Thus if tt place is not on tlu* Ecjutitoi*. tlu^y pass at different 
distances from it, so that tlie two tides in tht^ hin.ar day are unequal in height. 
The variation in the Itwel of* the wtiter tlius caused ctui 1 m‘ described as a Beini-diurnal 
cliange, on whicli a diurnal cliange is superposed. 

Now the rate of travel of a tidtd wti ve is practically iude])end(mt of‘ its period, but 
if the depth and the form of the coast are such that t he wava‘s starting from thf^ north 
and south sides of the Equator take different times to l ea.ch the place of observation, 
their combined effect may be remaikabh^ In })ai’ti(‘iilai\ if the wave from the south 
arrives a quarter ot‘ a lunar day aftiu' or befoin* the ot her, tdf* semi-diurnal part of the 
one wave will correspond to high water whih^ that of the othtu' corresponds to low 
water, and il‘ the anqditudes are equal tin*, two will neutralize each other. In other 
words, thei’e will be a node of tlie semi-diurnal tidt\ Tin* diurnal parts, however, will 
not neutralize each othei*, their phases being only a (juarter of a period a jiai t. Thus 
at such a place there will be a diurnal tide and no serrn-diurnal tide. S(^vei*al jilaces 
are known where there is only one high water in t^acli lunar day ; among them are 
parts of the South China Sea, the Gulf of Carpentaria, and liering Sea. The tides in 
these require special discussion before they can be considered in the present problem, 
because the diurnal tide depends essentially on the inclination of the Equator to the 
plane of the mooi/s orbit and would not exist if this were zero. The dissipation ol‘ 
energy in it must therefore arise from the motion ol' tlu* moon in declination and not 
in right ascension, and will affect mainly the inclinations of the Equator and the 
moon's orbit to the ecliptic, while producing little effect on Ibe earth’s rotation and 
the motion of the moon in longitude. In discussing the secular acceleration of 
the moon it can therefore be ignored. H’ observations ol‘ the diurnal tide in the 
places where there are two high waters in the day wer(3 more numerous it might be 
possible to determine the dissipation in it, and from it the secular changers in the 
Inclinations, but at present this is impossible. 

In the Java 8ea, between Borneo and Java, the tide is mainly diurnal ; in fact 
according to the ‘ Eastern Archipelago Pilot,' part 3, the semi-diurnal tide is not 
appreciable on the north coast of Java till east ol Surabaya, which is itself almost at 
the eastern end. On the south coast of Borneo the observations are not so numerous, 
but it seems clear that there also the tide is mainly or entirely diurnal. The tidal 
currents are described as weak. We can accordingly neglect the dissipation in the 
Java Sea. At its western end this sea is connected to the South China Sea by two 
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rather wide straits, Carimata Strait and Gaspar Strait. In both of these the tide is 
mainly diurnal ; in the latter, in fact, it is entirely so. At Pontianak, near the north- 
westerly point of Borneo, the tide is still diurnal ; thus the part of the China 
Sea south of Pontianak and Singapore probably contributes little to the secular 
acceleration of the moon. 

Apparently the main tidal stream from the China Sea strikes the Malay Peninsula 
somewhere near Cape Patani and spreads out from there ; for on the coast north of 
this point the flood stream sets to the north, while south of it it sets to the south. 
The tide in this region is definitely semi-diurnal, though the heights of the two daily 
high waters may be unequal. The depths in the western part of the sea and in the 
Gulf of Siam are mostly about 30 fathoms, but there are many shoals around the 
coast where the depth is only a few fathoms, and it is therefore necessary to be very 
critical of the sites of observations of currents. The best results seem to be given at 
small islands with rapidly shelving sides, for the currents there are modified little by 
the form of the bottom and can be regarded as fairly typical of the general currents 
in the neighbourhood. 

At the Anamba Islands (see map, tig. l) the semi-diurnal tide appears to be 
usTially much less than the diurnal one. The ‘ China Sea Pilot,’ vol. 3, states that for 
a few days in each month, when the moon is near the Equator, there are two high 
tides in the day. It is easily seen that for two tides to occur in the day the 
amplitude of the semi-diurnal term must be at least a quarter of that of the diurnal 
term. It would not, howe\'er, vary much with the moon’s declination, whereas that 
of the diurnal term vanishes when the moon is on the Equator ; and the above fact 
shows that the semi-diurnal tide only attains this fraction of the diurnal tide when 
the latter is at its least. The tru(i semi-diurnal tide at the Anamba Islands must 
therefore be insignificant. The same is evidently true of the currents, for the tidal 
streams take a day to run backwards and forwards. 

In the Gulf of Siam also the tides are mainly diurnal. The oscillation in this is a 
forced one due to that in the South China Sea, and as the latter is diurnal so is that 
in the Gulf of Siam. Actually the only place where the semi-diurnal tide is 
considerable is Bangkok Harbour, at the head of the gulf. This tide seems to 
increase in relative importance towards Bangkok, for at Kamput on the eastern side 
and places in about the same latitude on the western side the tides are said to be 
very irregular, indicating the presence of some complicating influence. On the whole, 
therefore, it seems that the dissipation in the Gulf of Siam will not be underestimated 
if we assume that the semi-diurnal current reaches a maximum of one knot, this being 
one-third of the diurnal tidal current observed ofi" Cape Patani, at all places north of 
the parallel of 11° N. The area of this region is about 70,000 sq. km., giving a 
maximum dissipation of 2x 10’^ ergs per second. 

An estimate may be made of the dissipation of the energy of the diurnal tide in 
the same regions. At Pontianak there is a diurnal current of two knots when 
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running strongest ; and a similar velocity is recorded at the Burong Islands some 
distance to the north. As the depth of the passage between Borneo and Sumatra is 
fairly uniform, from 10 to 20 fathoms, these measures are probably typical of the 
whole. Quantitative estimates of the currents in the Gulf of Siam are few, and a 
reasonable guess at them would be difficult. The depth is mostly about *30 fitlioms, 
but there are a deeper area in the middle and many shoals about the margins. As the 
current at the mouth of the gulf is across it, the tide in the gulf can arise only from 



the reflection of this by the Malay coast, so that the general set of the current is 
across the gulf, and considerable magnification in the gulf is unlikely. Our estimate 
of the dissipation will probably be of the correct order of magnitude, if we suppose 
that everywhere west of a line joining Cape Datu to Cambodia Point the maximum 
current is two knots. The area of this region is 8 x 10^ sq. km. ; thus the maximum 
dissipation is l*7x 10^^ ©rgs per second. The velocity is proportional *to the sine of 
the hour angle of the moon increased by a constant ; and as the dissipation is 
proportional to the cube of the velocity, the average dissipation is obtained by 
VOL. COXXI. — A. 2 M 
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multiplying the maximum by the average arithmetical value of sin* 0 taken over a 
period, which is 4/3x. It is not clear what declination of the moon the recorded 
currents refer to : if they refer to the maximum, the average for the month will be 
found by multiplying again by 4/3ir. Thus the average dissipation of energy in the 
diurnal tide in the western part of the China Sea is of the order of 3 x 10“ ergs per 
second. 

We next proceed to examine the dissipation in the main part of the South China 
Sea, between the north-west coast of Borneo and the maiidand. The currents are now 
semi-diurnal. Near Cape Sirik the flood runs for four hours and the ebb for eight 
hours, so that a considerable diurnal component exists, but not sufficient to prepon- 
derate over the semi-diurnal motion. The velocities here are from two to three knots. 
At Bruni the observations are very much interfered with by shoals and narrows, but 
in the offing the currents seem to be about two to three knots. About Tega, however, 
among shoals the velocities recorded are only 1‘3 and 0’8 knots. The contours of the 
sea floor run roughly parallel to the coast, so that these currents may persist for some 
distance out to sea. Off the north end of Borneo the sea rapidly deepens, and in 
accordance with tliis there is scarc(tly any tidal current at Ulugan Bay, in Palawan. 
On the Asiatic side the tide is diui’iial at Camran and Tourane, but the currents are 
weak. 

A few shoals and islands in the middh^ of the sea, have been made th(' localities of 
observations. At Kiflemati Bank and Spratly Island there is only one tide in the day, 
and at the neighbouring island of Amboyna it is said that near neaps the stream 
reaches 1 '4 knots. It is therefore clear that the semi-diurnal cunamt of* the Borneo 
coast does not extentl half way across the sea, aiid its true extent is very doubtful. 
In the Gulf of Tongking also the currents appear to be diurnal. Thus in the whole 
of the South (Jhina Sea and its extensions there seems to be little semi-diurnal tide 
and little contribution to the secular acceleration of the mooti, though there is a 
dissipation of the energy of the diurnal tid(' that may have a notable secular effect on 
the obliquity of the ecliptic. 

2. The Yellow Sea. 

This is a gulf about the size of Ireland, lying between Korea and the coast of 
China, and extending about as far south as the mouth of the Yang-tse-Kiang. It 
becomes very narrow where the Shan-tung peninsula projects into it, and north of 
this it forms the Gulfs of Pe-Chili and Liau-tung. Most of it is shallow, the depths 
in the main part of it being mostly about 30 fathoms, and those in the northern part 
about 15 fathoms. Around the shore the water is shallower, and in many places 
there are crowds of shoals. The data are obtained from the ‘ China Sea Pilot,’ vol. 5. 

The tidal phenomena are extremely complex. At the south end of the peninsula 
of Korea high water (full and change) is at about llh., Greenwich time. As we 
advance up the Korean coast it occurs later and later, being practically 12 hours 
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later at Port Arthur. On the opposite side of the Strait of Pe-Ohlli it is slightly earlier 
than at Port Arthur ; then on the way round the Shan-tung pejiiosula and out of 
the sea again the tide again becomes steadily later. It therefore looks as if the tide 
enters up the coast of Korea, gradually passes up the sea, losing erwa-gy all the way, 
and a reflected wave from th > Pe-Chili strait emerges down the Chinese coast. The 
tides and the curi’ents on the Kore.an side are noticeably stronger than those on the 
Chinese side, and it does not seem likely that this is due wholly, or even largely, to 
the shoals on the former coast, for at islands in deep water, such as the Mackau, 
Myangoru, and Bate groups, velocities of 3 to 5 knots are recorded, while in 



shallower water the velocities are not usually greater than these, though local strong 
streams exist. Apparently the effects of friction are gi’eat enough to connterhalance 
those of the diminution in depth. They are also seen in another respect. Among 
the islands of the Korean archipelago the tidal stream sets west from four hours 
before till two hours after high water, whereas in most places elsewhere there is little 
or no current at high water. Thus work is continually being done on the sea, and 
the energy entering is dissipated in it. An effect of the approximate agreement in 
phase between the tide and the utilized to give an estimate of the 

currents and tide height in the entrance to the sea, far from the nearest land, and 
hence of the amount of energy entering. In any motion in a channel where, on 

2 M 2 
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account of its narrowness or for some other reason, there is little transverse motion, 
the velocity along the channel is related to the pressure gradient across it according 
to the equation 

2<opw = —dpfdy, 

where p is the density of the water, 

us is the component of the earth’s angular velocity of rotation about the 
vertical at the point considered, 
p is the pressure, and 

y is the distance measured across the channel. 

In the Yellow Sea the entrance is not narrow, but there seems reason to believe 
that the velocity across it is. small, which is all that is reqiiired for the truth of the 
above equation. If now g denote the intensity of gravity, and ^ the elevation of the 
surface of the water above its mean position, then at any fixed point, at whatever 
depth, the variation of p is equal to that gpt). Again, if 0 he the earth’s angular 
velocity, and X the latitude of the place, 

us = 'U sin X, 

and we have on putting X = 35° ; O = 7’3xl0"7l sec.; p = 981 cm./sec.* ; 

'U = -ri7x 10’ 

dy 

where C.G!S. units nuist now be used. 

On the coast of Korea the tide has an amplitude of about 10 feet, or 300 cm. 
The velocity of the inward current is about 4 knots, or 200 cm./sec. Now suppose if 
possible that the current remained constant right into the middle of the entrance ; 
then the above formula shows that at a distance of 1 7 G km. from the side there 
would he little vertical movement of the surface, and further away still a huge tide 
with an amplitude of some 30 feet would exist. It is not reasonable that the tide in 
the middle should be greater than that at the side, though it may easily he smaller. 
The alternative hypothesis is therefore that the current decreases as we approach 
the middle, and is very small over most of the sea. This will he adopted in the 
forthcoming discussion. We shall suppose that the ciirrent at distance y from the 
coast is in the same phase as that at the coast, and is a linear function of y. Then put 

u = (200— cosyL 

At the shore ij is equal to 300 cos {yt—a), where a is the diflPerence in phase 
between the tide height and the current strength. For the semi-durnal tide it is 
twice the angle moved through by the moon relatively to the earth in one hour, 
or 29 degrees. In general 

tf = 300 cos (yi— a)— 8’6 x 10"® cos yt (200^—^%*). 
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The amplitude of t) reaches a minimum where the coefficient of cos yt vanishes. We 
shall have the least possible tide in the middle, thus satisfying our earlier assumptions, 
if we assume that this minimum is reached at the point where th(^ velocity vanishes. 
In this way we shall underestimate the dissipation, but not by any great amount. 
The value of h that makes this coincidence possible is 6T)X 10~'’/l cm., so that the 
current becomes zero ' 300 km. from the shore, practically in the middle of the 
entrance. 

Tayloh shows {loc. cit., equation 15) that the average amount of energy 
crossing any line is the average over a period of gp\T>tiu dy in my notation, where D is 
the depth of the water, in this case about 30 fathoms over most of the region in 
which the velocity is greatest, with a range in all of from 20 to 45 fathoms. We 
find easily 

n = 147 sin yt— 4‘3 x lO"" k {y—20{)fkY cos yt, 


and the average flux of energy across a parallel of latitude is found to be 
1 '00 X 1 O'" ergs/sec. 

The northward flux on the Chinese sid^ is more difficult to determine, as the 
direction of the currents is variable. Two phenomena are intermingled here. The 
issuing tide from the Yellow Sea comes down this coast, hut there is also a definite 
tidal wave that travels into and out of the large bend in the coast whose extremities 
are Shan-tung promontory and Shanghai. This is shown by the fact that along the 
northern part of this bend, on which Tsing-tao stands, tlu^ current flows northwards 
while the tide is ebbing both along this coast and in the nortlKun y)art of the 
Yellow Sea. Thus in this bay the main tide is the local tide of the hay itself and 
not the general tide of the Yellow Sea. The currents produced by these tides are 
rotary, probably an eflect of the earth’s rotation ; and it seems that the northward 
component of the velocity is small. Further, it is probably nearly in u phase at 
right angles to the tide, as great divergences from this relation can be. produced ordy 
by great dissipations and accordingly by great velocities in the vicinity. Hence for 
both reasons we infer that the northward flux of energy along the (Chinese coast is 
small in comparison with that on the Korean side. 

We also need to know the work done on the water by the moon. If tj' is the 
height of the equllihiium tide, the work done by the moon in a period is 


^ dl dS, where c?S is the element of horizontal surface and the intcigrals are to 


be taken, in the one case over a period, and in the other over the area considered. 
If the phase of is ,8 in advance of that of tj', and the amplitudes he h and h', the 
average rate of doing work is — ^g\hh' y Bin ^ d8. In the present case h' naturally 
varies little ; h decreases fairly steadily as we travel from the entrance to Port Arthur, 
where it has about half of its value at the entrance. On the otheB hand /3 varies a 
great deal. The longitude being about 120° E., the moon crosses the meridian at 
full and change at 3h. 43m. It is high water in Shoan harbour, at the southern 
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end of Korea, at I Oh. 33m., so that is here —199°, or more conveniently +161*. 
The tide lags more and more on the way up the sea, and at Port Arthur it has lost 
practically a whole period, the high water at full and changti occurring there 
at 1 1 h. 7m., making /3 = —210". Positive elements will be added to the integral 
■ by the places where ft is from 161° to 0'’, nega.ti ve elements where ft is from 0° to — 1 80°, 
and positive again where it is from — IHl)" to — 21G°. These values are however 
weighted according to the vahuis of // ami according to tlie extent of the areas for 
which they are correct. Now ft is zero near the Conference Islands, only about 0‘4 of 
the way to the narrowest part, so that on this account the area for which it is 
positive would appear to be less than that for which it is negative. The sea becomes 
much narrower farther north, however, which must reduce th(! ratio of the weights 
somewhat, and the tides are only alKtut two-thii'ds of the height. Thus it seems that 
the weights to be attached to the positive and negative* Amlues of sin^ are nearly 
equal, and its average over the sea is unlikely to be more than 0‘2. The anea of the 
sea as far as Port Arthur is about 300,000 sq. km. ; taking thee average of h as 240 cm., 
and that of//' as 20 cm., we find tht*. energy impaired by the* moon to be not greater 
in absolute' magnitude than 2x l(f' ergs per second on an average. That entering up 
the Koi-ean coast is far gre/iter. 

In the discussion of the work done by the moon the Gulfs of Pe-Chili and Liau-tung 
have been ignoreel. Theie ai’e two resasons for this : theii* uniteel area is about a 
third of that of the main part of the sea, and the tieles receerded at the sides are also 
about a third of those on the Korean coast. It seems to me, however, that these two 
gulfs afford an example of ii special type of tid/il problem different from any previously 
discussed. Foi‘, let us suppose if possible that the recorded amplitudes, of the order 
of 90 cm., wei’e typical of th(' whole area. The average depth is about 2000 cm., and 
a tidal wave in water of such a depth would give rise to a current of maximum 
velocity about h {gl^y)K which in tJiis case is 05 cm./sec. The corresponding 
dissipation would be 550 ergs pel' square ci'iitimetre per second. On the other hand 
the average energy present is about Igp/ft, or 4 x 10* ergs per square centimetre. Thus 
if the alxive assumption were correct the whole energy of the tide would be dissipated 
in about 7000 seconds, or two hours. This is absurd, and we must suppose, in order 
to avoid the result that energy is dissipated faster than it enters the region, that 
the tides in the greater part of the gulfs are much less than the recorded ones. 
Their height m/iy be only a few inches ; while the recorded heights are the result of 
great magnification in the very shallow water around the edge. Accordingly the 
work done by the moon on this region may be neglected. The whole work done on 
the Yellow Sea by the moon is therefore small in comparison with the energy entering 
with the tide, and even its sign is uncertain. Thus the average dissipation in the 
whole of the sea is not very different from 1' 1 x 1 ergs per second. 

An alternative estimate may be deduced directly from the formula for the 
dissipation, with a suitable hypothesis on the distribution of velocity. At the 



DR. HAROLD JEiTREYS ON TIDAL FRICTION IN SHALLOW SEAS. 


258 


entrance, when the current is flowing stronge.st, the dissipation in a strip a centimetre 
wide across it is 0'W2p\v;'dy, and if the above distribution of velocity is correct this 
is l‘2xl0” ergs per second. Farther north the velocity is not so great; in fact, 
around the Shan-tung promontory it does not exceed one knot, and at the islands in 
Korea Bay opposite it is usually about two knots. Further, the width is here less 
than 300 km., so that on this account also the dissipation for a given velocity must be 
less ; the amount in a strip a centimetre wide running east and west is therefore 
probably not more than otie-sixteenth of that in a similar strip near the entrance. 
Even south of the narrow part off Shan-tung the currents appear to be slower than 
near the entrance ; for about half the distance the vcilocity is about two knots, rising 
again to 3| knots at the Sir Jam(^s Hall group, in the narrow region. If a proportional 
rediiction taktis place at all otlau’ distances from land, we must suppose that the above 
estimate of the dissipation per unit length is correct for the first 200 km., that the 
amount for the next 230 km. is an eightli of this, and that for the remaining 220 km., 
corresponding to Korea Bay, is a sixteenth. Tlie (lulfs of Pe-Chili and Liau-tung may 
be ignored. The total dissipation, if the maximum velocity at every place occurred 
at the same time, would therefore be (2 x lO’-f- i x 2'3 x I O' -I- )’« x 2‘2 x 10^) r2xl0“ 
ergs per second, oj- 2‘8xl0‘“ ergs per second. The average for each place is 
4/37r of the nuiximiirn there, so that the average foi’ the wholes sea is 4/37r of this 
maximum, or 1*2 x 10^^ ergs per second, which agrees witli the previous estimate 
much more closely than the data would have led us to expect. 

3. The Sea of fJapaa. 

The Sea of Japan is an oval basin hounded on the eastern side by Japan and 
Sakhalin. It seems clear that the dissipation is small, for lx)Ui the tide height and 
the current are small. Even in the comparatively narrow and shallow Korea StrJiit, 
through which the tide enters at the south end, the current only attains a speed of 
1 or 2 knots ; and wlien this opens into the sea tlie width suddenly incrciases to 
900 km. and the depth to 400 fathoms. The currents in juost of the sea must there- 
fore be insignificant. They are appn^ciable at the gaps between the Japanese islands 
and in part of the narrow Gulf of Tartary, but the area affected is small and the 
currents only moderate (l to 3 knots at most) so that the dissipation is small. 

4. TJie Sea of Okhotsk. 

In its essential features this resembles the Sea of Japan. Tlie only shallow parts 
of it are narrow strips around the coast, while the tide enters through the shallow 
water of the straits between the Kurile Islands. As the tide in the sea depends on 
the supply of water to maintain it, the restriction on it imposed by the shallowness of 
the entrances causes the currents tb be small. In the Gulfs of Ghijinsk and Penjinsk, 
in the north-east corner, the depth diminishes considerably, and the currents increase 
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to to 2 knots. Data are very scanty, but the area affected appears to be about 
70,000 sq. km., leading to a dissipation when the currents are strongest of from 
6 X lO’Ho 14 X 10’® ergs per second. If we adopt the mean of these as giving roughly 
the actual dissipation, and apply the factor 4/3ir, we find the average dissipation in 
these gulfs to be about 4 x 10’^ ergs per second. There is probably no important 
dissipation elsewhere in the Sea of Okhotsk. 

5. The Bering Sea, 


In the extreme north of the Pacific, between Siberia and Alaska, a chain of small 
islands, the Aleutian Islands, extends all the way across. The region north of these 



Fig. 3. 


has the shape of a quadrant and forms the Bering Sea. Between the islands the 
depth is great, and the tide of the Pacific seems to enter almost unhindered. Since 
the depth of more than half of the sea, mostly on the Alaskan side, is less than 
40 fathoms, large currents are produced, especially in the three chief bays — the Gulf 
of Anadir, Norton Sound, and Bristol Bay. The dissipation must therefore be very 
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great, but a reasonably accurate estimate of it is difficult to make on account of the 
form of the shallow portion, which lias no narrow place that can b(‘ calknl an entrance. 
It is best to treat the main part of the sea a fid the bays sepai'ately. 

In the soiitli of the si^a it is stated that tlie maximum rate* of the watt‘r, wlien clear 
of the passes between the Aleutian Islands, is usually about 2l knots when the depth 
is less than 100 fathoms. In the region satisfying thest^ conditions the depth is in 
most places about (SO ffithoms, so that the current farther north, where tlu* di'pth is 
often only 20 or 30 fathoms, may exceed this. On tlie otluu* hand there seems to he 
little semi-diurnal tide in the extrena* nortli. In Noi*ton Sound the tide is diurnal, 
presumably because ttie waves from the south and from Bering Straii. neutralize each 
other. At St. Lawi-enco Islands, near the entrance to tbe str*ait, the tide is only 
about a foot in height, confirming this suggestion. Farther south, however, the 
tidal wave from the Arctic must spread out and b(*come inappreciable. At IVibilof 
Islands, 500 km. from the nearest land and surrounded by water 50 fathoms deep, 
the current reaches knots. At St. Matthew Island, about midway betw(n*n these 
and St. Lawrence Islands, in water 30 to 40 fathoms deej), and nearly as fax from 
land, the current still reaches knots. There are no other data given for islands 
far from shore, and it seems that we shall not be overest imating the dissipation if we 
take the maximum currt'iit to be 2^ knots all over the shallow I’eglon bound(*d on the 
south by the Fox Islands and extending north till half-way betwecui St. Mattbew and 
St. Lawrence Islands. The size of this is 1,000 by 700 km., or 7 x JO*’ 8(j. km. Ilie 
maximum dissipation Is therefore 2*74 x 10’“ x 7 x 1 0” x (2*5) *, or 3x10’ ergs per 
second, and the nuian dissipation l*2x 10”* ergs per second. 

In Bristol Bay the average velocity seems to be about 3 knots, though the observa- 
tions are few. The corresponding dissipation is about 1 ax 10’^ ergs ])(*r second. In 
Norton Sound the dissipation is jirobably small, for it is mostly mirth of St. Lawrence 
Island, and the tide is diurnal. Tlie (lulf of Anadir proliably contributes about as 
much as Bristol Bay ; for though its area is twice as gr(‘.at, its more northerly 
situation must reduce the current somewhat. In all, tlien, fh(^ average rate of 
dissipation in Bering Sea is about 1*5x10”' ergs pm* second. Ihis estimate is of 
course subject to considerable error, for it depends wholly on a few observations, 
which may not give quite a fair sample of the whole of the sea. Jh(* (hqiths around 
the localities considered are fairly typical of tl»e sea as a whole, so that gu‘at erior on 
this ground is not to be anticipated ; but errors in observing the velocities may be 
greater, and both kinds of error are magnified in importance by the fact that the 
velocity must be cubed when the dissipation is calculated, so that if the tiue mean 
velocity were only 2 knots instead of 2| knots the. dissipation would be. almost halved. 
It does not appear that the velocity increases much towards the coast ; in fact the 
velocities near the Alaskan coast seem to be rather smaller than, those neai the 
islands. Thus an underestimate on this ground is not probable. 


VOL. ccxxi. — A. 
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6. Malacca Strait. 

This is a narrow triangular area, about 800 km. in length, separating Sumatra from 
the Malay Peninsula. The tide of the Bay of Bengal enters at the north-west end, 
and gradually increases in height as it advances along the strait towards Singapore. 
At the south end, liowev^er, the part of the tide that has not been reflected or 
dissipated on the way through the strait is overwhelmed by the diurnal tide of the 
South OhiTiu Sea. Ample observations of the tides and tidal currents on both sides 
are available. The currents as far south as Cape Medang (nearly due west of 
Malacca) seem to reach maxima of 1 to 3 knots, the average amplitude at springs 
being practically 2 knots. The area of this region is 100,000 sq. km., and the 
dissipation is accordingly found to be about 9x10’’' ergs per second on an average. 

An alternative determination can be made by finding the rate of inflow of energy. 
At Kumpei, on the Sumatran side and ne*ar the north end of the strait, it is high 
water, full and change, at noon, and the amplitude at springs is 120 cm. The flood 
tide outside the bar, in wat('r alxjut 20 fathoms deep, sets south-east from three hours 
before high water till three hours after it, so that it reaches its maximum speed of 
1^ knots at high water. At Penang, near the opposite shore, it is high water at 
Oh. 21m. and the current reaclu's its maximum velocity of 2 ^ knots an hour before 
high water. As the strait is everywhere narrow in comparison to its length, and as 
these observations do not seem to have been taken on shoals, they are probably 
representative of that part of the strait. The amplitude of the tide at Penang is 
100 cm. We can therefore take the average height of the tide along the section from 
Kumpei to Penang to be 110 cm., and the average current when flowing strongest to 
be 2 knots, reaching its maximum half an hour before high water. The average 
depth is about 30 fiithoms. A modification must be made in the previous procedure 
to allow for the fact that the current flows along the strait, which is not quite at 
right angles to the line of the 8(*.ction ; therefore, in finding the energy crossing the 
section, we must take for the length of the section, not the distance from Kumpei to 
Penang, but the projection of this on a line perpendicidar to the strait, which is 
280 km. The flux of energy is hence found to be, on an average, 7 x 10” ergs per 
second. We also require the amount of this energy that emerges through the narrow 
part of the strait. Off Cape Medang, which marks the narrowest point of the strait 
away from the immediate neighbourhood of Singapore, the amplitude of the tide is 
120 cm., high water occurring at 6h. 30m. The tidal cuiTerit flows at an average 
speed of about 2| knots. There is no record of the tidal phenomena just opposite, 
but in Malaccji Road it is high water at 7h. 30m., with an amplitude of 165 cm. ; the 
current there reaches its maximum of 2 knots an hour before high water. At the 
eastern end of South Sands, which lies near the Malay side, north-west of Cape 
Medang, it is high water about 6h. Om., and the tidal stream has a maximum speed 
of knots an hour before high water. The width of the channel at Cape Medang is 
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36 km., and the depth 20 fathoms. The average flux of energy eastward past it is 
found to he 1*0x10^^ P^r second. Thus the average excess of the inflowing 
energy over the issuing energy is 6x1 0^^ ergs per second. The work done by the 
moon is insignificant, for it crosses the meridian at full and change at 2h. ;3()m., which 
is nearly the average time of high water. Thus all the excess of energj^ found is 
dissipated in the strait. 

The area of the strait between the Kumpei-Penaiig section and the Medang section 
is 56,000 sq. km. If the average current in this had an amplitude of 2 knots the 
dissipation would be 5x10’^ ergs per second on an avc'rage, in striking agreement 
with the estimate from the flux of energy, though the latter is more reliable. If in 
the final estimate the region north of the Kumpei-Penang section is to be included, 
we must add a fraction to the total to allow for it, making probably hetwe(ui 8 x 1()^‘ 
and 12x 10^^ ergs per second in all. 

In the part of the strait east of Medajig there are few records of the currents, but 
the dissipation is probably small. In any case^ it could not exceed the 1 ergs per 
second that pass Medang, and is probably less than this. Tlu* total dissipation in the 
Strait of Malacca is therefore 1’] x 10^® ergs per second, subject to an uncertainty of a 
fifth of its amount. 


Australian Waters. 

Australia is surrounded by a belt of water less th<an 1 00 fatlioms in depth ; the 
width of this ranges from JO to 200 miles, (except at the Gulf of ( Iarj)entaria-, where it 
extends right across to New Guinea. The tide in tliis luaghhourhood is diurnal, like 
that in the South China Sea to the noi*th of it. The contribution to th(‘ secular 
acceleration of th(‘ moon is accordingly v<‘ry small. The tidal stretims do not exceed 
1 knot, and as the area is muc^h less than ihat of tlu^ South ( 'hina Sea the dissipation 
ill th(^ diurnal tide cannot he comparable w^ith tliat already found for the larger S(5a. 


Afrkjan Waters. 

The Mozambique Chamiel, 

The channel between Madagascar and thi^ mainland is mostly about 500 fathoms 
deep or more. There are few records of tidal currents in it ; in fact the only record 
given in the ‘ African Pilot/ part 3, appears to be based on iho statement of a single 
observer, that the tidal streams in the channel are comparable with the permanent 
current driven by the trade winds, which flows at about 2 knots. This cannot 
however be uniform all over the channel, for the following reason. The height of the 
tide along the African coast is about 12 feet, which is as usual measured relative to 
low water at ordinary springs, so tliat the vertical amplitude of the tide is 180 cm. 
Now the ordinary theory of tides in channels shows that the maximum velocity is of 
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order h (g^/D)- ; in a simple wave in a uniform channel it is exactly this. Taking the 
depth to be 90,000 cm., this makes the maximum velocity 19 cm./sec., or rather more 
than a third of a knot. Accordingly the currents with velocities of a knot or more 
must be confined to narrow coastal strips, and the dissipation is therefore small. 

The only other partially enclosed regions around Africa are the Gulf of Aden and 
the lied Sea. The former is deep in the middle with narrow strips of shallow water 
on the margins, like tlu* Mozambique (channel, and therefore the dissipation is small. 
The Red Sea is shallower, but can have no important currents, since the inlet at Aden 
is so narrow. Tla^ MtHliterraiiean has already been dealt with. Thus the dissipation 
around the coasts of Africa is negligible. 


North American Waters. 

There are many partially enclosed bodies of water around North America, the chief 
of which are tlr^ Gulfs of Mt^xico arid Galifornia, ih(‘ Bay of Fundy, the Gulf of 
St. Lawrence, and the num(u*ous straits and bays ol* the North-west Passage. Of 
these the Gulf of Mc^xico may be ruled out at once, for it is very deep and a large 
fraction of its entrance is blocked by fkiba. Tbe Cbilf of Galifornia is still deeper ; and 
therefore^ the currents in these cannot be notable except in resti'icted localities. 

1 . The Bay of Fviidy. ' 

This bay requires to be considered separately in spite of* its small siz(i, for it is 
famous for posse.ssing the largest tides in th(^ world. It is fairly shallow, and the 
tides ar(* much magnified in ht‘ig}it by the diminution in both depth and width 
towards the head of the Bay. The currents are ajijiarently not so gri'.at as would be 
e.xpectt^d from tbe beiglit of tbt‘. tides. The entranci* is through the Grand Manan 
Gliannel. namtHl after an island in It. Tln‘ .isau-age currtnt in th(‘ channel reaches 
about j 'S knots, and that ijt‘ar St. John, half-way up lh(^ bay, n^aclu^s 1 7 knots. The 
area of tlie bay is 12,000 s(j. km., so that the average* dissipation for a. maximum 
velocity of I'H knots all over would be 77 x 10'^' ergs ])(*r second. It is likedy that the 
currents fartlu‘r up the hiiy are strongi'r, so that this must be n^garded as a lower 
limit. 

An alternative estimate may be obtained from the inflow of energy. The rise of 
the tide in Grand Manan Gliannel is at most places aliout 20 or 22 foot at springe, 
above low water ordinary springs. The amplitude is therefore about 320 cm. The 
current has an amplitude of 1*8 knots, and the depth of the channel is about 9000 cm. 
The average time of the turn of the current at three places near the south side 
of the channel (those numbered 14, 16 and 17, in the ‘ Nova Scotia and Bay of Fundy 
Pilot,’ page 22) is 35 minutes after high water af St. John. This high water at full 
and change occurs at llh. 21m., while at TEtang, on the north side of the channe’ 
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it is at llh. 18ni., and the mean of the times at Westport, Petit Passage, and Digby 
Gut, which ape nearly opposite, is lOli. 48m. Thus the mean time of high water in 
the channel must be about llh. 3m., so that the current turns .I!! minutes after the 
tide. The phase difference is therefore 2,5 degrees. The width of the channel is 
83 km. Applying equation 15 of Taylou’s paper, we find that the average rate at 
which energy enters is 47x 10’^ ergs per second. 

The average rate at which the moon does work on the hay is —i.O' | hh'ymn /3rfS, 

as was found for tlie Yellow 8ea. In this case the latitude is 45‘ north, so that 1 / is 
18 cm. In the lower half of the bay the amplitude of the tide is not greater than 
12 feet, hut in the upper half it rapidly increases, till in Minas Basin it reaches 25 feet 
.and in Chignecto Bay 23 feet. The time of high water in the hay ranges from 
llh. 3m. to llh. 5()m. The later value corresponds to the upper part, where the 
amplitude is greatest: hut as this p,art is also the narroM’est, the two tinu\s must 
receive about equal weights in finding *the average. We therefore take the average 
time of high water to lx* llh. 30m. The average ainplituih* of the tide is about 
18 feet, or 540 cm. The longitude of the ' hay is 60° west, .so that t he moon crosses 
the meridian at full and change at 4h. 33m. 'fhe time of high water is more than 
6h. 12m. later than this, so that the tide is falling when the moon is exerting its 
greatest upward pull, and the work done by the moon is therefoi'e negative. The 
interval hetw’een transit and low water is 45 minutes, so that /8 = 22°. The area of 
the bay is r2 x 10'^ sq. crn. The work doiu^ by the moon is therefore — 3x lo'" ergs 
per second. The total dlssijKitlon in the hay is 4'4x40'’ ergs per second. 

This estimate is six times as great as the earlier one based on the currents alone. 
It is much '.the more reliabki, for the first dejiended on the iissumpLion that the 
currents were equally great all the w.ay up the hay, whereas ae.tu.ally they increase 
very much towards the head. Velocities up to 9 knots are recorded in Minas Ba.sin, 
though the area in which tlasse occur must he very restricted. The naist serious 
source of error in the second estimate is the phase differcmce, for this is only an hour 
and wajiild he .affected to a considei-ahle extent by an erroi' in the determination of 
the time when the curr{mt turns. The observed time of turn does not vary much 
from place to place, however, and it does not seem likely that the estiimatt! is w'rong 
by moi'e than a quartei’ of its amount. The second estim,ate wall thei'efore he 
adopted. It will be noticed that it is rather less than the dissipation in the Irish 
Sea. 

The Gulf of St. Lawrence gives very little dissipation. The narrow entrance 
through Cabot Strait prevents the tides fnun being considerable except in the 
estuary of the river itself and in Belle Island Strait, which separates Newfoundland 
from Labrador. 
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2. The North-west Passage. 

The channel from the Atlantic to the Arctic between Canada and Greenland is 
blocked by a large number of islands of varying sizes, between which are narrow and 
shallow straits. The dissipation in several of these can be estimated from data in the 
‘ Arctic Pilot,’ vol. 3. 

The chief of these channels is Davis Strait, with Baffin Bay to the north of it, 
which lies between Baffin Land and Greenland. It is about 1600 km. in length. 
The only tidal velocities recorded in it, except in fjords, are near Holstenborg, in 
Greenland, where the currents in the offing are said to reach a speed of two knots. 
This cannot, however, be general, for there is a shallow region off Holstenborg, some 
150 km. long and 60 km. wide, with a depth of about 23 fathoms. Most of the 
strait is about 100 fathoms deep. This region is therefore a place where the main 
current of the strait is magnified by the form of the bottom, and there is no reason to 
believe that the current in the deep water is greater than half a knot, which is the 
observed velocity off the coast of Labrador. The dissipation in Davis Strait is 
therefore not great. 

At the northern extremity of the strait there are several narrow passages into the 
Arctic. The dissipation in these must be important. In Smith Sound and Kennedy 
Channel, for instance, which separate the north-west coast of Greenland from 
Ellesmere I^and, tlie current is said to be “nearer two figures than one.” These 
straits are small in area, hut if such currents exist over much of their extent we must 
take them into account. The data available at present are unfortunately too meagre. 

The south end of Davis Strait is connected to Hudson Bay by Hudson Strait. 
The currents in this are described as “ great enough to be dangerous,” especially at 
the east end; but the recorded currents, even in the middle of the strait, are only 
about threc'-quartiirs of a knot. This makes the average dissipation about 
5x1 0^* ergs per second. The danger arises mostly from drifting ice. 

In the entrance to Hudson Bay the velocity increases to one and a half knots. 
The area over which this is true is about 3’8xl0'* sq. cm., making the average 
dissipation 1'5 x 10’' ergs per second. 

In Hudson Bay itself the currents are probably very small. Considerable 
velocities are recorded at Port Churchill, but there are no records in the middle of 
the bay. The depth in the middle is about 50 fathoms, which is about the same as 
at the entrance. The entering current must therefore spread out in the bay and 
undergo great diminution in strength. Near Port Churchill the depth is only 19 
fathoms or less, so that the current there must be a local current magnified. The 
dissipation in Hudson Bay must therefore be small. 

In Fox Strait, which runs northwards from the entrance to Hudson Bay, the 
depth is less, about 20 fathoms, and the current reaches one and a half knots. The 
area of this chaimel is 2xl0“sq. cm., and the appropriate average dissipation is 
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about 1 '4 X 1 0‘* ergs per second. The remaining straits of the North-west Passage 
probably do not contribute nearly so much to th(^ dissipation, for tlie energy of the 
entering wave must be mostly dissipated in the channels already dealt with, and 
partly through this and partly on account of the obstructive effect of tlie islands 
it is not likely that the straits farther north-west are very important, though this 
cannot bo regarded as certain. The dissipation in the whole of the North-west 
Passage is thus about I'Gx 10‘" ergs per second on an average. Adding this to the 
amount found for the Bay of Fundy, we have for the whole of North Aineiica a 
total of 2 X 10“* ergs per second on an average. 


Summary. 


The mean rates of dissipation in the lunar semi-diurnal tide found in the foregoing 
investigation are as follows : — 


European waters 

Krga i)t!r Second. 

. . . 2’4xl0“* 

Asiatic waters : 

South China Sea 

Small. 

Yellow Sea 

. . . l-]xl0“* 

Sea of Okhotsk 

. . . 0-4x10“* 

Bering Se-a 

. . . 15-0x10“* 

Malacca Strait 

. . . 1-1x10“* 

North American Waters : 

Bay of Fundy 

. . 0-4x10'** 

North-west Passage .... 

. . . roxio'** 


The total thus accounted for is 2'2x 1()“* ergs per second. I have shown in a previous 
paper that the dissipation required to accoiint for the secular acceleration of the moon 
(which amounts to O" per century per century) is about 1 ‘4 x 10'*' ergs per second, so 
that it seems as if there is more dissipation than is required. If this was so it would 
he necessary to seek for a cause that could produce an aj)preciable secular retardation 
of the moon, and none such is known. A scrutiny of the results so far obtained is 
therefore desirable, with a view to finding out whether any of them have been over- 
estimated. One cause of such an over-estimate is easily seen. The data used for the 
Irish Sea, the English Channel, Malacca Strait and the Bay of Fundy refer definitely 
to spring tides alone when the currents are at a maximum. The ladglit of the tide 
adopted in the calculation for the Yellow Sea was also that of the spring tide. In 
the other cases it is not stated whether the currents have average or spring values, 
but if they were determined at springs the requisite reduction is at once obtained. 
The theoretical ratio of the heights of the lunar and solar tides is 2 "3 when inertial 
and frictional effects are neglected. This ratio is probably nearly correct in mid-ocean. 
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for the periods of the two tides are not very different, so that inertia will affect their 
amplitudes in the same ratio. lu shallow an^sas, however, the frictional force is not 
proportional to the velocity but to its squai*e, and accordingly friction has more 
relative efiect in iHHlucing tlie tides when they are greaL tlian when tliey are smaller. 
The ratio of the solar to the lunar tide, as found from observations, is accordingly less 
than the theoretical value, since tlie ratio of the ranges at springs and neaps is 
reduced. This ratio is stated in the ‘Admiralty Tide Tables for 1920 ’ to be 1 : 273 on 
an average. If now ^ be the phases of thi^ lunar tide, let (l — r) 6/ be tlie phase of the 
solar tide, so that r is l/29. Let A be the amplitude of the lunar tidal current and 
Ar that of the solar tidal current. The total current is 

A{cos + r COS (l —r)B} = A (l +2^ cos r 0-hr")" ( t^—tan ^ \ 

l+r(‘-osr^/ 

which is now expressed as a simple harinonicMnotion with a slowly varying amplitude 
and period. The amplitudi^ at springs is A(i4-r). The dissipation is propoi'tional to 
the cube* of the current, and therefore J.o the cube of the amplitude. Tlu^ ratio of 
the mean dissipation to the dissipation at springs is therefore the average of 
(l-h2r cos -I r)'\ If lie neglected, the numerator of this is l-f^ 

Assuming that the ratio of the velocities is the same as that ()i*the vertical langes, 
we find that this fraction is equal to 0*51. Applying this correction to the spring 
tide dissipation, we find that the average dissipation is i’l x 10^^ ergs per second, 80 
per cent. of‘ what is required. Tt would give a secular acceleration of the moon 
of 7" per century per century. 

The agreement between the dissipation in shallow s(‘as and that necessary to 
account for the lunai’ secular accelei*ation is much closer than the data would (uititle 
us to expect. Two-thirds of that found takes place in the Bering Sea, the estimate 
for which may be incorrect by half its amount. What we are entitled to assert, how- 
ever, is that this dissipatiori is certainly enough to account for a large fraction of the 
secular acceleration, and that there is nothing to proven that it is incapable of 
accounting for tlie whole of it. 

It is uncertain whether the dissipation in any other coastal regions is notalde in 
comparison with those already considered. The only partly enclosed areas not treated 
here tliat are of considerable size are some of those in the North-west Passage. There 
is an exhmsive shallow region off the coast of Patagonia, but it is in no way enclosed, 
being perfectly open to the Atlantic. Thus it is difficult to make any reliable inference 
about the currents in it. Many n^cords of tidal currents along the coast are given, 
some reaching several knots, but all of them seem to refer to currents up rivers or near 
their mouths, where the* genm’al currents must be magnified, or to currents over bars 
and shoals ; there seem to be no data about the currents more than a few miles out to 
sea. 

The dissipation over local shallows like shoals and bars and in narrow bays and 
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straits has been systematically ignored in this paper, excej)t whcjrt* it has been anto- 
maticaliy taken into account in the determination of the excess of the entering oa er 
thc‘ issuing energy. The chitd* reason for this is the utter impossibility of finding 
it. Th(‘ iQords on the west coasts of Norway, Greenland, and North and South 
America are innumerable, and in many of tlumi. perhaps in all, thtu'e is a strong tidal 
currtmt, so that the dissipation per unit area in these places must very ranch exceed 
that in any of the areas here treated. On the other hand, the total area must he less, 
and it is uncfirtain whether the increase in velocity is enough to counterbalance the 
deereas(* in area and make the total dissipation in these places comparablt^ with that 
here found for the larger shallow seas. The same is true of shoals ; though the 
agreement between the results given by tlu‘ two methods of finding the dissipation 
in shoaly waters, as in the Yellow Sea and the Strait of Malacca., indicates that the 
shoals at any rat(^ do not contribute to the dissipation an amount ovi'Twhelmingly 
greatej* than the normal places, for one method nece^ssarily includtvs the effect of the 
shoals and the other sysbnnatically ‘omits it. Along th(‘ open shore again there 
must some dissipation ; the cuiTeiits thert* do not usually extend many miles out to 
se;i. but they exist along a very long st'^etch of coast, and the aggi‘t*.gate dissipation 
in them may be appreciable. 

The hypothesis that the secular acceleration of the moon is dm* to dissipation of 
energy in the tides in shallow coastal regions therefore seems capable, of satisfying all 
tla* quantitative demands on it, and it is also free from objections that have been 
ingtHl against other attempted explanations.* It therefore occupies a strong position. 


ArPENDIX. 

The Secular Change in the Obliquity of the Ecliptic. 

In consequence of the dissipation of energy in the diurnal tides there must be a 
cou})le always acting on the earth so as to tend to resist its angular motion about an 
axis in the plane of the orbit of the moon or the sun, as the case may be. If H be the 
declination of the moon, the angular velocity of the earth about the diameter that 
points to the moon is sin J, and the angular momentum about it is CD sin S, where C 
is the earth's moment of inertia. Let L be the couple about this diameter. Then the 
rate of' dissipation of energy in the diurnal tide is LH sin A Also the rate of change 
ill the inclination is given by 

-^(CnsiiiJ) = L. 

at 

Now L must coatain fi sin ^ as a factor, since it depends for its existence on the 
existence of the diurnal tide, whose coefficient is proportional to sin i, and whose speed 

■* Of. ‘ Monthly Notices of R.A.S.,’ vol. Ixxx., 1920, pp. 309-317. 
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is efjual to 11— which is sufticieiith^ luiar to fl for oiir pr»‘Reut purpose. Hence the 
friction of the tide will have a damping effect on this compoiK^nt of tlu^ eartli’s 
rotation, which is not altered by tl)e other couples acting, since none of th(iS(' havc^ a 
notable effect in diininisliing the amplitude^ of the motion. Tf th(*- average value of 
the dissipation is takeai to he .5 x e)‘gs per s(‘Cond, this being rather more than was 
found in tla^ South (^liina Si^a, and we renuanber that the average of sin^ f'! is |^sii/i, 
where / is the oblic|uity of th(‘ ecliptic, we find that th(^ amplitudi‘ of H sin would be 
reduct^d to l/c of its value, in 2 x Kf’ years. This is of the same order as tht^ ])robable 
age of tlu^ (\aTth. Tf II remaini^d consLant this would show that th(‘ inclination ot 
th(i Equatoi’ to the ecliptic would bt^ reduced by 1" in about 2x10^ years. Actually 
n is d(‘('i*easing, so that if the, j-ate W(‘re maintaiiu^d it would be rediict*d to 1 /c ol‘ its 
value in about 1 years, a, longer time than was found, on the assumption stat(‘d, to 
be enough for a similar reduction in the oldiquity. Hius we can infer that the 
obli(]uity is at ])resent diminishing, though tlunv is no reason to believe that there 
has been any observabh* change in it in historfe times. Even if there were as much 
dissi})ation in the diurnal tides as in the semi-diurnal oia^s this would hardly be 
possible. 


added September ] (L — Mr. Taylok asks me to point out certain errata in 


his paper “Tidal Friction in the Irish 8oa.'’ On p. 2, 1 — X- 


1+-^; the correct form is used in equations (4) and (5). 


is twice written for 
(.)n p. 9, line 9, T^ is 


Greenwich mean time ol‘ higli water at full and change ol’ the moon at tlie place 
considered, whereas the “establishment^' is the local mean time of this event. In 
equation (H>), /-fTi should be ^ — Ti, and in equation (ifi), ^ + T„ should be /-“T,,. On 
pp. 19 and 20, sin* is consistently written for sin 2^^ ; equation (o3) is correct. 

In this ])aper, as in I'aylok’s, integrals over a period ar(^ always determined as if 
the currtmt velocity and the tide height varied harmonically. This could be strictly 
correct only if the frictional force was pro])ortional to the velocity, which is not the 
case. It appears, however, that the departure from the harmonic variation is not 
enough to produce any great alteration in these integrals. 


I wish to express my thanks to Mr. H. W. Braby for drawing the maps in this 
pap(^r.] 
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§ 1. INTRODUCTION. 

Thk problem of the equilibrium of aii elastic solid under given applied forces is one 
of great diffic\ilty and one which has attracted the attention of most of the great 
applied Mathematicians since the time of Euler. Unlike the kindrt*d problems of 
hydrodynamics and electrostatics, it seems to lx* a branch of mathematical physics in 
which knowledge comes by the patient accumulation of special solutions rather than 
by the establishment of great general pi'opositions. Nevertheless, tin* many and 
varied applications of this subject to practical affairs make it very desirable that these 
special solutions should be investigated, not only Ix^cause of their intrinsic importance 
but also for the light which tht‘y often throw on the general problem. One of the 
most powerful methods of the mathematical physicist in the face of recalcitrant 
differential equations is to simplify his problem by reducing it to two dimensions. 
This simplification can only imperfectly be reproduced in tin* Nature of our three- 
dimensional world, but, in default of more general methods, it jiiovides an invaluable 
weapon. 

It was shown by Airy* that in the two-dimensional cast* the stresses may be 
derived by partial differentiations from a single stress function, and it was shown 
latert that, in the absence of body forces, this stress function satisfies the linear 
partial differential equation of the fourth order V\ = 0, where . V^, and 

is the two-dimensional Laplacian 

It might have been expected that these results would have opened the way for 
a theory of two-dimensional elasticity of the same generality as the two-dimensional 
potential theory. This has not, however, been the case. This is due in part to the 
greater analytical difficulties which attend the discussion of the two-dimensional 

* ^ Blit. Assoc. Rep./ 1862, p, 82. 

t W. J. Ibbetson, ‘ Proc. Lend. Math. 8oc.,* vol. xvii., 1886, p. 296. For a history of this part of the 
subject see Love’s * Elasticity,’ 2Dd edition, p. 17. 

VOL. OCXXI. — A 590. 2 F 
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solutions of V‘'x = 0 as compared with = 0. Tin* analogues of many of the 
important properties of the simpler equation have yet to be discovered if they exist at 
all. Some progress has Ijeen made, and in this connection we may mention the work 
of J. H. Mi()hei,i.* who established a general theory of inversion which, with some 
important diffi^rences, follows the potential theory fairly closely. 

No doubt the analytical difficulties have been the chief obstacle to progress, hut 
perhaps the theory has not in r(*cent years received attention which it would have 
received but for a certain jJiysical difficulty. A truly two-dimensional elastic system 
is not so easy of realisation as might seem to he the case at first sight. If the stresses 
are everywhere parallel to the xy })lane and indejx^ndent of r there will in general be 
a varying displacement parallel to z. If the displacements are everywhere parallel to 
the xy plane and independent of z this can only he secured by the application of 

a stress zz which varies from point to point and is perpendicular to the xy plane. This 
difficulty was in a large measure removed by 'a theorem established by FinoN, which 
has been called the theorem of generalised plane stress, t It states that if the average 

value of the stress zz he taken throughouv the thickness of a plate parallel to the xy 
plane, then the ordinary two-dimensional theory will give accurately the wierage stresses 
through the thickness of the plate if the elastic constants of the material are modified. 
If X, M denote the true elastic constants, X must be replaced by X' = 2Xm/(X-I-2m) while 
y remains the same as before. This theorem attains an even greater impoi'tance when 
considered in the light of Miciiell’s theoi’em,+ that if a plah* bounded by any 
number of bounding curves is in ecjuilibrium under forces in its plane applied over the 
boundaries, then, provided the forces applied over each boundary taken separately 
are in equilibrium, the stresses are everywhere inde|)endent of the elastic constants. 

The hypothesis that the average value of zz vanishes throughout the plate, 
while certainly not accurately true in the majoi-ity of cases, will probably give 
a very close approximation in the case of a thin plate where parallel faces are 
unstressed. * 

In the light of this generalisation it is of considerable importance that the two- 
dimensional ])roblem should be worked out more thoro\ighly. The two-dimensional 
solutions of V\ = 0 luive been investigated in several systems of curvilinear co- 
ordinates. Owing to tlie sjjecial importance of the problem of the i*ectangular beam 
the solutions in Cartesian co-ordinates have naturally received a considerable amount 
of attention. Mj(’HEL1> gave the general form of the stress-function in polar co- 
ordinates, thus oj>ening the way for the solution of the problem of a plate bounded by 

* “The Inversion of Plane Stress,” ‘ Proc. Lond. Math. Soc.,’ 1901, vol. xxxiv., p. 134. Many of the 
results of the present paper can bo obtained by an application of Michkll’s methods, but it has proved 
more convenient to proceed on different lines. 

t ‘Roy. Soc. Phil. Trans.,’ A, 1903, vol. 201, pp. 63-166. 

t ‘ Proc. Lond. Math. Soc.,’ vol. xxi., 1900, p. 100. 
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two concentric circles, or an infinite plate containing a ciiciilar hole under any 
given tractions applied over its boundaries. In his lecturt^s at University 
College, London, in 1912, Frol* P^rnoN gave the complete solution of tliis proldtnn 
determining the stresses and displacements when the stresses on tln^ boundaries 
are expanded in Fourier series, and 1 am not awaie that this solution lias (*ver 
l)een published. An outline of* the solution in elliptic co-ordinates is given in Love’s 
‘ Elasticity.’* 

In tliis paper the complete solution is givtm for hipolai* co-ordinates, for which the 
co-ordinate curves are co-axial circles. This solution enables ns to treat the problems 
of an infinite plate containing two circular holes, a semi-infinite plate hounded by a 
straight edge and containing one circular hole, and a circular disc with an eccentric 
circular hole. 

In the second Section the equations are expi*essed in bipolar co-ordinates and 
formulae! are established for the displacements in terms of the stress-function. 

In the third Section the stress-function is obtained in a convenitail f'oTin and the 
terms giving rise to many valued displacements are sepaiated out. 

The fourth Section is devoted to the determination of tla* coe^fiicients in th(* stress- 
function when the tractions over the boundaries are given in Fourier series, and to an 
examination of the convergence of the rt*8ulting series. From the results established 
in this section it app(^ars that the solution is comph^te. for the stress-function can 
always be uniquely determined when th(* tractions are given, provided that tlu^ 
applied forces taken as a whole are in equilibrium. 

I'fie remaining sections are occupied witli the examination of some of* the simpler 
applications of the theory. Section 5 gives the solution for a circular disc with an 
eccentric hole (or a cylinder with eccentric bore) when the two houndarit^s are under 
different hydrostatic pressures. It is found that the solution of* this proldem can he 
expressed in finite terms. An important particular case of’ this problem is discussed 
in Section (5, namely, a semi-infinite plate with a straight, unstressed boundary and a 
circular hole under a uniform normal pressure. This will give the stresses near 
a rivet hole while the hot plastic rivet is being forced home under pressure. 
This solution is interesting from another point of view, for if the ratio of* the 
radius of the hole to its distance from the edge is suitably adjusted, the point of 
greatest tension will be on the straight edge while the point of gn^atest stress 
difference is on the circular l)oundary. It thus suggests a crucial test for the 
rival theories of ruptuT’e, — the greatest tension theory and the greatest stress- 
difference theory. 

Section 7 deals with a semi-infinite plate with an unstressed circular hole 
under tension parallel to its straight edge. The solutions are in the form of infinite 
series, but the more important aspects of the problem are illustrated by numerical 
tables. 

2nd edition, p. 259. 
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§ 2. 'I’he Oo-()rl»inates. 

Let ns take oin vilineu)' co-ordinates defitied by the conjuffate functions 

. + = ( 1 ) 

'^x + f{y-n) 

where a;, // are (ki tesian co-ordinates and a is a. positive real length. Solving for 
X, //, we have 

a sill ^ asinha 




cosh a— cos ft' ^ cosh a— cos ft 

Elenunits of arc measured along the normals to the curves a, ft = constant are 

respectively (^a/A, ^ft/h, M’here 


( 2 ) 



A" 


Pa 


(W 

\dJ ' 


from which we have 

‘ A = (cosh a— cos ft)/a. 


(3) 


The general scheme of co-ordinates is shown 
in fig. 1. If 0,, Oa are the points 0, —a and 
0, a respectively and P any point in the plane, 
and if the radii from 0,, Oa to P are of lengths 
r.j and are inclined at angles 6i, 6.^ to the 
axis of X, then a. = log rjr.j and ft = di—d.^. 
The ctirves a = constant are a set of co-axial 
circles having 0„ Oa for limiting points. The 
circles corresponding to positive values of a lie 
above the .r-axis and those corresponding to negative values below, while the a:-axis 
itself, which is the common radical axis, is given by a = 0. The curves ft = constant 
are circles, or rather arcs of circles passing through O,, O^ and cutting the first set of 
circles orthogonally. On the right-hand side of the ^/-axis ft is positive and on the 
left-hand side negative, while on the jz-axis 8 = 0, except on the segment 0,0*, 
where /8 = ±Tr. At infinity a — Q. ft — 0. and at O,, O* we have a = — w and -f- oo 
respectively. 

We have thus a set of co-ordinates adapted for the consideration of two-dimensional 
problems in which the region considered is — 

( 1 ) A finite region bounded internally by a circle and externally by a larger and 

non-concentric circle. 

( 2 ) A semi-infinite region bounded externally by a straight line and containing a 

circular hole. 

( 3 ) An infinite region containing two circular holes of any radii and centre 

distance. 



Mane rtEain in bipolar co-ordinates. 


If the displacements in tlie directions normal to the curves a and constant are 
a, r respectively, the strains are given hv* 


, r M ? h , V r all 

= r— , = 

fflt f'fj rp rot 


(ft (fi 

and the corresponding components of stress hy 


art — \ + 

= A ('',, + #'(10) -(• 

aft — 

» 

These stresses may be derived from a stress-function, so that in rectangulai' 
co-ordinates 


a»v — Vtv 
— A xy = A_ 


?-:c ?y 


d'v 

//.V = tAj ■ 
(Kr 


Transforming these equations to curvilinear co-ordinates we obtain 






fa’ fa ?ftc)ft' f 


^ I (hv) I 

a-ft = -h T T- A i +Ax^r— 

(*a rp ( u ( fi 


We will usuallj^ find it convenient to deal with hx instead of x itself and in our 
particular co-ordinates these equations become 

aaa = \ (cosh a— cos /3) — sinh a~ — sin ^ -f cosh a m//x)- ! 

t rp* f^a rp 1 


a88 = (cosh a— cos , — sinh a sin ^ ~ *1- cosh {hx)' r . . (<0 

[ fa" f‘a Cp j 

aa8 = — (cosh a— cos /3) ^ . j 

ca f’p ^ 


We may note that 


(aa-^(8) = (cosh a- co8^)(|g^- + lj(/)x)> • . • • • • (7) 


* Love, ^ Theory of Elasticity/ p. 54. 
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80 that if /(X ttiid its second differential coelKcients are finite at infinity (a = 0. = O) 

we have there aa« = = Ax and afi = 0. 

In the absence of body forces the stress-function satisfies V^x = 0. In curvilinear 
co-ordinates we have 

and, taking Ax as the dependent variable, we have in our co-ordinates 

= "I (cosh a - cos /9) ( — -t- ^ I - 2 sinh a ^ - 2 sin /8 ^ + cosh a -I- cos /Sj (Ay). 




¥ 


Kepeating the operator, a little reduction leads ns to the following transformation 
for = 0 : 

I O .9* .. .\ii \ io\ 


Thus by considering Ax Instcmd of x we have a linear equation with constant 
coefficients. 

Before proceeding to the discussion of its solutions, w(^ must Investigate the method 
of determining the displacements corresponding to a given stress-function, in order 
that we may ascertain whether and under what conditions these are single-valued. 
This is particularly necessary in our case, as one of the co-ordinates. /?, is itself many- 
valued. 

Adding and subtracting the fii'st two equations (4), and leaving the third as it 
stands, substituting for the stresses in terms of* the stress-function, and for the strains 
in terms of the displacements, we obtain the following three equations : — 


da l0a 




•2 = 0 , 


( 9 ) 


+ = U (10) 

+ +±|/,-|i+2,./„,j = U (11) 


From the last two of these it appears that we may define a new function P such that 

I? = *•-! + 2./,,. (12) 

^| = A*^-^2MAw (13) 

op va 


V*P » 0. 
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and we have still to satisfy (9). Substituting for n, v in terms of P we have 

which may be re-arranged thus — 

da i X-t-M 3« !>'' 0/3] ?/8 1 X + M f? I 

It follows that a function Q exists such that 

^,0Q_aP X + 2n j,hx ; 

da da X-Hm B/S ^ ' 




^ ^ . A-f 2|U 

r/9 ^/3 X -I M Tot 


(15) 


Eliminating P by differentiating with regard to /3 aod a respectively, and adding, 
we have * 

ra 0/3 ^ fa 0/3 2 (X + /i) I // 0a ■ da /i dj3' 0/3' J' 

which becomes in our co-ordinates 


d^hQ) _ X-K2/Z 1 0^ (//x) _ ()<x ) _ / I 

0a 0/3 2(X + ;u)l aa^* 0(3“ 


(16) 


There is, however, a further condition to he satisfied by Q corresponding to tin* 
condition V“P = 0. Differentiating (14) atul (15) w'ith regard to a. /3 respectively, 
^and subtracting we have 



.0Q 

0/3 


X + fi l0a' dj8, 



or in our co-ordinates 






2 (X4 2/u) d‘(//Q) 
X H- /u ra 0/3 


(17) 


These two equations connecting Q and x are consistent, for, if we eliminate Q by 
appropriate differential operators, we have 


0 “ 

0a“ 



-4 


SIM 

8«’8^' 


which is readily seen to be identical with the condition V‘x = 0, as given in (8). It 
is obvious that hQ satisfies the same differential equation, and hence it also is a 
solution of V*Q = 0. 
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We have therefore from (UJ) 


/,Q 


and from (12), (l.S) and (14), (la) 

'2 ft II 

'2/jir 


.[f{^ ^ ■ ■ ■ 

. . (18) 

= 

A -f yu ra ( /3 

. . (ID) 

~ X 4- ^ 

A-f/U rp ra 

• • (20) 


It is readily seen that these equations determiiu' ii and r apart po8sil)ly from rigid 
body dispL'ioements, for, although owing to the do\ible integration an arbitrary 
function of a and an arbitrary function of ^ will ap})ear in AQ, these will be 
determined by (17), except for functions of a or which make its left-hand side 
A'anish identically. The only possible arbitrary terms in //Q are therefore given by 
/iQ = a A (cosh a + cos /^)-)-B(cosb a — cos fi) + ('a sinh sin /3, or 

wliere r is the distance from the origin. 'I'bese give rise to terms in n. r cori-esponding 
to motions of pure translation and rigid body rotation about the origin. 


§8. The Stkess- Function. 

Turning now to the consideration of the possible forms for the stress-function in 
these co-ordinates, we note that the difterential equation (8) can readily be solved by 
the ordinary method, and that its general solution is 

(a -|- /^) -f c (a -t t^) -t (a — — ifi). 

If we seek a solution of the type = ,/ (“) cos or ,/(a) sin /i/3, (h) shows that 
the differential equation for /(a) is 

the solution of which is 

/(a) = A„ cosh (// -I- 1) a + B, cosh (« — l) «■ + ('„ sinh (n + l) «-tD„ sinh (n— l) a, 
unless = 0 or 1. In the latter case we have 

/(a) = A, cosh 2a-t-Bi-f-C) sinh 2a4-D,a, 

and when n = 0 

/ (a) = Aq cosh a + B^a cosh a + Co sinh a -I- Doa sinh a. 
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If we now seek solutions for which hx is a multiple of sinh not or cosh not, we find 
the following solutions which are not included above — 

hx = (E cos jS+F sin cosh a+ H sinh a) (8. 

Since any constant multiples of x, y and any constant may be added to x without 
affecting the stresses, it follows from (2) that any multiples of 

sinh a, sin ^ or cosh a— cos j8 

may be added to This allows us to take the coefficients of cosh a, sinh a and sin j8 
as zero. We have then the following general expression for hx • — 

hx == (E cos /8+F sin /?+G cosh a + H sinh a) y8 
+ ( B« cosh a + Do sinh a) a 
+ (A, cosh 2a + Bj + C, sinh 2a + D,a) cos /? 

+ (A'i cosh 2a + C'i sinh 2a + D',a) sin 

[A„ cosh (n + 1 ) a + Bo cosh (n— 1 ) a + 0* sinh (n + 1 ) a 

^ + Do sinh (n — 1 ) a] cos n/3 

+ [A' cosh (n + 1) a + B'„ cosh (n— l) a + C', sinh (n + 1) a 

+ D'o sinh (n — 1 ) a] sin 7i,p. 

. . . (21) 

We have now to determine whether the displacements corresponding to this stress- 
function are single valued or not. The function (/iQ) is easily obtained by simple 
integration from (16), and the arbitrary functions thus appearing can be determined 
by the aid of (17). We have 

— ~ (® /8-fF sin /9-f G cosh a-l-H sinh a) a 

— (Bo cosh a+Do sinh a) 13 

—(A, sinh 2a -fC, cosh 2a-f-D'i/3) sin ^ 

-f (A'l sinh 2a-t-C'i cosh 2a— D,j8) cos 

[A'oSinh (w -I- 1 ) a -f B'o sinh (n— l) a-f Go cosh (n-f l) a 

® + D^o cosh (w — 1 ) a] cos nft 

+ 2 < 

n-a — [Ao sinh (»-f- 1) a + Bo sinh (n— l) a-fC, cosh (w + 1) a 

4- Do cosh (n — 1 ) a] sin w,/3. j 

. . • (22) 

It is clear, from the general expressions for hx and hQ, that the only terms which 
can possibly give rise to many-valued displacements are 

hx = (E cos jS-f-E sin /8-(-G cosh a-i-H sinh a) yS 

4- (Bo cosh a 4- Do sinh a4'Dj cos fi+T>\ sin fi) a, 

2 Q 



yOL. OCXXl. — A. 
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and the corresponding terms in 

— ^ = (E cos (8 + F sin ^+G cosh a + H sinh a) a 

X -+■ 2ylX 

— (Bo cosh a + Do sinh a + Dj cos jS+D', sin /3) /3. 

From (19) and (20) we may now find the corresponding displacements u, \\ Each 
of these is found to contain a multiple of the many-valued co-ordinate fi. Equating 
the coefficients of these terms to zero we have the following relations : — 

E-tG = 0, Bfl-I-Dj = 0,1 { 2 %) 

mF — ( x -1-2/4) Do = 0, /iH -f (x -|- 2//) D^i = 0. j 

We shall now show that these early terras correspond to the resultant of the forces 
and couple applied over the boundaries. For this purpose we shall require the following 
elementary forms of the stress-function : — 

(1) For an isolated force X applied at the origin in the direction of the x-axis 

X = -(27r)-’X(2^0-i/xlogr) 

where r, 8 as usual denote polar co-ordinates and v = n/{\-\-2n). 

(2) For an isolated force Y applied at the origin in the direction of the jy-axis 

X =( 27 r)“’y (xfi -f yV log r). 

(3) For a point couple of moment L applied at the origin in a positive sense 

X = — (2'7r)“’L0. 

(4) For a centre of pressure radiating uniformly from the origin 

X = log r, 


Inserting the relations (23) necessary to ensure single-valued displacements our 
early terms become 


or 


hx = G (cosh a — cos ft) ft + ftu (cosh a — cos ft) a. 

-f F ((8 sin j8-l-ya sinh a)-l-H (/? sinh a — m sin ft) 

X = aGft -f aB„a -f F {xft + vya) + H (yft—va-.a.) (24) 


Now aGft = aG {6i—6.j) and hence this term represents a couple of moment 2iraG 
applied at a = oo and an equal and opposite couple applied at a = — <» . The term 
aft^a. represents two equal and opposite centres of radial pressure at these same points. 
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We also have 

Hipft—vXfi) = H {(?/ + a) 0 , — i/.Tlogr,} — a) 0 a — kt logrj} 

— aH (0, + 03). 

This corresponds to a force 2xH applied at a 
equal and opposite force applied at a = — co 
(thus forming a couple of moment 4'7raH) and 
point couples each of moment 2TroH applied 
at these same points (see fig. 2). 

Finally 

F xfi + I'l/a) = F { xBi + 1' (?/ + a) log } 

-F {xd^ + i'itj-a) log 7-3} 

—avF log rjT^. ’ 

This corresponds to forces each equal to 2vF, 
acting at the jioints a = + 00 and each directed 
towards the origin, together with two equal like centres of miiform pressure at the 
same points. This brings to liglit a new solution corresponding to ilie last term. 
Expressed in our co-ordinates we have 

log 7 ’i 7’3 = 2 log (2a)— 2 log (cosh a — cos /8), 



= 4 w parallel to the x-axis and an 




ZltH 


flt» o 


and the corresponding form ol* hx is, apart from constants, 

hx = (cosh a — cos /3) log (cosh a — cos /8). 


It is easily seen that this can be expanded in a Fonrier series whicli is included in 
our general expression for Ax, hut that the expansion is different on opposite sides of 
the line a = 0. For this reason we shall find it convenient to include a term of this 
form whenever the region under consideration includes parts above and below the 
axis of X, i.e., when it is bounde^d by two circles neither of which encloses the other. 

It will be noted that, taken together, the early terms allow for the most general 
resultant forces acting over the two circular boundaries enclosing the two points 
a=+oo, a=— 00, subject to the condition that the forces acting over the two 
boundaries considered together form a system in equilibrium. If it is desired to 
investigate problems for which this condition is not satisfied we can readily obtain the 
necessary additional solutions. They will be 


X = {y+a)di-vxlog7\ 

X =*x0,4-«'(8^4a)logr, 
X = 


( 25 ) 


2 (i 2 
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corresponding to forces and couple applied at « = — qo, and similar terms in logrj 
corresponding to forces and couple applied at a = + oo. The corresponding forms of 
hx can be expanded in series which are included in our general form, but here again 
the expansions are different on opposite sides of a = 0 and diverge for a = 0, /8 = 0 
together, i.e., at infinity. This divergence corresponds to the obvious fact that forces 
or couples must be applied at infinity to maintain equilibrium. 

Owing to difficulties of this kind we shall find it convenient to insert the 
appropriate terms corresponding to the resultant force and couple over a boundary 
and to investigate the stress-function corresponding to the remaining applied forces 
which will be in statical equilibrium for each boundary. 

Let us write for brevity 

= A„ cosh (n + 1 ) a + cosh (n. — 1 ) a 4 C„ siuh (w + 1 ) a -t- 1)„ sinh 

\fr„ (a) = A'„ cosh (ji-f l)a + B', cosh (n — l)a-|-0'„smh (w 4- 1 ) a -I- 1)/ sinh (n— l)a, 

if n ^ 2 and 

<f>i (a) = Aj cosh 2 <x4-Bi4-Ci sinh 2a 
(a) = A', cosh 2a4-C\ sinh 2a. 

Setting aside the terms corresponding to the resultant forces and couples over the 
separate boundaries we have 

hx = {Boa-I-K log (cosh a— cos /8)} (cosh a— cos ft) 

OD 

4- 2 {<p„{a) cos nft + \}A„{a) shinft} (28) 

n = 1 

where the term in K may be omitted when the region considered lies entirely on one 
side of the line 




§4. Boundary Conditions. 


Let us consider a plate bounded by two curves a = aj, a^. We may suppose 
ttj > a^ and aj > 0. Then, if a 2>0 we have a finite plate bounded internally and 
externally by circles which are not concentric, if a 2<0 we have an infinite plate 
containing two circular holes, and by suitably choosing the values of a, aj, we can 
make the circular boundaries in either case of any desired radius and centre distance. 
In particular if aj, = 0, we have a semi-infinite plate bounded by a straight edge 
and containing a circular hole. Suppose that such a plate is in equilibrium under 
given normal and tangential forces applied over the boundaries a = aj, a^, so that we 
are given over a = aj. 


aaft = au+ Z (a„ cos nft+h, sin nft), 
1 

QO 

aaa = Co4- 2 (c„ cos nft-hd„ sin ?ift), 


( 29 ) 
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while over a = a* we have similar expansions in which a,,, c,,, c,, d, are replaced 

by a'o, a\, b\, c'o, c'„ d',. 

If the tractions applied over the circle a — are statically equivalent to forces 
X, Y at its centre, and a couple of moment L, then 


X = 
Y = 




+ ^8 1^1 d / 8 , 


sinh a, Jo cosh a— cos ^ 


The coefficients of aa, can readily be expanded in Fourier series. We have, in 
fact, since a, > 0, • 


dx 

da 


—a 


sinh a sin ^ 
(cosh a— cos 


-2aZne-- 

I 


sin n/3, 


and 


dy _ ^ (cosh a cos fi—l) _ 
da (cosh a— cos j8)* 

sinh a, (cosh a,— cos j8)“’ = 


Substituting these and the expansions for aa, 
integrating, we have 


— 2a 2 cos n^, 


1 + 2 2 e"**‘ cos n^. 


aj8 in the expressions for X, Y, L, and 


X = 2'7r 2 n {a„—d„) 

1 

Y = — 27r 2 n {b„+c„) 

1 

OD 

L = —2ira cosech^a, 2 
•1 


The corresponding components of the resultant of the forces applied over a = a.j 
can be obtained in a similar way. We must, however, remember that in this case 
the forces act from that side of the boundary for which a < a^, whereas in the case 
of the first boundary they acted from the side for which a < a,. We obtain, if aa> 0, 

X' = — 2-7r 2 n {a'„—d\) 

Y' = 27r 2 n (b'„-i-c'J 


L' = 2'ra cosech^o.^ 2 
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If aa < 0 there are some differences of sign owing to the different Fourier expansions 
for the direction cosines. We have 


X' = - 2,r 2 n « + d'J e-, 
1 

Y' = — 2ir 2 w 


L' = — 27ra cosech^tta 2 

1 

Hence, if the forces acting on each boundary are statically in equilibrium, we have 


with, if tta > 0, 


or, if aa < 0, 


2n(a„-dJe-"“' = 0, 
1 

2 = 0 , 


2ri{a'„-d'.)fi— *■' = 0,' 


2/i(a'„+d'„)e’^-' = 0, 


2n(6„+c„)e-"“‘ = 0, 
1 

. 2 = 0 . 


2n(6'„ + c'„)«-“' = 0, 
1 

2 n (?/„-c'„) e"‘^ = 0. 


(80) 

(31) 

(82) 


We will now show that it is possible to determine a stress-function of the form (28) 
which gives the appropriate stresses over a = a^, a^, and which gives no stress at 
infinity if tlie region considered extends so far. 

By the aid of (6) we can calculate the stresses corresponding to the stress-function 
(28). We obtain 


2aaa = K ( 1 — 2 cosh* a) — 2Bo sinh a cosh a -I- 2^, (a) 
-f 2 (K cosh a-i-Bu sinh a) cos ;8— K cos 2/3 


and 


OD 

-t 2 


n s- 1 


' [(ri-f l) (w-f 2) (a) —2 cosh a {n^—l)<p„ (a) 

+ (n— l)(n— 2)^„_] (a)] cos 

+[(n-f-l)(n-f2)V'„+i(a)-2cosha(w*-l)V'«(a) }■ 

+ (w-l)(n-2)Vr,_i(a)]8in 
. — 2 sinh a (a) cos 7t^ + (a) sin n0\ . 


2aa/8 = ylr\ (a) — 2 (K sinh a -l- Bq cosh a) sin /3 + Bo sin 2/3 

^ £ f [(n + (a)- 2 coehanx/r'^ (a) + (n- 1) (a)] COB n3, 

" •= > 1 — [(« + 1 ) ^'n+i (“) --2 cosh an^'„ (a) -I- (» — l) (a)] sin n^. 
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Identifying these with (29), we have the following relations from which to obtain 
the coefficients : — 

<f>i (“i) = 2 Co + 2 Bu sinh a, cos a, 4- 2 K cosh* a, — K 

1 . 2 . 3 . ^ 2 (ai) = 2 c, — 2 (K cosh a, + 6 ,, sinh a,) +2 sinh a, (a,) 

2 . 3. 4. ^3 (a,) —2 cosh a, . 1 . 2 . 3 . ^2 (a,) = 4 c 2 + 2 K + 4 sinh a, ^^ 2 (®i) ^ (33) 

n (n + 1 ) (n 4- 2 ) (a,) - 2 cosh a, (n - 1 ) (w) (n 4 - 1 ) 9 ^, (a, ) 4- (w - 2) (« - 1 ) (n) , (a, ) 

= 2nc,4- 2n sinh a, (a,) (n ^ 3) , 


n (n 4 - 1 ) (w 4 2) V '„+ 1 (ai) - 2 cosh a, (t? - 1 ) (n) (n 4- 1 ) V'n («i ) + ( 

= 2nd„4- 2 m sinh a, (“i) 

i''i {«■}) — 2 «(, 

(m 4-1) (a,) -2 cosh a, n\}r\ (a,) 4- (w-r !)>/-',_, (a,) = 


n-2)(u-l)(n)V'» i(a,) 

(m^ 1 )_ 

. . . (34) 


2«„ (n=l) 


(35) 


2 ^' 2 (a,) -2 cosh a, (a,) = - 2&,-2 (K sinh ai + B„ cosh a,) 

3^';, (a,) —4 cosh a, (//a (ai) +<!> \ (“i) = — 2 ft 2 4-B|, 

(m + 1 ) (a,) -2 cosh a, n<ji„ (a,) 4- (n- 1) (a,) = -2/\ (m. ^ 3) 

Writing out equations (35), multiplying by c~*°' and adding, we have 


. (36) 


p = 0 

or 

(n+l)v4.,(a.)-n9^'»(ai)^^-‘' = 2c- 2 rv'-- 

^ 0 

Now, in virtue of (30), we may write the right-hand side of this 


(37) 


-2c— 2 

p = n + 1 


-2 2 a„,,.e- 

T — 1 


and since 2 a„ cos is supposed convergent this tends to zero as n increases. Hence 
from ( 37 ) we see that the limit of V 4 ^, (a.)/V^'-(«i) as n increases is c-“', and hence 
the functions ^^n(®i) finite for all values of n and tend to zero as 7i increases, if 
the resultant couple acting on a = a, vanishes. 

Multiplying (37) by c— and adding, we have 


n-l u 


n-l 


»iAZr' (a,)e<’*-‘>‘“ = 2 2 2 = 2 2 2 a^e 

r ,^up = u p = o« = p 


(Uq~p)ai 
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which, on effecting the summation with regard to q, leads at once to 

(a,) = 2 cosech a, S Op sinh {n—p) a, (88) 

p = 0 

for 1. 

Treating (34) in a similar way we have 

n{n+l) (n+2)V",+i(ai)-(ri-l)(n.)(n+l)i/r„(a,)e-“' 

= 2e“‘ 2 jp[dp+8inh or,\^p(ai)]e"^'. . . (39) 

We can readily show from (35) that 

sinh a, 2 jt)e-»”'V^'p(a,) = in (n+ 1) {v4+i(a,)-e~V»(«i)}e~’“'- ^ 

p~\ p = 1 

and hence (39) may he written 

n (n+ 1) (n + 2) (a,)-(n-l) (n) (n+ l) («,) «“*' = n (n+ l) (ai) + «"“'V''»(“i)] 

+ 26 "*' 2 p{dp—ap)e~^'. 

p~l 

As in the case of >/«■'„ (a,), we can show that the right-hand side tends to zero as n 
increases if conditions (30) are fulfilled. Hence V'b (“i) is finite for all values of n and 
tends to zero as n increases, and we have 

(n-1) (n) (n+ 1) (a,) = 2 2* 2 p (dp-a,) 

I p- 1 

+ "2 q(q+l) 6»“' {a,)], 

which, on reduction, leads to 

n— 1 ' 

n, (n*— (a,) = 2cosech a, 2 {(n— p)apC0sh(n— p)a, 

p = 0 

+ (pdp— (Xp coth ai) sinh (n—p) a,} . (40) 

for n^ 2. Equations (34) do not determine (a,). 

From (36) we have 

2^'2(a,)e~“‘— (ai)e“*“' = ^'1 (aj)— 2e~“‘ (K sinh a, + Bo cosh aj) — 2616““', . (4l) 

and if » ^ 2 

(n + ] ) ^',^1 (a,)e""“'— (aj) = ,p\ (a,) — 2K6““’ sinh aj— Bo 

-2 2 bpC-^', (42) 

p = l 

and hence, if the sequence (a,) is to converge for large values of n, we must have 

ij>\ (tti) = Bo+2Ke— sinh a,4 2 2 6,6"^’ (48) 
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From (41) and (42) we have, if 2, 

n0',(ai)e *■“*’*' = ^'i(a,)— Bo+ 2 (^', (aj) — 2Ke“'' sinh aj — Bu)e*»*’ 

^ =c 1 

-2 2 * 2 

« = i p = i ’’ 

from which we obtain 

n sinh <p'„{ai) = (aj) — Bo) sinh na, — 2K sinh (n— l) a, sinh a, 

— 2 2 fep sinh (n— p) a, (44) 

t> = 1 

for n ^ 2, while <fi\ (aj) is given by (43). 

Finally we have from (33), omitting the first equation of the series, if n ~ 2, 

n (w + 1 ) (w + 2) (a,)*- (n- 1 ) (n) (n + 1 ) e (a,) 

= — 2 (Bo + K)c~“' sinh a, 

7 } t 

4-2 2 JO (Cp-f-sinh ai 0'^ (aj) 

p - 1 

By the aid of (36) we can reduce the right-hand side to 

n(n+l)(^'„^,(ai)-e“V»(ai))«~"“ + ^ 2 p (Cp + h^) 

p = 1 

from which it appears that (a,) is finite and tends to zero as n increases, provided 
that the resultant of the applied forces over a = a, is zero. We then obtain for 
n=2, 

n(n*— l) sinh Ui (a,) = (<p'j (a,) — Bo) {n cosh na, — coth a, sinh na, f 

— K {(n— l) sinh na, — (n+l) sinh (n— 2)a, [ 

n- 1 

+ 2 2 {(pCp+&p coth a,) 8inh(n— p)a, 

=s 1 

— (n— jo) cosh(n-j5)a,}, ... . (45) 

while 

2^, (a,) = 2Co+Bosinh 2ai + K(2 cosh*a— l) (46) 

It appears that equations (38), (40), (43), (44), (45) and (46) give the values of 
^n(ai), 'A»(ai), («i)> V"^n(»i) for n^ 1 in terms of Bo, K and the given coefficients 

a„ &c., with the exception of \/f, (a,). 

Now we have only assumed a, > 0 in order to establish the convergence of these 
functions, and hence the corresponding functions of will be given by the same 
formulae with a'„, 6'„, c'„ d'^ substituted for a,,, 6,, c„ cZ„ provided th^t the conditions 
for convergence are satisfied. It’ may be shown that the new conditions of con- 
vergence are identical with (30) and (31), or (30) and (32), according as a, > or < 0. 
yoL, oca;xi. — a. 2 b 
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Thu formula for (a,) given in (43), which is itself a condition of convergence, will, 
however, he replaced by 

(aa) = B„+2Kc‘’ sinh a 2 + 2 2 (47) 

n = 1 

if aa < 0. 

From (26) we see that the coefficients A„, C„, for w — 2 are determined from 

^>„(a|), fniai). 0'„(a,), and similarly A'„, B'„, C',, D'„ are determined from 

V'n («i)- (aa)< V4 («i)' ■*/''« (“a)’ 

The values of 0i(a,), ^i(aa)» ^^(“l)' will give four equations to determine the 

three constants A,, B,, C,, and the condition that they shall be consistent gives one 
relation between B(, and K. The values of \/<^',(a,), y}^\{a..^) determine the two constants 
A',, O'l, and ^i(a,), ^/'i(aa) are not otherwise determined. 

W*e have thus just sufficient equations to determine the coefficients in (28) with 
the exception of B,,, K, between which we have found one relation. If aa>0, so that 
the region considered lies entirely on one side of the axis a = 0, we may take K = 0. 
If on the other hand aa<0 the condition that the stress shall vanish at infinity, which 
is h)( ^0 when a, j8 -^0, gives one more relation between the coefficients, so that in 
either case B,,, K are determined. 

We may therefore adopt the following method : — Insert terms of the type (24) or 
(25) Corresponding to the resultant force and couple on each boundary, and calculate 
the residual stresses over the boundaries. These will now form systems in statical 
equilibrium over each boundary, and we have shown how to determine an appropriate 
function of the form (28). 

The problem of finding the appropriate stress-function for given tractions over the 
bo\indaries might have been approached by investigating the values of hx and its 
normal gradient on the boundaries, on the lines developed by Mtohell.* Tlie direct 
method which we have adopted is, however, in most cases simpler in our particular , 
co-ordinates. 

There is an exception to this rule, namely, when a boundary is free from stress. In 
this case the boundary conditions assume a very simple form. From (6) we have 


{hx) = const = p, say 
oa 


(48) 


and 


^2 0 

(cosh a-coB /8) — (Ax)-8in /Q^(/tx) + co8h a (^x) = P « 


the solution of which is readily found to give 

hx ~ p tanh a + o- (cosh a cos l)-fT sin (49) 

on the boundary considered. 

‘Proc, London Mathematical Society,’ vol. xxi., 1900, p. 100, 
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The relations (48) and (49) are the necessary and sufficient conditions that a 
boundary a = constant should be free from stress. The constants p, <r, t are 
Miohbll’s three constants of the boundary. 


§ 5. A Cylinder or Pipe with Eccentric Bore. 

In this section we will consider the problem of a cylinder, whose cross-section is 
bounded by two non -concentric circles, which is subject to a uniform normal pressure 
over its internal surface and a different uniform normal pressure over its external 
surface. By Filon’b theorem of generalised plane stress precisely the same analysis 
will give the average stresses in a plate of the same section under the same applied 
forces. 

Let the boundaries of the cross-section be defined by a = a, for the internal 
boundary and a = aj, for the external Ixmndary. Then a„ *^re positive and ai>ao. 

Let the applied pressures be P„ P^ respectively, so that eta. = — Pi on a = a,, aa = — P^ 

on a = a, and etfi = 0 on both boundaries. • 

Let us assume 

hx = Bott (cosh a — co8jd) + (A, cosh 2a-|-B, -l-C, sinh 2a) cos /Q. 

Calculating aa, by means of (6) and applying the boundary conditions, we find 
the following values for the constants ; — 

B(, = 2a M (Pj — Pa) cosh (a,— aa) 

Aj = — aM (P, — Pa) sinh (a, -f aj) 

C, = aM (P|— Pa) cosh (a]-}-aa) 

Bj = aM {P, cosh (a,— aa) sinh 2aa— Pacosh (a, — aa) sinh 2a, -|-(P, -f Pa)8inh (a, — a^)} 
where, for brevity, we have written 

M = J cosech (a,— aa) {sinh^a, -fsinh’^aa}”* 

The most important aspect of the problem is the value of the stress in the boundaries, 
for it is upon this that the strength of the cylinder will depend. This is most readily 
determined by (7), and we find without difficulty 


a.a—^8 = 4M(P]— Pa)(cosh a— cos j8) {sinh (a, -f-aa— 2a) cos j8— sinh a cosh (a, -aa)} 
so that on a = a, 

/8/8 = — P,-f4 (P,— Pa) M (cosh a,— cos /8){sinh (a,— ag) cos |8+ sinh a, cosh (a, — aa)j (50) 
and on a = aa 

=— Pg— 4 (P, — Pa) M (cosh aa““COS/3){8inh(a,— a,) oosd— sinh Ogcosh (a,— a,)} (51) 

2 R 2 
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In order to investigate these results further we will consider separately the cases 
when the cylinder is subject to either internal or external pressures. There is no 
greater difficulty in the consideration of the general case, should the necessity arise, 
except that the formulae are correspondingly longer. 


A Cylinder under Internal Pressure. 

If we put Pjj = 0, we have on the external surface 

/3j8 = — 4P, M (cosh aj— cos /8){sinh (a, — aj) cos d— sinh cosh (a,— a^)}. 


if dy, d.j denote the distances of the circles aj, from the origin, ri, r,j their radii and 
d the distance apart of their centres, so that d = d^—dy we may show from (2) that 


and 


di = a coth aj, 
r, = a cosech a^, 


djj ““ a coth otyf 
r.^ = a cosech a.^ 


dy — {rl—r{‘—d^)/2d, 


d, = {rl-ry^ + d^)l2d 


= {r3*-(r, + d)*} {ra*-(r,-d)='}/4d". 


By means of these relations we can reduce the expression for j8/8 to the form 

cos fiY-{ry^-d^Y} 
(r,‘*+r/){r/-{r, + d)*} -df } 


From this and the obvious inequality d Kr^—ry we easily see that — 

(1) The numerically greatest stress is when = t, i.e., on the line of centres at the 

thinnest part of the cylinder. This is always a tension if P, is positive and is 
given by 

2P,ri* (r/+rj=’ + 2r2d-d‘^) , ^ 

{ry^-^rl) {rI—ry^-2r./iA-d^) ^ ' 

(2) If the centre distance is greater tlian half the external radius there is minimum 
stress at the points corresponding to cos /8 = rj2d. This is always negative 
when P, is positive and we have maximum compressions equal to 


2^il(r>jiL^)! 

Wy^-^rl) {rj*-{r, + d)=*} {rI-{ry-dY\ 


(58) 


This is always numerically less than the maximum tension. There is a 
secondary maximum at /8 = 0, i.e., on the line of centres at the thickest part of 
the cylinder, which is equal to 


2Pi (r/+ri^-2r/?-d») 
(r,* + r*) (r/— r* + 2r^ + d?) 


( 54 ) 
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(3) If the centre distance is less than half the external radius, we have, in addition 
to the maximum tension (52), a minimum at /3 = 0 given by (54). There are 
no other maxima or minima and the stress decreases steadily from its value at 
the thinnest part of the cylinder to its value at the thickest part. 

On the internal surface we have 

/S/S = — P, + 4P,M (cosh a,-coS/S) {sinh (aj— a^) cos /S + sinli a, cosh (a,-aa)}, 
or, expressed in terms of the radii and centre distance, 

^ _ _p 2P,r/{(r/-d'’)='-r,=* (r, + 2d cos S)*} frr.) 

Hence it may be shown that 

(l) If the centre distance is greater than one-half the internal radius the maximum 
stress in the internal surface occuis at the points corresponding tt> 
cos /S = — r,/2d and is 

Pi 2Pir/(r/-d^)=‘ , . 

■*■1^ / .. i . .. a\ I a 7~. I'vu i i a T~ i ~i\Mt 


' + \r.J‘-{r,^dy} {r/-(r. -Fd>'j 

(2) If the centre distance is less than one-hall* the Internal radius the maximum 
stress is at /8 = tt, i.c., on the line of centres at the thinnest part of the cylinder. 
It is 

_p p 2Pir/(r/ +ri=‘-2r,d-d" ) 


(r,*-f r/) (r/— r,^— 2r,d-d^) 


(3) The minimum stress is bA, 6 = 0, the point where the line of centres meets the 
internal boundary at the thickest part of the cylinder. It is 

_P 4 - 2P,r/ (r/+r/+ 2r4-d ^) , . 

{ri-T,^A2r4-<f) ^ ' 

This may be shown to be essentially positive if P is positive so that, as would be 
expected, the internal boundary is everywhere in a state of tension. 


A Cylinder under External Pressure. 

Putting Pi = 0 in (50) and (51) we have on the internal surface 

/8|8 =— 4 P 2 M (cosh a,— coS/8) {sinh (a,— a^) cos/8-tsinh a, cosh (a,— a^)} 

= _ ^Pan" {{r.^-d:^Y-rHn + 2d cos /8)‘'} . v 

{r,^+r.^){ri-{ri-dy} {r2*-(ri-f d)*} 

and on the external surface 

/9/8 = — P3-t-4PaM (cosh ttg— cos $) {sinh («!— a^) cos /8— sinh a-i cosh («, — aa)} 


:_P 2Pari» {ra* (ra-2d cos ^Y-iv i ^-d ^y] 
* (»'i*+ra*){ra*-(r,-d)*} {r*-(r,-|-d)"} 


. . . ( 60 ) 
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Hence if the centre distance is less than half the internal radius the compression in 
the inner surface decreases steadily from a maximum at the thinnest part of the 
cylinder to a minimum at the thickest part ; otherwise there is a minimum at each of 
the points and maxima at the points corresponding to cos /9 = —rj2d. Similarly if the 
centre distance is less than half the external radius the compression in the outer 
surface decreases steadily from a maximum at the thinnest part of the cylinder to a 
minimum at the thickest part ; if the centre distance exceeds this value the 
compression is a maximiim at each of these points and minima at the points corre- 
sponding to cos (8 = rj2d. 

If in these results we put d = 0, we have, for a concentric tube under internal 
pressure, tensions at the inner and outer surfaces which are respectively 


tj!±rLP 
r/— r,“ ’’ 


r/-r,' 


while for a tul)e under external pressure the compressions at the inner and outer 
surfaces are respectively 

2r.f p 7-2 p 

These are the well-known formulae for thick tubes. 


§ 6. A Semi-infinite Plate with a Ciroulae Hole Subject to a Uniform 

Normal Pressure. 

If in the results of the last section we put = 0 and P^ = 0, we have the solution 
for a semi-infinite plate containing a circular hole, which is subject to a uniform 
normal pressure, and bounded by a straight edge which is free from stress. 

We have on the boundary of the hole 

/8(8 = — Pj 2P, cosech* a, (cosh* a, — cos* fi) 

and on the straight edge 

= — 2P, cosech* a, (l — cos 0) cos 0 

If r is the radius of the hole, d the perpendicular distance of its centre from the 
straight edge, and x the distance measured along the straight edge from the foot of 
the perpendicular, 

d = a coth a, ?• = a cosech a„ d*—r* = o*, 

and 

X = a sin /8/(l — cos /8). 

We have therefore on the straight edge 

B = -4P, 



(x*-t-d*-r*)* 


( 61 ) 
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This has a maximum tension at the symmetrical point (x = O) of magnitude 

4P,r»/(d»-r*) (62) 

At the points x = ±v/(d*— r*) it vanishes, and then becomes a compression which 
reaches a maximum value at points at distances ±x/3(d*— r*) on either side of the 
foot of the perpendicular from the centre of the 
hole, which is numerically equal to one-eighth of 
maximum tension. 

The stress round t,he circular hole may be 
represented by a simple geometrical construction. 

If in fig. 3 the centre of the circular hole is C, Q 
is any point on the circle, and CA the perpen- 
dicular drawn from C to the straight edge, and if 
Q denote the angle QA(J, we easily see t]iat 

tan <fi = sin /S cosech a,, 
and the stress round the circular hole is 

P, (l-f2tair» (63) 

Hence the sti'ess is the same at points Q, Q' which lie on the same ray through A. 
The stress is minimum at the points nearest to and mt)8t remote from the straight 
edge, where it is a tension P numerically equal to the applied pressure. Thus at 
these points the stress is the same as it would be in the absence of the straight 
boundary if the plate were infinite. The maximum stresses are at the points of 
contact of the tangents drawn from A the circular boundary. At these points its 
» value is 

The maximum tension in the circular boundary is equal tt) the maximum tension in 
the straight edge if d = x/3r. In this case each is equal to 2Pi. If the distance of 
the hole from the straight edge is greater than this value the maximum tension is at 
a point on the circulai- boundary ; and if it is less, the maximum stress tension is at 
the symmetrical point on the straight edge. On the other hand, the point of 
maximum difference of principal stresses is on the straight edge or the circular 
boundary, according as d is greater or less than This suggests a simple 

method of determining whether, for a particular material, rupture occurs at the point 
of greatest tension or at the point of greatest stress-difference. If a circular hole is 
bored near the straight edge of a uniform plate, so that the distance of its centre 
from the edge is greater than \/ 2 and less than y/ 3 of the radius, and a uniform 
radial pressure is exerted over the hole in any convenient way and increased until 




Fig. 3. 
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rupture occurs, the crack will begin on the straight edge according to the greatest 
tension theory, and on the edge of the hole if the greatest stress-difference theory 
holds. 

It will be noted that the stresses produced will become large if the bole is near to 
the straight edge. The formulae are so simple that it is hardly worth tabulating 
their numerical values, but a single example will serve as an illustration. If the 
shortest distance from the hole to the straight edge is one-tenth of the radius of the 
hole, the maximum tension in the straight edge is 19 '5 times the pressure in the 
hole. 

§7. A Skmi-infinite Plate Containing an Unstressed Circular Hole and 
Under a Uniform Tension Parallel to its Straight Edge. 

Let the circular boundary be defined by a = a,, so that if r is its radius and d the 
distance of its centre from the straight edge, 

r = a cosech aj, d = a coth a,, dfr = cosh a,. 

At a distance from the hole the stress-function may be taken as x = ^Tj/ where 
T is the tension, so that, if a > 0, 

sinhV/(co8h a— cos /3) 

= ^T sinh a -f-2 Z cos n/^j (65) 

We have to add to tliis a stre.s8- function which gives no stress at infinity and no 
stress over a = 0, and is such that the complete stress-function gives no stress over 
« = a,. 

We may omit the term in K in (28), since in this case the region considered lies 
entirely on one side of a = 0, and clearly the required stress-function is even in /3. 

It may readily be seen that the condition that aa and shall vanish over a = 0 is 
satisfied by (28) if (f>„{0) — 0 and = 0 for ], and hence from (26) and (27) 

A,-f = 0 and (n + 1) C„-l- («-f l) D„ = 0. We may therefore take for our complete 
stress- function 

hx = fflT sinh a 1 1 -1-2 Z c""" cos n/sj-l-Boa (cosh a— cos /d)-f- A, (cosh 2a— 1) cos 

rA„[co8h(n4-l)a— cosh(n— l)a] ^ -i 

-f Z /► cos n/S . . (66) 

[_ -l-E„[(??,— l) sinh (n-f l) a— (n-l-l) sinh (n— l) a]J 

At infinity a = 0, /8 = 0 the first series diverges, but may of course be replaced by 
the alternative form in (65). If the second series converges it is clear that at infinity 
X = Xo- 
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We must now choose the coefficients in (66) so as to satisfy (48) and (49). and 
there is no difficulty in finding the following values for the coefficients : — 


Ai = ^e~*^sech 2a.^ 


B„ = sech 2a, (67) 


. n’* Binh^a,— w sinh a, cosh ai-f e "*' sinh na, /cq\ 

" 2 {sinh*na,— n* 8 inh*a|} 

p, _ n siiih^g, 

" 2 {siiih*na, — w* sinh*a, 1 - 

Substituting in ( 66 ) we have for the complete stress-function, 
hx = aT a sech 2 ai (cosh a— cos / 8 ) + i sinh a + sech 2 ai cosh {2a,— a.) sinh a cos ^ 

Jn sinh a, sinh (a — a,) sinh na ] 

^ ^ j —sinh g sinh n (q-T-g,) sinh nail cos n^S 

_ « = :; sinh^na, — 71* sinh^g, 

We may now calculate the stress , 8/3 in the boundaries by means of ( 6 ). We find, 
on the circular boundary a = a,, 

18 ( 8 , = 2 T (cosh g,— cos /Jljsinh a, sech 2 a, -H I; M„ cos . . ( 70 ) 


where 


• (70) 


M — ^ 0 (n + 1 ) g,— n (n-t- 1) sinh (n — l) a, 

2(8inh»ng,-n*8inh*g,} ' ' ' ' ^ > 


The stress in the straight boundary cannot be directly determined from (69), for it 
is found that the resulting series diverges for a = 0. We can, however, find witliout 
difficulty from (66) that when a = 0, 

/8/3|, = t|i -|-(l —cos 0)'^ P„ cos n/?! (72) 

where P„ = 4nA„. 

The series in (70) converges only slowly, unless a, is large, and for convenience in 
computation we may transform it by separating the more slowly converging part. 

Let 

M, = 27i {n sinh a, — cosh a,) e”"“' + N„ (73) 

and we readily obtain 

2 (cosh g,— cos 0) n{n sinh a, — cosh a,) e""** cos 71,8 = 1 — ^ 

',,-1 ' (cosh g,- cos /8)^ 

Substituting in (70) we have 


= 2t|] 


_ 2 sinh^ g, sin* 0 1 
(cosh g, — cos /8)'^J 

+2T(cosh g,— coSjS) jsinhai8ech2a,-f-2«“**’cos;8+ 2 N^cosn/sl . (74) 


VOL. ooxxi. — A. 
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If 6 is the angle between the radius to the point ai, /S and the perpendicular to the 
straight edge, then 

• sinh a, sin 8 

sin ft = — : ^ . 

cosh a,— cos p 


and if a, is large (74) reduces to = T (l +2 cos 20), which agrees with the known 
result for a hole in an infinite plate and gives compression numerically equal to T at 
the extremities of the diameter parallel to the tension, and tensions equal to ST at 
the extremities of the perpendicular diameter. 

The numerical values of the coefficients P,,, N, are given in Tables I. and II. 
respectively. It will be noted from Table I. (that, as Uy increases. Pa tends to become 


Table I. 


ai . 

0 * 6 . 

0 * 8 . 

1 * 0 . 

1 * 2 . 

1 - 4 . 

1 * 6 . 

1 * 8 . 

2 * 0 . 

2 * 2 . 

2 * 4 . 

p , 

0*3327 

0-1667 

0-0719 

0*0327 

< 

0-0147 

0-0066 

0 0030 

0-0013 

0-0006 

0*0003 

-Ps 

3-5861 

2-0401 

1*2545 

0-7987 

0-6180 

0*3400 

0-2247 

0*1493 

0*0994 

0*0664 

-Pa 

2*2393 

1*0622 

0*5110 

0-2448 

0*1160 

0*0543 

0*0251 

0*0115 

0*0053 

0*0024 

-P4 

1-3557 

0-4874 

0*1699 

0-0670 

0-0185 

0*0059 

0*0018 

0*0006 

0*0002 

0*0001 

-Pa 

0-7602 

0-1970 

0-0474 ■ 

0*0108 

0*0024 

0*0005 

0*0001 




-Po 

0-3964 

0-0713 

0*0116 

0*0018 

0*0003 






- Pt 

0-1934 

0 - 02.37 

0*0026 

0*0003 







-Pa 

0-0891 

0-0073 

3*0005 





1 



-P» 

0 - 0.391 

0-0022 

0*0001 





1 

1 



-Pio 

0-0165 

0-0005 






1 



-Pn 

0-0067 

0-0002 









-Pij 

0-0027 





; 1 





-P18 

0-0010 




i 

' I 






-Pl 4 

0-0004 





1 





-Pu 

0-0001 





! 





-Pia 

0-0001 







1 




Table II. 


aj. 

0 - 6 . 

0 * 8 . 

1 - 0 . 

1 - 2 . 

1 * 4 . 

1 * 6 . 

1 * 8 . 

2 - 0 . 

2 - 2 . 

2 * 4 . 

Na 

1-4649 

0-7716 

0*4189 

0*2240 

0*1219 

0*0665 

0*0364 

0*0199 

0*0109 

0-0060 

N, 

0-7467 

0-2647 

0*0914 

0*0306 

0*0100 

0*0032 

0*0010 

0*0003 

0*0001 


N , 

0*3238 

0-0719 

0-0148 

0*0029 

0-0006 

0*0001 





N , 

0-1232 

0*0162 

0*0019 

0*0002 







N, 

0-0421 

0*0032 

0*0002 








Nr 

0-0131 

0*0005 









N, 

0-0038 

0*0001 

1 




• 


, 


Nb 

0-0010 

• 









N,o 

0-0003 

1 




V 





• .N,u 

0-0001 

1 


i 

i 


i 


1 


• 
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large compared to the other coefficients. Hence, when the liole is at a considerable 
distance from the straight edge, the stress in the straight edge apj)roximates to 

T { 1 ~C cos 2)8 (l —cos )8)} 
where C is a small positive constant. 

This shows that tlie stress in the straight edge is a minimum at the mid-point, 
increases to a maximum as we move outwards, then diminishes to a second minimum, 
and finally increases steadily to the value T at infinity, where ft 0. 

In fig. 4 we have plotted the graphs of the stresses in the boundaries for a case in 



which the hole is fairly near to the straight edge, a, = 0*8, for whicli tlie shortest dis- 
tance between the two boundaries is approximately one-third of the radius of the circle. 
It will be noted tliat the general chai’acter o(' th(‘ strt^sses is not atVeot(‘d by the proximity 
ol* the straight edge. It will be reinembm’ed that when the hole is at a great distance* 
from the straight edg(‘ then* arc^ maximum sti*t‘sses of .‘ff at the (*xtremities of the 
diameter perpendicular to the straight edge, with ])oints of maximum compression 
numerically equal to T lying bt*tw(Mm. For a, = 0*8 we find that the maxima occur 
at the same places but are iiun-eased, the increase bcung more marked at the* point 
nearest to tin* straight edge. whe);e tin* tension is 4*3()GT, while its valut* at the point 
most remote from the straight edge is 3*26(5T. The stress in the straight edge also 
maintains the same general character as it exhibits when the hole is at a great distance 

2 s 2 
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from the straight edge. Here again, however, the maxima and minima are 
accentuated. The minimum at the C(‘uti‘al point has dt^creased and has become a 
com})ression nnmerically e(juiil lo 1 ‘95(lT. 

It app(*.ars tliat ior tlie range of‘ Aalut‘S which we have irnestigated the maximum 
stress is on th(^ circulai’ l)ouudary at tli(‘ point of nearest approach to the straight edge. 
Its valu(^ for (hHereiit values of the ra.tio of* the distance of the centre of tiie hole from 
the straight edge to the j-adius of* the hole, togt^ther with the stinisses at the centre of 
the straight edge and at the most remote point of the circular l)oundary, is shown in 
Table III. 

Table TIT. 


Oil, 

Ratio of distance 
of centre from edge 
to radius of hole. 

Stress ;it niid-poifit 
of Htr.-iight (‘(jge 

Stnjss at nearest 
point of circular 
boiiinlarv. 

Stress at most 
rcinot(^ })()int of 
circulai' boundary 

0*6 

MSf) 

-4 -OHO']' 

r)0f>iT 

3 *3621' 

0-8 

1 -337 

1 - 1 • 956 

4 - 366 

3 -200 

1 *0 

1-543 

- 0 • 895 

3-919 

3-201 

1-2 

1-811 

0-269 

3 • 609 

3-152 

1-4 

2-151 

+ 0-134 

3-396 

3-115 

1*0 

2-577 

0-405 

3-254 

3-087 

1*8 

3*107 

0-591 

! 3-162 

3-065 

2-0 

3-762 

0-721 

3-103 

3-048 

2-2 

4-568 

0-810 

3-065 

1 3-035 

2-4 

1 5-557 

0-871 

3-043 

3-025 

GO 

1 00 

1 -000 

3 • 000 

3-000 


It will be noted that when tlie hole is very near to the straight edge, so that the 
two boundaries are separated only by a narrow conn(3cting piece, the st rtjss in this 
piece consists of a very large tension on the inside and a numericall}^ slightly less com- 
pression on the outside. Hence, as miglit be expected from general considerations, 
the stress in tliis narrow connecting piece is a bending moment accompanied l)y a 
certain amount of'tt^nsion. 

These results may he compai-ed with some experimental results recently obtained by 
Prof. Coker and Messrs. K. (\ (Jhakko and Y. Satake"^' by optical means. These 
deal with the stresses in a stri}) of Jiiiitc width umha* tension wilti a circular hole 
centrally placed, whereas we have consideia^d the (%‘ise o(‘ a semi-infinite plate with a 
circular hole near its straight edgt‘,. Tin* problems an^ therefoi*e not quite comparable ; 
but as in each case the critical region will clearly be near the minimum section between 
the hole and a sti’aight boundary, the two problems may be expected to exhibit the 
same general characteristics. For the strip of* finite width it is found that there is 
maximum stress in the circular boundary at the , points of nearest, approach to the 

* ‘ Transactions of the Institution of Engirioors and Hbipbuilders in Scotland,^ vol. Ixiii., Part I., p. 33, 


1919. 
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straight edges and minimum stress at the points of the straight edge immediately 
opposite the centre of the hole. Moreover as the radius of the hole is increased in 
proportion to the distance of its centre from the edges of the strip these maxima and 
minima become more pronounced. In all the cases examined experimentally the 
minimum stress in the straight edge remains a tension, but Prof Coker surmises that 
if the radius of the hole were still further increased in proportion to the width of the 
strip this minimum stress would become a compression. All these results agree 
qualitatively with the theoretical results established in this paper for the semi-infinite 
plate, and allowing for the difference in the two problems they may be taken as a 
substantial experimental verification. 
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Introduction. 

This paper contains the results, theoretical and experimental, of work undertaken, at 
the request of the Ordnance Committee, by the authors as Technical Officers of the 
Munitions Inventions Department. Permission to publish such parts as appear to be 
of general scientific interest has now been granted by the Ordnance Committee and 
the Director of Artillery. The publication of this paper has received their sanction. 

The experiments in question were carried out at the firing ground of H.M.S. 
“Excellent,” Portsmouth ; the Expt^rimental Department, H.M.S. “ Excellent,” also 
provided the 3-inch guns used and the material for the construction of the range. 
The authors’ best thanks ai-e due to the officers of this department, especially 
Lieut. -Commander R. F. P. Maton, O.B.E., R.N., without whose cordial co-operation 
these experiments could never have been carried out ; also to the other officers of the 
Munitions Inventions Department who assisted in the heavy work of making and 
analysing the ohseivations. The aeronautical measui’ements at low velocities, 
required for comparison, weie made in the wind channels of the National Physical 
Laboratory, by arrangement with the Director and the Superintendent of the Aero- 
nautical Department, to whom also we wish to express our thanks. 

The subje.ct of this paper is the mt)tion of a spinning shell through air at velocities 
both greater and less than the velocity of sound. We first attempt to describe the 
motion of tht* spinning shell, considered as a rigid body, under the effects of gravity 
and the reaction of the air ; this latter is supposed to be known in teims of the 
position and velocity co-ordinates of the shell, and the state of the aii' through 
which it moves. We are thus concerned throughout with the “ aerodynamical ” 
problem of the motion of the shell alone, and not with the general “ hydrodynamical'’ 
problem of the motion of the complete system formed by the shell and air together. 
The motion of the shell thus describcid is then compared with the results of 
experiments, and the more important components of the, force system imposed by the 
air are determined numerically as functions of certain variables such as the velocity 
of the centre of gravity of the shell. The actual experiments consist of observations 
of the initial motion of the shell (more particularly the angular motion of its axis of 
symmetry), over a limited range near the muzzle of the gun. The velocities 
experimented with range from 40 f.B.* to 2300 f.s., that is from about 0*04 to 2*1 
times the velocity of sound. Using the values of the components so detenmined, 
the actual motion of the shell can be calculated with equal certainty in the more 
general cases which are inaccessible to direct and detailed observation. 

As stated above, we make no attempt to attack the hydrodynamical problem. 
Such an attack is probably not yet feasible. By obtaining, however, an accurate 
descriptive knowledge of the force system imposed by the air, and the allied system 

♦ This velocity was obtained in a wind channel, using a current of air and stationary shell. The lowest 
velocity used in actual firing experiments was 880 f.s. 
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of pressure distribution over the surface of the shell, material is provided on which a 
successful attack on the hydrodynamical problem may some day l)e based. A first 
contribution to a knowledge of the force system is made by the present paper. It is 
hoped to make a similar contribution to a knowledge of the pressure distrilnition in 
another place.* * * § 

The problem proposed for discussion is of course by no means novel, t In the 
earlier work which is summarised by Cranz {cf. (4)) the treatment of the equations 
of motion Is often open to criticism, in view of the lack of sufficient justification for 
the necessary simplifying approximations. The classical theoretiail I'esults, such as 
Mayevski's equation for the driftX (see § 4.2, equation (4.204)) have therefore hitherto 
justly commanded little confidence. The discussion, moreover , is of necessity based 
on a priori assumptions as to the nature of the complete force system. Unless the 
results of these assumptions are brought to the test of detailed experiment, the 
assumptions themselves must remain unjustified and unjustifiable. It should be stated 
here that the theory and experiments descrilied in this paper confirm the classical 
theoretical results. Oranz’s own experiments {cf. (5)) were expressly designed to 
explode the fallacy that the axis of the shell*, in steady motion , right romid 
the dirt^ction of motion of its centre of gravity. In this they are successful, but they 
were only carried out at low velocities, and give little in the way of quantitative 
results. The only jeal comparison of theory with exj^erirnent, which has hitherto 
been made, is the comparison of the observed aird calculated^ values of* the drift. 
But the observed drift is the integrated result of* the distmjirirrg forces over a 
considerable arc of the trajectory, and moreover, can only l)t‘ disentangled with 
difficulty from the effect of any cross wind that may be blowing. The observed drift 
does not therefore serve to deteiinine the force system with any success, though it 
may be used to check the values of the components othe^rwise determined (§ 4.21). 

It may, therefore, be stated in general terms that, up to the present, there is no 

* “The Pressure Distribution on the Head of a Shell Moving at High Velocities,” ‘Roy. Soc. Proc.,’ A, 
Vol. XCVIL, p. 202. 

t See for example : — 

l\ Charbonnier. (1) ‘Traitf^ de Balistique Extc^rieuro,' od. 2, Bk, V., Ch. IV. (2) ‘ Ihiligtique 
Ext^rieure Rationnelle,’ vol. II., Ch. IX. 

C. Cranz. (3) ‘Lehrbuch dor Ballistik; Aeussore Bidlistik,’ 1917, Ch. X. (4) ‘ Phicyklopiidie der 
Mathematischen Wissonschaften,^ vol. IV., Part II., p. 185, Art. 18, “ Ballistik.” (5) ‘ Zeit«chrift 
fur Mathematik und Physik,^ vol. XLIIL, pp. 133, 1G9. 

J. Prescoti’. (6) ‘Phil. Mag.,^ Sor. 6, vol. XXXIV., p. 332. 

Further references to previous authors will be found in (4), an<l the best account of Cranz\s own work 

in (^)- 

I The lateral departure of the projectile from the vertical plane containing the initial tangent to the 
path of the centre of gravity of the shell. 

§ Actually, also, the important term in tte calculated drift depends only on the ratio of two components 
of the force system, and not on their absolute values. 

2 T 2 
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knowledge of the force system acting on any shell at high velocities, except when 
the shell is moving “nose on,” i.e., when its axis of symmetry and the direction of 
motion of its centre of gravity coincide.* 

Cranz {cf. (5)) and Charbonnier {cf. (2)) make little progress in the treatment of 
the general equations of motion. Prescott {cf. (6)) makes an appreciable advance 
in the reductions of the general equations of motion to a tractable form, which is not 
too restricted in application, and gives an exact solution of his reduced equations in 
the simple case in which all the components of the impressed force system vary as the 
square of the velocity of the shell. We understand, also, that the problem of the 
initial motion of the shell has been recently treated by M. Esclangon and M. Garnier, 
of the French Artillerie de Marine, with results that are closely analogous to ours, 
but we have not seen their work. 

We therefore propose, in this paper, to give in Part III. a detailed account of 
the complete equations of motion of a spinning shell, moving through air, and to 
justify as far as possi ble the reduction of these equations to various useful approxi- 
mate forms, some of which are classical. To do this, it is of course necessary to start 
from certain a pnori assumptions as t'o the nature of the complete force system. 
These assumptions, which are far less restrictive than any that have hitherto been 
used, are carefully analysed when they are introduced. We then, in Part IV., submit 
the theoretical results so obtained to the test of the experiment described in Part II. ; 
we are thus able to justify to some extent our a priori assumptions, and to obtain 
numerical results ®f some precision as to the more important components of the force 
system acting on the shell, in the general case. These numerical results, with a 
general description of the actual motion of a shell, will be found in Part I. 

We have seen that the information to be obtained by comparison of the observed 
and calculated values of the drift is of very limited value. Two alternative methods 
are available, both of which are employed in this paper : — 

(1) The complete force system on a model shell at rest in a uniform current of 

air may be determined by observations in a wind channel. t 

(2) Certain components of the force system on a shell moving at high velocity 
may l)e deduced from the measurements of its oscillations just after leaving 
the muzzle. 

The highest velocity obtainable at present by the first method is 80 f.s., but by 
means of the “ square law ” (see §1.01) the results may be extended to velocities as 

* In this case the force system has only one component of practical importance, namely, the resistance 
of the air, acting in the opposite direction to the relative motion of air and shell. This force component 
is here called the drag, in conformity with aerodynamical usage. The numerical values of the drag are 
known with fair accuracy for certain external shapes of shell and ordinary atmospheric conditions. 

t For a full description of the construction of the wind channels at the National Physical Laboratory, 
and their use in measuring forces on model aircraft, see CowijiY and Levy, “ Aeronautics in Theory and 
Experiment.” 
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great ai^ 700 f.s. For higher velocities it is necessary to fall Iwick on t he second method 
which is the principal subject of this paper. 

For this purpose the shell is fired horizontally through a series of cards such as 
are used for measuring the jump* of the gun on firing. From the shape of the holes 
in the cards the actual motion of the axis of the shell can be reconstructed. Initial 
disturbances at the muzzle give rise to angular oscillations of the shell of sufficient 
amplitude for accurate measurement. These oscillations are very similar to those of 
the axis of a spinning top under gravity. If, as a first approximation, we regard the 
centre of gravity of the shell as constrained to move uniformly in a straight line over 
the range containing the cards, and ignore frictional damping forces in both cases, 
then the angular motion of the axis of the top and the axis of the shell are identical, 
provided that (l) the top and shell have the same axial spin and axial mormmt of 
inertia ; (2) the transverse moment of inertia of the top about its point of support is 
equal to the transverse moment of inertia of the shell about its centre of gravity ; 
and (3) the moment of gravity about the point of the top is equal to the moment of 
the force system on the shell about its centre of gravity. 

In this approximate case the formal solutSon of the two problems is identical. As 
is explained in § 1.3, from the periods of the oscillations of the axis of the top or 
shell, we can deduce the moment of the disturbing couple and mce versa. In the 
same way the nature of the decay of the oscillations can l)e used to determine the 
damping forces. 

in conclusion, we feel that a word of apology may Ikj needed for the length of the 
introductory part of this paper. We do not here emphasise the applications to 
practical gunnery of the results obtained, but these are of some importance. We 
have, therefore, thought it desirable that the results should l)e presented in such a 
form as to be available to those who are concerned with the practical results, but 
who are not prepared to follow in detail the arguments of Parts III. and IV. At 
the same time it has been necessary to avoid statements which, without explanations, 
might convey little meaning to those who have not l)een technically concerned with 
ballistics and aerodynamics. It does not appear possible to achieve tliese objects 
except at the expense of a somewhat lengthy Introduction and Part 1. 

Part I. — A Genp:ral Description of the Motion of a Spinning Sheel and 

THE PrINCII'AL EXPERIMENTAL ReRULTH. 

§ 1.0. Thv Classical Theory of the Flaw Trajeeioo'y. 

According to the classical tlu^ory, a shell is supposed to move in a resisting medium 
like a particle on which the only forces acting are gravity, and a resistance tangential 
to its path, depending only on the velocity of the particle and Jhe state of the 

* The angle between the axis of the bore before firing and the initial tangent to the path of the centre 
of gravity of the shell. 
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uiKlisturbed medium. In such circumstances the path of the particle lies in a-vertical 
plane and is called the plane trajeeUn'y.* This theory would be exact for a shell if 
the axis of the shell always pointed along the tangent to the path of its centre of 
gravity. The total reaction between the air and the shell would then, as required, 
take the form of a single force, called the drag, acting by symmetry tangentially to the 
path of the centre of gravity, and depending only on the velocity and shape of the 
shell and the state of tlie medium. The equations of motion resulting in this simple 
case are insoluble in finite terms for the actual law of resistaiice of the air ; in 
practice they are capable of rapid numerical solution to any desired degree of 
accuracy, by a variety of methods of step-by-step integration, when the drag has 
been specified with corresponding accuracy. 

In order to specify the drag completely it is necessary to consider with some care 
what are the variables on which the drag for a given shell can depend to an 
appreciable extent. This question is, as yet, by no means settled, and a few of the 
more important considerations are summarised in § 1.01. This fact does not concern 
us here to a very serious extent ; an incomplete specification of the variables on 
which the drag (or, in the general case, 'the complete force system) depends will only 
invalidate the residts of observation when an attempt is made to apply them to 
widely difierent conditions of the state of the resisting medium, or of the motion of 
the shell. The validity is unafiected when the experimental conditions are 
approximately repeated. It may be assumed that, in this case of symmetry, a fairly 
adequate expression for the drag is given by the equation 

(1.001) R = /or*?y„((’/a), 

where R is the total drag, p the density of the air (or other medium), r the radius of 
the shell, v the velocity of the shell, and a the velocity of sound in the undisturbed , 
medium ; all these quantities, of course, are to be measured in a consistent set of 
units. In the numerical work in this paper the foot, pound, second system will be 
used. 

Since pvV bas the dimensions of a force, the function is a numerical coefficient, 
independent of the system of units chosen, called the drag coefficient. Existing 
determinations of this coefficient as a function of rfa are very inadequate from a 
scientific point of view ; satisfactory ones could now be made. We shall not be 
concerned here with the determination of this coefficient, whose value we shall only 
require roughly in the analysis of our experiments. We may therefore regard as 
known for all values of the argument from 0 to 3, for shells of the particular external 
shapes which we use, moving through dry (or not too nearly saturated) air, whose 
temperature is not too widely different from 0“ C. 

. • 

* From the point of view of this paper, we regard the' whole theory of the plane trajectory as 
“ classical,” though its adequate treatment was only evolved during the last years of the war. 
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1.0 1 . TlhP Fnndionnl Form of the Diwj Coejfum*ui. — A careful consideration of the possible forms of the 
function ,/„, from the points of view of the kinetic theory of gases and the theory of dimensions, suggests 
that y, //r, and cr/r should be possible arguments of /n, besides rja. Here y is the ratio of the specific 
heats of the gas, I is the mean free path, and o* the effective diameter of its molecules. We may, if 
desired, replace l/r by the more usual viscosity argument rr/r, where v is the kinematical coefficient of 
viscosity. Wind channel work on aerofoil and airscrew models shows that the argument rrjv is of great 
importance at low velocities. Its effects, however, in the case of shell models seem almost to have 
disappeared by the time a velocity of 10 f.s. (or at any rate 75 f.s.; is reached. RAYi.KKili* obtains 

formulae for the pressure on a piston moving in a pipe, which show the kind of way in which y, as well as 

v/itj might enter into the expression for f^. Variations of y are, however, very small in practice. There 
is experimental evidence that some argument, other than vfa or y, has an appreciable effect in pra(‘tice, 

and that tliis argument is probably not the viscosity torni in the ordinary sense. It is not }K)8sible to 

pursue the question further here, or to assemble in detail the evidence, which is to be found in various 
minutes of the Ordnance Committee. 

So long as the stream lines of the flow remain unaltered by a change of velocity, the motion remains 
dynamically similar, the drag varies as />-, and the coefficient must be a constant. The drag is then 
said to obey the sqmitr lair. Experiments with aif screws, of high peripheral speed, appear to show that, 
up to values of rja as great as 0 • 7, there is no serious departure from the square law once a certain 
minimum velocity is exceeded, above which the ordinary viscosity effects become unimportant ; this 
appears, from all the evidence, to be the case also for shells, the minimum velocity being of the order of 
50 f.s. As velocities of less than 100 f.s. may be ignored in ballistics, it is therefore customary to assume 
that the drag obeys the square law exactly for all velocities less than about 0-7a. For all such velocities 
the stream lines of the flow will remain nearly unaltered and the motion will be dynamically similar. 

Above this velocity (0‘7(/.) the effects of the compressibility of the aii* become rapidly of great 
importance, and the whole nature of the air-flow changes as a, the velocity of sound, is reached and 
exceeded. These effects are represented by the variation of as a function of r/a. A gocxl typical curve 
showing this variation is given by CRANZ.t Another example will lie found in fig. 4. 

We have so far ignored the fact that the shell is actually spinning about its axis of symmetry. There 
is no evidence to show that the drag, in the case of symmetry, is appreciably affected by the spin, and its 
neglect is probably justified. 

A more important question is the legitimacy of assuming, as wo have tacitly dune in (1.001), that the 
drag does not depend appreciably on the acceleration of the shell. With regard to the acceleration at low 
velocities, it is known that the effect of the air is to increase the virtual mass of any body by an amount 
of the order of the mass of air displaced. This is an increase of the order of 1 part in 2000, and is 
entirely negligible. At higher velocities, and on the general question, direct experimental evidence is 
unfortunately lacking. It is, however, difficult to see, by theoretical reasoning, how the jmst history of 
the shell can have any laiujr effect, and there is sufficient general experimental evidence that (1.001) is, on 
the average, an adequate representation of the drag in the case of symmetry to be ccrUiin that the })ast 
history is of little importance, except conceivably for a very limited range of velocities, for example, in the 
neighbourhood of a, the velocity of sound. 

§ 1.1. llie Detailed Specification of the Complete Force System, 

The theory discussed in this paper treats the shell as a rigid body which is a solid 
of revolution, so that its axis of symmetry coincides with a principal axis of inertia. 

♦ ‘‘Aerial Plane Waves of Finite Amplitude,” ‘Scientific Papers,* vol. V., oi* ‘ Itoy. Soc. Proc.,’ 
A, vol. LXXXIV. See in particular the last section of the paper. 

t ‘ Encyklop. der Math. Wiss.,* vol. IV.* Part II., p. 197. 
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It aims at determiaiug the exact angular motion, as well as the motion of the centre 
of gravity. It confirms the classical theory of the plane trajectory (in accordance 
with the results of experiment), by showing that the divergences of the axis of the 
shell from the tangent to its path are generally small, but it aims, further, at 
determining the magnitude and effect of these divergences. 

In this general case the force system to be specified is more elaborate than in the 
case of the classical theory. In accordance with aerodynamical 
usage, we call the angle lietween the axis of symmetry of the 
shell and the direction of motion of its centre of gravity the 

yaw, and denote it by <1. When the shell, regarded for the 

moment as without axial spin, has a yaw S, and the axis of the 
shell OA and the directioti of motion OP remain in the same 
relative positions, the force system can by symmetry be repre- 
sented, as shown in fig.,1, by the following components, specified 
according to aerodynamical usage. 

(l) I'he drag, R, acting through the centre of gravity O, in 
the direction of motion OP reversed. 

( 2 ) A component L, at right angles to R, called the cross wind force, which acts 

through O in the plane of yaw POA, and is positive when it tends to move O in the 

direction fr<.)m P to A. 

( 3 ) A moment M about O, which acts in the plane of yaw, and is positive when 
it tends to increase the yaw. 

By analogy with § 1.0, we assume the following fonns for R, L, and M : — 

( 1 . 101 ) R = /it’VVii (*’/«. 

( 1 . 102 ) L = sin d fi^ {vfa, <1), 

( 1 . 103 ) M = /jV’V' sin Sfii {v/a, S). 



Pig. 1. 


"fhese equations are of the most natural forms to make fu, fi^, and ,/m of no physical 
dimensions. The arguments of § 1.01, by which the form of equation (l.OOl) was 
justified to some extent, probably apply with equal force in this more general case. 
The form chosen is suggested by the aerodynamical treatment of the force system on 
an aeroplane. Since L and M, by symmetry, vanish with <i, the factor sin S is 
explicitly included in (1.102) and (1.103), in order that the cross wind force and moment 
coefticients, y’L and ./«, may have non-xero limits as 0. We shall use the symbols 
fu ('’/«). /l {vfa) for/, I {v/a, O), Lt/,, {v/a, S), and Lt/a {v/a, S) respectively, 

6 -> (I 5-^0 

and shall omit the explicit mention of the argument v/a when no confusion can arise 
by so doing. 

In view of the evidence mentioned in § 1.01, we may confidently expect that, for 
all values of S, all three coefficients will be nearly independent of v/a in the region 
0*1 rS v/a 2£ 0*7, and shall, when required, assuuve their absolute independence of vfa 
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Fig. 2. Force components on the 3-inch shells A and B, measured in a wind channel at a wind speed 

of 40 f.s., plotted against angle of yaw. 

Shell of form A. — Moment measured about a point 4*85 inches from base. 

}i B. — Moment measured about a point 4*85 inches from base. 

(a) Measurements at angles of yaw up to 

r — yL. 90 degrees. 

Scales. — Forces 1 unit 0*02 lb 

02 — y/- — yd Moment 1 unit = 0*005 lb. feet. 

- Yaw 1 unit » 5 degrees. 

Detail of forces at angles up to 20 degrees. 
/^/ Scales. — Forces 1 unit 0*005 lb. 

-- Yaw 1 unit == 2 degrees. 

/ ^ - (<^) Detail of moment at angles up to 

/ y / 20 degrees. 

JL^ Scales. — Moment 1 unit =» 0*002 lb. feet. 


Yaw 1 unit = 2 degrees. 
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when vfa 0*7. WitVi regard to their dependence on S we are not here concerned 
experimentally with/u. We shall assume for the purpose of analysing our experiments, 
where only a rough value of/„ is required, that/B (^’/<*. is independent of S for small 
values of S* For the usual position of the centre of gravity of the shell , /m at low 
velocities is remarkably nearly independeiit of d for all values less than 10 degrees, 
and then diminishc's as S increases beyond this value. On the other hand, at low 
velocities,/!, {vfa, S) behaves curiously for small values of S. The wind-channel value 
of /l (v/a) is in consequence uncertain. Typical curves showing /r, /i. and /« as 
functions of ^ at low velocities are shown in fig. 2. Tt is the main purpose of the 
experimental part of this paper to determine /^ {v/a), and /m (v/a) as functions of 
v/a, when v/a >0*7. 

1.11. 'rhe Effect of the Angular Motion of the Axia of the Shell . — In practice the 
direction of the axis of the shell ndative to the direction of motion changes fairly 
rapidly. By analogy with the treatment of the motion of an aeroplane, we assume, 
tentatively, that the components of the force system B, L, and M are unaltered by the 
angidar velocity of the axis, but that the effect of tla^ angular motion of the axis of 
the shell can be represented by the in^rtion of an additional component, namely, 
a couple H, called the yawing moment due to yawing, which satisfies the equation 

( 1 . in ) H = pvwr*fn {v/a, ...), 

where w is the resultant angular velocity of the axis of the shell. The form of (l.lll) 

is chosen to make fn of no physical dimensions 
and is the only one suitable lor the purpose. 
The couple IJ is assumed to act in such a 
way as directly to diminish w (see fig. 3). 
The yawing moment coeflicient fn may be 
expected to vary considerably with v/a. It 
may depend appreciably on other arguments 
such as ivr/v and S. This couple is suggested 
by, and is analogous to, the more important of 
the rotary derivatives in the theory of the 
motion of an aeroplane. It appears from con- 
siderations of symmetry that no other couple of 
the “ rotary derivative” type need be considered. 
We shall arrive at rough values of fn from our 
experimental results, and to some degree an a posteriori justification of our 

* By symmetry 0, when 6 = 0, since has a minimum for 6 = 0. It might therefore be 

expected that, when 6 is less than 3 degrees (say), /» would be nearly independent of 6. This, however, 
is not the case in wind-channel experiments. The drag at 2 degrees and 3 degrees yaw may be 7 per cent, 
and 10 per cent, greater, respectively, than the drag at zero yaw. Such evidence as exists indicates that 
the same increase may occur also at high velocities. An experimental study of the variation of the drag 
with 6 at high velocities would present no insuperable difficulties with modern apparatus. 
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assumption that L and M are unaffected by the angular velocity of the axis. But 
the values we obtain are too rough to (mabh* us to study the variatiorjs of fw with 
any argument. 

1.12. The Effect of the Axutl Spin of the Shell. — Wo have ho far ignored the })OSHihle effect of the spin N 
of the shell about its axis of synimotiy. We shall assume that the })receding conijmuents of the forc<‘ 
system R, L, M and H are not appreciably atiected by this spin. This is in accordant with .such evidence 
as exists in the case of zero yaw (Jj 1.01). If, moreover, the component JSI were seriotisly afVecUul by the 
spin, the effect would have been (let(!cted by the present trial. No such effect was found (see §1.1'1), and 
this fact provides some evidence of the validity of tlu^ above assnniptitm, at h'ast as e first appioxiniation. 

The spin N will, however, give rise to certain additional components of the complete force system. 
There will l>e a couple J which tends to destroy N, and, when the shell is yawed, a sidewnys force, which 
need not act through the centre of gravity, analogous to that produc'ing swerve on a golf or tennis ball. 
This force must, by symmetry, vanish with the yaw. The swerving force must act normal to the j»lane 
of yaw, otherwise it would merely have a component which altered R or L (acting in tlie plane of yaw), 
and we have assumed that no such comjmnent ^exists. The complete effects of the sjiin N can tlu^rcforo 
be represented by the addition to the force system of the couples 1 and J and th(‘ foi’ce K, acting as 
shown in fig. 3. To procure the correct dimensions we may assume that those components havt^ the 
forms* » 

( 1 . 121 ) 1 - 

(1.122) d - prNr^ sin c./j, 

(1.123) K ^ prNr^sin 

The coefficients /j, /j, /k may depend effectively on a number of variables which we can make no 
attempt to specify in the present state of our knowledge. These com])onentB may be exjiected to be 
very small in comparison with L and M ; no certain evidence that they exist is givtm by our exjieriments. 

l.Bb lielatlorus Between the Compoiunits of the Force System. — 'I'he various 
coefficients in the foregoiiig specifications will all depend on tlie external sliape ol* tlje 
shell ; results obtained for one shape cannot be af)p]ied to .another. f\>r shells of 
given shape, however, moving in a given manner, the forces It and L are in(lt*{HUident 
of the position of O, the centre of gravity, whik* the moment M varitis with tht* 
position of O. If Mi and My are the values of M corresponding to positions and ( )y 
of O, then 

(1.131) Ml = My-bOiCX, (L cos (?-f K sin ^), 

where OjOy is positive when Oi is nearer the base than C)y. Using the relations 
(l.lOl) tol(l.l03), and assuming that the yaw is small, the equation (1.131) reduces to 

(1.132) J^M, =yM, H h)* 

This equation is of considerable practical importance, as it enables^ us to deduce the 

* We shall frequently write V ^ I/AN, whore A is the moment of inertia about ^he axis of symmetry 
of the shell (see § 1.31). 
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values of /l from the values of /m for two different positions of the centre of 
gravity. It is found that fi, cannot conveniently be directly observed. 

It will he found convenient in the practical use of (1.132) to introduce the force 
component normal to the axis of the shell. If is the corresponding coefficient, it is 
easily seen that, when the yaw is small, 

(1.133) fjs =fv.+fh 

and that it isyii that is directly determined by the variations of ./" m- 

No other relations between the various coefficients are available. Previous to the present experiments, 
when no definite information existed as to the form of /j, and 4, as functions of vja, special arbitrary 
assumptions have been made, in order to carry out calculations of the drift of a shell, or of the twisted 
curve described by its centre of gravity. The authors have made considerable use of the assumptions 
that the fractions 

. /b («>/«, f ) /m (^Va. 

h Wa. 0) /„(v/a. 0) ’ /„ 0V«. 0) 

are independent of vja, and have determined their values by wind-channel observations. Cranz,* using 
essentially the same assumptions, has calculated t‘ho values of those fractions by an empirical law due to 
Kitumeu. It must be emphasised that the use of any assumption of this type is of very dubious validity, 
and that, so far as experiments have yet gone, they have not confirmed any such assumptions. When 
the values of the coefficients/],, /« and /l are required for a shell of any given external shape they can and 
must be determined by direct experiment. 

1.14. In the preceding sections, we have built up, by synthetic arguments, what 
appears to be the most probable complete force system. It will be seen that in so 
doing we have actually introduced what can be regarded as a complete system of 
three forces and three couples referred to three axes at right angles. Owing, how- 
ever, to the complex nature of the reactions, it appears to us to be essential to 
construct our force system in this manner, instead of attempting to atutlyse a complete 
system of three forces and three couples, and assign each component to its proper 
causes. In this construction, we have been guided by considerations of symmetry, 
the theory of dimensions, the analogy with the theory of the aeroplane, and also, of 
course, by the all-important fact that the results of this construction are in 
agreement with experiments, so far as these have yet been carried. Of our seven 
components by far the most important are R, L and M ; then, some way behind, H. 
Our experiments were designed to determine L and M, and if possible to throw some 
light on the size of H, and in these objects a successful start has been made. As a 
result, it seems reasonable to expect t hat the preceding specification of the complete 
force system will prove to be adequate ; but much more work on these and other 
linest is stiU required. With the numerical knowledge already obtained, which is 

* ‘ Zeitschrift fiir Math. u. Phys.,’ vol. XLIIL, p. 184. 

t For instance, the determination of the couple I that destroys the axial spin and the behaviour of 

as a function of £. 
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given in § 1.2, the motion of a shell, of the shape used in these experiments, can be 
calculated with some approach to certainty. The general nature of the motion is 
described in § 1.3. 


§ 1.2. The Numerical Results of the Experiments. 

We now proceed to give the numericfil results obtained by analysis of the observa- 
tions by the methods explained in detail in Part IV. 

1.21. The Values of f^^ and f\,. — Tlie observed values of ,/"« and f, are shown 
plotted against v\a, in fig. 4, for tlie shell of external I'orin A.* The value of ,/m is 



Fig. 4. Shells of form A. 

Curve I. The couple coefficient /m (®/®) 3-inch shells, with the centre of gravity 4 '73 inches 

from the base. 

Curve II. — The same, with centre of gravity 4 -20 inches from the base. 

Curve III. The drag coefficient /„ (»>/«) for conijjarison on ten times the scale. 

Curve IV.— The cross-wind force coefficient E (’’/«)• 

The plotted points Gi A, 0 show the observed values. The numbers denote the number of 
observations whose mean is represented by the plotted point. The stars distingiiish those groups 
fired from the gim rifled one turn in thirty diameters. The others were fired from a gun rifled one 
turn in forty. 

* See fig. 6. Form A may be specified thus : — Length 3-84 shell diameters. Base cylindrical. Head 
with an ogive of 2 diameters radius. Centjij of gravity 1 -fiTT diameters from base. 
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given on the assumption that the centre of gravity is 4*73 inches from the base in the 
3-inch shells used. The value of (at zero yaw) is also given for comparison. In 
fig. 5, the corresponding values of fu and are given for the shells of external 
form B,* the centre of gravity being supposed to be 4*965 inches from tlie base in the 
3-inch shells used. These values have been corrected as far as possible for the effect 
of the cards (see § 2.32), and smooth curves have been drawn through the observations. 
The values of fsi and for shell A, and fyi for shell B, are given in the following 
table, Table T., for values of v/a varying by 0*1. These values have been read from 
the smooth cui ves of the figures. Besides y*i„ the value of yu) the force coefficient 



Fig. .’). Sholls of external form 1!. 

Carve I. The moment coefficient A, (v/a) for 3-inch shells with ii centre of gravity 4 '965 inches 
from the base. 

Curve II, — The drag coefficient /b (v/o) shown roughly on ten times the scale. 

normal to the shell, is also given. These figures and Table I. represent the main 
results of the experiment. The values have a probable error of less thati 2 per 
cent., and the values of /l of about 10 per cent. 

The differences in the various curves for /,{, a»d are very Instructive. They 
show the complete impossibility of regarding the ratio of / k/Zm, for example, as 
constant for large variations oi' v fa. Unlike is comparatively unaflectod by the 

velocity of sound. It increases only to about 35 per cent, above its low velocity 
value, and does not maintain this increase except for a narrew range of velocities 
near vja = 1. On the other hand Zk increases to two and a-half times its low velocity 
value and maiijtains this increase. 

* See fig. 6. Form B may be specified thus: — Length 4 ‘34 diameters. Base cylindrical. Head 
with an ogive of 6 diameters radius. Centre of gravity 1 * 65(' diameters from base. 
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Table I. — Experimental Values of the Couple Coefficient yji (’’/<*)» Normal Force 
and Cross Wind Force Coefficients (r>/a) and /^( (’/a), for Shells of Form A, 
fig. 6 ; also Values of {vja) for Shells of Form B, fig. 6. 


Determined by firing trials with 3-inch shells. 




Shell of form A. 


Form B. 

vja. 

./m (•«/«)• 

fv ('’/a). 

./l ('"/«)• 

fa («/«)• 

Wind channel. 

8-57 


3-0* 

8-95 

0*7 

8-6 

— 



9-05 

0-8 

9*05 

4 3 

.V9 

9-75 

0-9 

10-35 



11-15 

10 

11-55 

5-2 

4-6 

11-7 

11 

11-4 

— 

— 

11-G 

1-2 

11-1 

3-5 

2-6 

1 1 1 - 35 

1-3 

10-8 

— 

— 

! 11-15 

1-4 

10-55 

4*1 

3-1 

11-05 

1 -5 

10-3 

— 

— 

11-0 

1*6 

10-05 

1-^ 

3-35 

11-0 

1*7 i 

9-85 

— 

10-95 

1-8 

9-65 

4 5 

3-G 

10-95 

1*9 j 

9-4 

— 



10-90 ! 

2-0 1 

9-15 

1 

» 

! 

1 



Fig. 6. Showing the external contour of the 3-inch 16-lb. shells, Design H.E. Mark IIb, usiyd in the trial with 
(1) No. 80 fuze, Mark^IIl ; (2) 6 C.R.H. plug, Design 25420. 


Nate , — The driving band is shown cut off^at a diameter of 3*02 inches, its mean diameter after engraving 


* Uncertain. 
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As already mentioned in § 1.1, the low velocity value of fi,, as determined in the 
wind channel, is somewhat doubtful.* There appears to be a distinct minimum in 
this coeflBcient soon after the velocity of sound, followed by a steady rise. This type 
of curve is rather unexpected, and confirmation by a repetition of the experiment is 
very desirable. We may emphasise again that fjf^ is by no means constant, and 
(see fig. 15) undei'goes considerable variations. 

1 .22. The Force Cornponents fn and CHhers. — W e have now to exhibit the information 
obtainable from the damping of the oscillations of the axis. When is known, 
this information (see §4.12), provides numerical values for two quantities, one of 
which is /"h and the other /u + e, where e depends on the coefficients f, and fi and is 
a priori unlikely to be comparable with f^. The data at our disposal are very rough 
and could be improved on in future experiments. The present results vary largely in 
some cases from round to round ; the value of e is much larger than its expected value 
and of the opposite sign. The general features of the damping (see figs. 12, 14) 
are however clear and qualitatively consistent. We can assert that the following rough 
values of/n. given in Table II., are of the right order of magnitude and perhaps not 
in error by more than 50 per cent. Owing to their roughness they are given for the 
groups as fired. An attempt has been made to determine in a wind channel at 
low velocities, the value 22 being obtained. 


Tabl£ II. — Probable V alues of y*ji, the Coefficient of the Yawing Moment due to Yawing. 
Groups L, II., III. refer to shells of Form A with various positions of the centre of 
gravity (see § 2.2). Group IV. refers to Form B. 


Group. 

Muzzle velocity. 

./h- 

Group. 

Muzzle velocity. 

u 

1 Group. 

; Muzzle velocity. 

u 

I. 22-2.4 

1119 

80 

II. 24 

1292 

70 

III. 1-4 

2025 

70 

I. 25,26 

1326 

70 

II. 6-7 

22, 23t 

1687 

75 

IV. 13-15 
. 1078 

55 

I. 27,28 

1663 

60 

II. 1-4 

2024 

60 

rv. 16-18 

1647 

75 

1. 1-4 

2167 

1 35 

III. 17-19 

1119 

40 

IV. 24-26 

2120 

80 

I. 19-21 

2320 

30 

‘ III. 20, 21 

1292 

70 



II. 17-19 

1119 j 

90 

III. 22,23 

1567 

60 




• In fig. 4, and subsequently, the low velocity value of /i, is assumed to be A (10°) in place 
of Lt /i,(S), which is uncertain. 

t From guns of different riflings, with results in agreement 
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An interesting feature of the damping is that, at a velocity of about 900 f.s., the 
yaw has a distinct tendency to increase {instead of decreasing) with the time ; this 
happens with all four types of shells. Whether this represents a real phenomenon 
or is oa\ised by the impacts on the cards (§ 4.5) is not yet clear. It is not physically 
impossible thatyii may be negative for this velocity. These rounds are ignored here, 
and further details must be postponed for Part IV. 

§ 1.3. A Description in (rencral Tennis of the Angular Mot ion of the Axis of a 

Shell. 

The numerical values of f^, described in § 1.21, with the addition of the 

rough values of fi given in § 1.22 make it possible to determine numerically, by the 
principles of rigid dynamics, the motion of a shell projected in any manner, provided 
that the velocity ratio vfa, and the angle of yaw <\ do not pass outside the limits for 
which the determination is valid. It is necessary to obtain and solve the dynamical 
equations of motion in terms of the force components before proceeding to the 
inverse process of deducing the forces from the observed motion of the shell. Before 
doing so, however, it is convenient to descrilie in general terms the motion of the 
shell in various circumstances ; this description is qiialitative only, and is inserted 
for the purpose of illustration : the quantitative results are reserved for Part IV. 

1.31. The Spinning] Top Atinlogy. — We hav(! already noticed in the Introduction 
the important analogy between the motion of the axis of a shell and the axis of a 
spinning top. With the reservations there made, the analogy is compk^te, so long 
asy,! can be regarded as independent of S. The equations of motion of a stable shell, 
given in § 3.2, are a generalisation of the equations for the small oscillations of a top in 
the neighbourhood of the vertical. For the general case of stable or unstable motion 
where the yaw need not be small, some use can made of the exact equations of 
motion of the top (§ 3.4). 

In particular, the condition for the stability of a shell is identical with the 
condition for a top. The condition that the shell should be in stable equilibrium 
with its axis parallel to its direction of motion is that 

(1.311) A*N=’>4Bm, 

where A and B are, respectively, the moments of inertia of the shell about longitudinal 
and transverse axes through the centre of gravity, N is the spin of the shell about its 
(longitudinal) axis in radians per second, and y sin 8 is equal to M, the moment of 
the air forces about the centre of gravity. It is therefore convenient to define a new 
variable s, “ the coeflScient of stability,” by the equation 

(1.312) .^• = A*NV4Bm. 

When s is greater than unity by a sufficiently large amount, a possible form of 

VOL. OCXXI. — A. 2 X 
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angular motion for both shell and top consists of a small oscillation, composed of 
periodic terms with two distinct periods. The values of these two periods are 
uniquely determined hy the values of s and AN/B or S2 ; conversely 8 and Q, and 
hence n and /m are uniquely determined by the values of the periods. The main 
object of the jump card experiment, described in this paper, is to determine the two 
periods of the initial angular oscillations of a shell, fired horizontally from a gun. 
As Q depends only on the spin N (known in terms of the muzzle velocity) and the 
moments of inertia, there is in general an independent check on the observation.* 
By firing the shell at a series of different muzzle velocities, values of /"u are 
determined for different values of the variable v/a, resulting in the curves of § 1.21. 

1.32. The success of the experiments depends entirely on the occurrence of 
accidental disturbances at the muzzle, in order to produce oscillations of sufficient 
amplitude to be measurable. The methods of observation used were capable of 
giving accurate results, provided that the maximum yaw exceeded 1 degree. In the 
actual trial, no round was fired which developed a maximum yaw of less than 
2 degrees, and it is probable that with almost any type of shell the initial disturbance 
would be sufficient for observations of this nature to be made. It may be noticed 
that, for a given initial disturbance, the amplitude of the oscillations is greater, the 
smaller the value of s, until, as ,s approaches and becomes smaller than the value unity, 
the amplitude of the oscillations increases very rapidly. For this reason it was at 
first considered preferable to deal with a shell and gun for which « was only just 
greater than iinity, but the experiments described in this paper indicate that a value 
of 8 in the neighbourhood of 1 • 5 will give the best general results. 

It is to be expected a priori, and is confirmed by the experiment, that the initial 
yaw of a shell, on leaving the muzzle of a gun, is very small, and that the angular 
oscillations are due mainly to an initial angular velocity about a transverse axis. 
The shell is completely unstable under the very large pressures of the powder gases on 
its base, so that as soon as it is released from the barrel it is disturbed from its 
position of unstable equilibrium by an amount, and in a direction, which depend 
largely on accidental circumstances, t The pressure of the powder gases probably 
continue to influence the motion over a short interval after the shell has left the gun, 
but the whole effect on the shell must approximate to that of an impulsive couple 
about a transverse axis. 

The angular motion of the shell, for some distance from the muzzle, approximates, 
therefore, to the type of motion of a spinning top known as rosette motion, in which 
the axis of the top passes periodically through the vertical. 

* This check is especially important in the case of shells of type II., as the shift of the lead 
block on firing alters the values of the dynamical constants as determined by laboratory experiments 
(§ 2 . 2 ). 

t [Ao/s aMed July 31, 1920. In view of further analysis of the initial circumstances of shells in this 
trial, this account of the matter is probably incomplete.) , 
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I, SS. Differences Between the Shell and Top Movements . — We now proceed to 
consider the factors, so far neglected, which cause the angular motion of the 
shell to differ from that of the corresponding top. These may be enumerated as 
follows : — 

(1) The effect of the cross-wind force in causing the centre of gravity to follow 
a curve of helical type. 

( 2 ) The effect of the force components denoted in §1.11 and §1.12 by 
H, J, and K. 

( 3 ) The effect of the diminution of forward velocity caused by the drag. 

( 4 ) The effect of gravity. 

These effects will be considered in turn. 

1.331. The angular oscillations of the shell give rise to a cross-wind force, which 
varies in magnitude and direction as the yaw varies, and this modifies the straight 
line motion along the direction of projection into motion of a helical type. If this 
helical motion could be observed with accijracy it would give valuable data for the 
cross-wind force coefficient but unfortunately the amplitude of the oscillations 
is too small to allow of this. Hence the most important effect, from the point of 
view of these experiments, is the reaction of the sideways motion of the centre 
of gravity on the angular oscillations of the shell. This helps to damp out the 
oscillations. 

1.332. The yawing moment factor H has a similar damping effect as it is always 
opposed to the transverse angular velocity. While the effect of the former factor 
is to damp the slow period oscillation and slightly augment the quick oscillation, this 
latter has exactly the reverse effect. In combination, they, in general, damp out 
the oscillations of both periods. For the 3-inch shells, used in this trial, the yawing 
moment damping factor is of greater importance than the cross-wind force damping 
factor, and the general effect is to diminish the maximum values of the yaw, and at 
the same time to convert the initial rosette motion into the slower steady precessional 
motion.* The force component, J, due to the spin, has no appreciable effect on the 
angular motion, but the corresponding couple K might act as a small additional 
damping factor. 

1.333. The head resistance or drag slowly diminishes the forward velocity, and so 
increases the stability factor s, by diminishing /x. The change in s diminishes the 
amplitude of the oscillations to a limited extent, and so assists the other damping 
factors. 

1.334. Gravity affects the angular motion of the axis of the shell by producing 
curvature in the trajectory. In taking account of the gravity effect it is necessary to 

There are two possible types of steady precessional motion at constant yaw, one witb a quick and the 
other with a slow precessional velocity. 


2x2 
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refer the motion to axes moving with the tangent to the trajectory (see § 3.2). The 
effect is quite insignificant over the range covered by the present trial, but becomes 
of importance at later stages of the trajectory, where it is responsible for producing 
the drift.* 

It is convenient to illustrate this effect by considering a simple case of steady 
motion. 

1.34. An Illustration of the Gravity Effect. — Let the centre of gravity of a shell 

be constrained to move through air at a constant 
speed V, in a vertical circle (fig. 7), the inclination of 
the path to the horizontal being 6 at any instant. 
Thus r and dQjdt are constant. There is a possible 
steady motion in which the axis OA always lies in 
the plane through OP perpendicular to the plane of 
the circle, Jbhe angle AOP {S) being constant. The 
couple M tending to increase ^ will also be constant, 
so that the contemplated motion is the same as the steady motion of a top making 
an angle with the vertical which corresponds to the normal to the plane of the 

circle. The angular velocity of the axis about this normal is —6'; the value of ^ as 
given by the ordinary formula for the steady motion of a top under these 
conditionst is 

(1.341) — AN0' cos sin H cos ^ = M = ^ sin S. 

If 6' is not too large and /j. is not too small, a possible value of S is small ; we may 
now regard /x as independent of S, and the equation then reduces to 

(1.342) S = -ANe'/yu = -isd'lQ, 

the term neglected being of order When a shell is moving freely the angular 
velocity O' increases, and the linear velocity diminishes up to a point beyond the 
vertex of the trajectory. If the initial motion is identical with the above steady 
motion, this will cause the couple M to diminish, so that the axis of the shell will lag 
behind its position in the steady motion. This lag gives rise to a component angular 
velocity of the axis tending to increase the yaw S, until a state of relative equilibrium 
is reached, in which the yaw is slightly less than its equilibrium value, land the axis 
lags slightly behind (i.e., above) the tangent OP. When the velocity is high and. 
the spin N not too large, M is large and the true position of the axis lies very near 
the equilibrium position. It will be shown in fact, in Part IV., that the assumption 

* For a shell whose spin and direction of motion are related like a right-handed screw the drift is to the 
right of .the plane of hre. 

t See, e.g., RouTH, ‘ Rigid Dynamics,’ vol. II., Art. 207. 
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that OA is level with OP, and that S is given by (1.342), lead to a determination of the 
drift which is sufficiently accurate for all trajectories of elevation less than 30 degrees. 
The drift is produced by the cross-wind force resulting from the above value of 
the yaw. 

In the neighbourhood of the vertex of a trajectory of high elevation, both the 
velocity and the couple M become very small, so that S becomes large. A calculation 
has been made, by a step-by-step process, of the angular motion and drift of a shell 
fired at an elevation of 70 degrees. The yaw, soon after the vert(*x, reaches the 
value 60 degrees, while the axis lags behind the tangent to the path by inoi-e than 
45 degrees. 

1.35. The effect of gravity as described in the last section completes the list of 
factors which have an appreciable effect on the motion, and it remains to consider 
the way in which they combiiie. It will l)e shown in § 3.2 that the motion of the 
axis of a stable shell is determined, to a good approximation, when the yaw is not 
too large, by a lineai' differential equation of the second order. The effect of gravity 
is to produce the type of motion described in § 1.34, given the proper initial conditions 
in which the yaw and its rate of increase art? both very small. The complete motion 
under arbitrary initial conditions may be obtained by superposing the appropriate 
type of initial oscillatory motion, which is unaffected by gravity. The superposed 
oscillations will ultimately be damped out, leaving the motion of the last section 
only. The motion of the centre of gravity will be appreciably affected by alteration 
of the initial conditions only in so far as they produce a certain small sideways 
displacement and velocity (§ 4.2), and increase the drag to an extent which is not yet 
known. 

More detailed results are reserved for Part IV., following the discussion of the 
mathematical theory. Actual examples of the observed motion of the shell’s axis can 
be studied in fig. 14. 


Part 11. — Details of the Experimental Arrangements and Material. 

§2.0. General Arrangemeyits. 

We propose, in this part, to explain the details of the experiments in so far 
as is necessary to enable the reader to understand the method used, and to 
form an estimate of the accuracy obtained, or capable of being obtained, in this 
manner. 

The experiments were carried out as the weather served in January and February, 
1919, four different types of 8-inoh shells being fired, at various velocities, from each 
of two differently rifled guns. The constants of the shells used are given in Table III., 
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Table III. — Mean Values of the Dynamical Constants of the Shells used, 

Determined before Firing, 


Types I., II. and III., Form A. 
Type IV., Form B. 


} 


(See fig. 6.) 


Type of shell. 

Length, 

inches. 

Weight, 

lb. 

Distance 
of centre 
of gravity 
from base, 
inches. 

Axial 

moment of 
inertia. A, 
lb. (in.)2. 

j Transverse 

1 moment of 
inertia, B, 
lb. (in.)^. 

B/A. 

1. (Normal) . . 

11-63 

14*09 

4-727 

18-37 

143*9 

7-83(6) 

II. (Centre of 
gravity for- 
ward) 

I 

11*53 

16*31 

r 

5*124 

< 

19*20 

j 

165-0 

8*59 

! 

III. (Centre of j 
gravity back) | 

1 

11*53 

16*48 

j 

4*203 

18*93 i 

1 

1 1 

129-6 1 

6-84 

IV. (Shells with I 
pointed nose) j 

13*15 

14*62 

4*965 

18*71 

166-2 

8-89 


and details of the groups fired are given in Table IV. The distance available 
between the firing point and the sea at Portsmouth is rather less than 600 feet. 
The motion of the shell was recorded over this range, within which the effects of, 
gravity are fairly small and the path of the shell not widely different from a straight 
line. To achieve this the shell was fired through a series of millboard pistol targets, 

2 feet square, about inch thick, which were fastened approximately at right angles 
to the path of the shell, at suitable distances from the muzzle.* The plane of the 
card was carefully adjusted, and it is probable that in no case did the angle between 
the path of the shell and the plane of the card difier from a right angle by as much 
as two degrees. As errors up to four degrees do not affect the shape and position of 
the hole in the card, which determine the position of the axis and tjae centre of 
gravity of the shell at the moment of impact, it may be assumed that in every case 

* For the gun whose rifling made one complete turn in a length of 40 diameters of the bore (rifled 1 in 
40) ten cards were used, placed approximately at 60-foot interrals, the first card being 50 feet from the 
muzzle. For the gun rifled 1 in 30 twelve cards were used, the first seven being at 30-foot intervals and 
the later cards at 60-foot intervals as before. The distance of the cards from the muzzle of the gun lAta 
-determined with a'probable error of 1 inch. 
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Table IV. — Showing Groups of Rounds Fired. 


The types of shell are numbered T.-IV., and the shells of each typ(5 are numbered 
1, 2, 3, ... in the order of firing.* 


Gun rifled one turn in 40 diameters of the bore. 



1 

1 Mean muzzle 



Moan muzzle 


Group. 

velocity for 
group, 

Remarks. 

Group. 

velocity for 
group, 

Remarks. 


f.8. 

i 


! 

f.8. 



1 

• 

Type I, ; shells of form A 

centre of gravity normal. 


I. 11-14 

922 

Stable 

I. 15, 16 

21.30 

Stable t 

I. 8-10 

1072 

Unstable 

1. 1-4 

216? 

Stable 

I. 17,18 

1312 

Unstable 

1. 19 

2272 

Stable 

I. 5- 7 

1565 

Just stable 

I. 20,21 

2346 

Stable 

Type II. ; shells of form A ; centre of gravity forward. 


II. 8-10 

934 

Stable 

II. 5-7 

1586 

Stable 

II. 11-1.3 

1107 

Unstable 

II. 1-4 

2024 

Stable 

II. 14-16 

1334 

Unstable 



i 

1 

.1 

Type III. ; shells of form A ; centre of gravity back. 


III. 8-10 

931 

Stable 

111. 5-7 

1583 

Just stable 

III. 11-1.3 

1077 

Unstable 

III. 1-4 

2025 

Stable 

III. 14-16 

1312 

Unstable 




Type IV. ; shells of form B 

; centre of gravity normal. 


IV. 10-12 

884 

Very unstable ! 

IV. 1-6 

2130 

Very unstable 

IV. 7- 9 

1553 

Very unstable j 






! 







* Only the stable groups are analysed in this report. For a specimen yaw curve in an unstable case, 
see fig. 12. , 

t Fired with cards on the far screens dnly, to determine by comparison the effect of the impacts on the 
eards. 
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Table IV. (continued). 

Gun rifled one turn in 30 diameters of the bore. 
All groups were stable. 


Group. 

' 

Muzzle 

velocity, 

f.s. 

Group. 

Muzzle 

velocity, 

f.s. 

Group. 

’ 

Muzzle 

velocity, 

f.s. 



1 1 

Type I. 

I. 22-24 

1119 

1 

I. 25,26 

1326 

I. 27,28 

1563 



Type'll. 



II. 17-19 

i 

1119 j 

• 

II. 24 . 

1292 ; 

1 II. 22,23 

1589 



Type III. 



III. 17-19 

1119 j 

III. 20,21 

1292 

III. 22,23 

1567 



Type IV. 



IV. 21-23 

i 

900 1 

IV. 16-18 

1547 i 

IV. 24-26 

2121 

IV. 13-15 

1078 1 

[ 

IV. 19,20* 

1547 




the centre of gravity of the shell was moving normally to the card.t Thus the 
angle actually recorded by the shape of the hole in the card is the true yaw of the 

* Fired with cards on the hir screens only, to determine by comparison the effect of the impacts on the 
cards. j 

t The angular motion of the axis of the shell is comparatively so slow that it can be ignored during th0 
interval in which the shell is passing through a card. For instance, with the shells used in this trial the 
change in the orientation of the yaw, is never as much as 3^ degrees during the complete passage 
through the card, and the change in 3 never as much as 8 minutes. These quantities Are of the same 
order as the errors of observation and may be ignore<I. Thus the shell can correctly be regarded as 
equivalent for cutting purposes to its circumscribing cylinder (of indefinite length) whoso generators are 
parallel to the direction of motion of the centre of gravity. 

If the direction of motion is normal to the plane of the card at the moment of impact, a certain hole 
will be cut in the CiU’d, whose shape will be precisely that of the normal cross-section of this circumscribing 
cylinder. But if the card is tilted through a small angle t about any axis in its own plane, the hole 
made by the shell will be the same as the cross-section of the supposed cylinder by the plane of the card 
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shell, that is, the angle between the axis of the shell and the direction of motion of 
its centre of gravity. 

On each card there was marked, by methods which need not be particularised, 
(a) the vertical, (6) a reference point from which the point of aim for each round could 
be deduced. The probable error in the marking of the vertical was negligible 
compared to the other errors of observation. The probable error* in each co-ordinate 
of the point of aim was about 0 • 2 inches. 

Times of flight from the muzzle to each card were not directly observed, but 
the mean velocity of the shell over a suitable interval of the range was observeil for 
each round with two standard Boulang^ chronographs. These were sometimes used 
as a pair — in these cases their readings were in good agreement — and sometimes 
separately, at opposite ends of the range, to determine the loss of velocity, and so an 
approximate value for the average coeflScient of the drag. From the data so obtained, 
the muzzle velocity and the times of §ight from the muzzle to each screen were 
calculated by the usual ballistic methods to a nominal accuracy of 1 f.s. and 
10~^ second, respectively. It is improbable that any of these quantities are 
appreciably in error to the order of accurac/ required by the rest of the experiment. 
A check on the calculated muzzle velocity is provided by the observations, for a 
discussion of which the reader should refer to § 4.1. 

§ 2.1. Measurement of the Holes in the Cards. 

It is now necessary to deduce, from the position and shape of a hole in any card, 
the position of the axis and centre of gravity of the shell at the moment of passing 
the card. This can usually be done with considerable accuracy. It has been found 
that at all velocities less than 1600 f.s., and often at higher velocities, the hole has 
the form shown diagrammatically in fig. 8, and by photographs of actual examples 
in fig. 8 a. 

Inside the outer circtunference ABA'B' of the hole, a considerable amount of 
bruised and partly torn card QQQ is left, which is still attached to the untouched 
part. It is found that, when the edges of this part are flattened out, they always 
define with some accuracy a circle of diameter 2*40 inches.' A stiff paper circle of 
this diameter can be fitted to the hole with such certainty that its centre is seldom in 
doubt by more than 0*01 or at most 0*02 inches. 

in its tilted position. The dimensions of such a hole will only differ from those of normal impact by 
terms of order d (1 - oos r), where d is any dimension of the hole. Such second-order terms are completely 
negligible if r < 4 degrees. Thus in all cases the shell may be regarded as cutting the hole in the card 
as if the direction of motion of its centre of gravity is normal to the plane of the card at the moment of 
impact. 

♦ Throughout this paper “ probable error ” is used with its technical meaning, see e.g., BRirNT, ‘ The 
Combination of Observations,* p. 30. 

TOIi. COXXI. — A. 2 Y 



320 MESSRS. E. H. FOWLER, E. G. GALLW, C. N. H. LOCK AND H. W. RICHMOND ; 


The external form of the shells used in the trial is shown in fig. 6. It will be 
observed that at the junction of the body of the shell and the fuze or plug there is a 
distinct cutting edge of plan diameter 2 • 402 inches. It is clear, therefore, that when 
the impact takes place, a circle of cardboard, 2*40 inches in diameter, is punched out 
and cleanly removed by this edge ; the greater part of the circumference of this inner 
circle is usually removed by the subsequent passage of the body of the shell, which 
cuts the complete hole, but enough remains, in a bruised state, for yaws that are not 



A 

Direction of 
.rDoseof Adi 


Fig. 8. Diagrammatic sketch of a typical hole, for a yaw between 1 degree and 4 degrees, when the 

velocity is low or medium. 

CCC. Inner circle— radius 2'40 inches, centre O. 

ABA'B'. Outer circumference of hole. 

QQQ. Bruised part of card. 

AA'. Axis of symmetry or greatest diameter of hole. 

BA'B'. Circumference cut by teeth of driving band. 

BAB'. Ditto cut by nose or shoulder of shell. 

The lengths AA' (3*16 inches in figure) and OA' (1*80 inches) each serve to determine the size of 
the yaw. 

The values of the yaw corresponding to the above values are 1*6 degrees and 1 * 8 degrees 
respectively, mean 1 * 7 degrees. 

too large, to define the position of the centre of this section of the shell at the 
moment of impact on the card. 

It follows, therefore, that there are two distinct methods by which the value of the 
yaw S can be determined. In the first place, there is a unique relation between the 
greatest diameter of the hole (A A', fig. 8) and the value of ^ ; secondly, there is a 
unique relation, between OA' and S. These relations can be tabulated numerically 
when the plan dimensions of the shell are known, and the value of S corresponding to 
any measured length AA' or OA' read off. 


821 
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To determine the value of <f>* it is necessary to measure the angle between AA 
and the vertical recorded on the card. The direction of AA' must be determined by 
eye from the considerations that it is (l) the greatest diameter, (2) the axis of 
symmetry of the hole, and (3) that it must pass through O, which is located as the 
centre of a paper circle fitted into the inner hole. 

By proceeding in this manner it was found that the values of 5 could be nearly 
always determined with confidence by at least one method and often by both. When 
both methods were available the agreement in the resulting values of 5 was in 
general good ; the average difference between them in all cases for shells of type I. 
(99 in number), in which both measurements were available and both appeared to be 
a priori reliable, was 0-20 degrees. These cases were simply taken as a sample. 
The general features of the agreement were the same for all types. We may 
therefore fairly assert that the probable error of any determination of ^ is some- 
thing less than 0*2 degrees. The use pf the measurement OA' is of special 
importance for small values of 8, and in fact alone makes their accurate determination 
possible. 

The probable error in the determination of <(> is not quite so easy to estimate, as there 
is no alternative method of determining <p. The method is clearly theoretically sound, 
and the errors can only arise from faulty estimations of the symmetry of the hole. 
By making a number of independent determinations for the same hole, with proper 
precautions against a biassed judgment, and comparing their consistency, it appeared 
that the probable error of any determination of <f> was less than 2^ degrees, unless 
the yaw was small (less than 0*8 degrees, say). As the yaw approaches zero, the 
errors in the determination of <f> increase rapidly until, when the yaw is less than O’ 2 
degrees, ^ cannot be determined at all. 

Proceeding in this manner the values of J and ^ were tabulated for each round for 
the values of the time corresponding to the position of each card. If the aboVe * 
estimates are correct it is doubtful if the accuracy obtained could be much improved 
on without a radical change in the method of recording the position of the shell. 

2.11. When the yaw has been determined, and the position of the centre of gravity 
on the axis of the shell is known, its position along AA' can be calculated from the 
dimensions of the shell. The position of AA' on the card is well determined, and so 
the position of the centre of gravity can be located with respect to the reference 
point, and so with respect to the point of aim. This part of the determination is 
considerably more accurate than the location of the reference point 6n the card. 
The path of the centre of gravity for a small number of rounds was measured up in 
this manner ; the results of the discussion (§ 4.2) are mainly null, in agreement with 
theory. The measurements were therefore not completed for every round and are 
not given here. , 

* The angle denotes the angle between the plane of yaw GAP and the vertical plane through OP. 
See fig. 10, p. 332. 
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§ 2.2. Determination of the DyTiamical Constants. 

All the shells used in these experiments were weighed before firing, and their 
overall lengths were measured. The variations from shell to shell were small, and 
the mean values given in the tables may be assumed to be correct for all purposes. 
No appreciable change in these quantities is likely to occur on firing. 

The moments of inertia were determined, before firing, for a selection of about 
25 per cent, of the shells of each type. The probable error of any determination was 
about 1 part in 2000. The mean values for the different types of shell are given in 
the table. The extreme variation of any transverse moment of inertia from the mean 
was 1 • 8 per cent., and of the axial moment of inertia was 0*8 per cent. The errors in 
assuming that the mean value of the sample is the correct value for each round may 
therefore be appreciable at times, but should not seriously affect the final mean 
results. The general accuracy of the ’ experiments was, contraiy to expectation, 
sufficient .to warrant the refinement of determining and using the individual values 
for each shell. ^ 

The centres of gravity were also determined, before firing, for the same selection of 
shells, and the mean value of the distance of the centre of gravity from the base is 
given, in the same table, for each type. The determination was made with a 
probable error of 0 • 003 inches. The values were fairly constant for the shells of any 
one type, the extreme variation from the moan being 0*022 inches. 

It is by no means certain a priori that the values of A and B and the position of 
the centre of gravity may not be changed appreciably in some of the shells by the 
stresses set up when the gun is fired. No change is at all likely in the empty shells 
of types I. and IV., or in the bodies of the other shells; they may be confidently 
relied upon not to be stressed beyond their elastic limit ; but the lead and wood filling 
m the shells of typ)es II. and III. is decidedly suspect. To test this point, two shells 
of each of the types II. and III., after the determination of their dynamical constants, 
were fired* over water for recovery, and their constants were theji re-determined. In 
the case of the shells of type III., with a filling of lead at the back and wood in front, 
there was no appreciable change. In the case of the shells of type II. with lead in 
front and wood l)ehind, the wood block, as might have been expected, was crushed, 
and the lead had moved back about three inches in the case of the high velocity and 
one inch in the case of the low. The axial moments of inertia. A, were unaltered, but 
the transverse moments of inertia B and the positions of the centre of gravity were 
of course seriously affected. It was found, however, that the observed changes in 
both could be satisfactorily accounted for by the observed movement of the lead 
block, of weight 1*9 lb. When the centre of gravity of the shell of type 11. is 
4*727 inches from the base, so that it coincides with the centre of gravity of a shell of 


One of each type at a ipuzzle velooi^ of 1950 f.8. and one at 1630 Lb. 
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type L, the value of B is 145*7 lb. (inch)*. Neglecting the effect of the wood, suppose 
that the lead plug is x inches further forward. In such a case 

(2.21) B = 145*7 + l*9fl^. 

If, moreover, I is the distance of the centre of gravity from the base in inches, then 

(2.22) Z = 4*727 + 0*117®. 

The altered position of the centre of gravity can therefore be recovered by 
calculation, if the altered value of B can be deduced from the observations. This is, 
in fact, the case (see § 4.1), so that even for shells of type II. the dynamical constants 
of the shells after firing are satisfactorily certain. 


§ 2.3. Possible Disturbing Foictors. 

There are two further possible causes 6f error which we have not yet mentioned. 
These are (l) the wind, and (2) the impulsive action between the shell and the card. 

2.31. The Effect of Wind. — Since we are studying the motion of the shell under the 
force system impressed by the air, we are concerned solely with the motion of the 
projectile relative to ths air, but we can only observe, by means of jump cards, the 
motion of the projectile relative to the ground. 

If the strength and the direction of the wind are known, it is an easy matter to 
convert the observed values of the size and orientation of the yaw, and the observed 
motion of the centre of gravity, into the corresponding quantities for the motion 
relative to the air. It is, however, very difficult to determine what is the strength of 
the wind, at the moment of firing, only a few feet above the groimd. It is, therefore,* 
necessary to carry out jump card trials in calm weather. During the experiments 
the wind exceeded 10 f.s., only at the moments of firing three rounds, and was usually 
only 5 or 6 f.s. at 20 feet above the ground. Its strength near the ground will have 
been still less, and its effects may therefore be neglected. * 

2.32. The Impulsive Action between the Shell and the Card. — When the experiments 
were started it was not expected that the effect of the cards would be decidedly 
bigger than the probable random errors of the results. This, however, appears to be 
the case. A limited amount of evidence, for determining the necessary correction, is 
supplied by the few comparative rounds fired without cards on the nearer screens. 
Such comparative rounds would have been included in all, or at least the majority, of 
the groups, if their importance had been realised earlier. The evidence supplied by 
the comparative rounds was carefully analysed, and was supplemented, after the 

t % 

conclusion of the trial, by determination of the magnitude of the impulse between 
the cards and the shells by observation of the ext^a loss of velocity so caused. The 
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magnitude of a single impulse, at not too great a value of the yaw, probably has the 
values 

14*3 foot-poundals at 2470 f.s., 

8*9 foot-poundals at 1140 f.s. ; 

the values at other velocities may be roughly obtained by linear interpolation. 

The effect on the observed motion of the axis due to an impulsive couple was 
calculated, and it was found that rough values could be assigned for the magnitude 
of the impulsive couple acting at any card. On calculating the total effect on the 
observed value of s it was found that the probable correction required varied from 
2^ to 4^^ l)er cent, in the various groups. This correction was applied before 
constructing Table I. and figs. 4 and 5. The figures of Table II. have not been 
corrected for this effect as their accuracy is not great enough to make it worth while 
to do so. 

Part III. — Methods of Obtaining and Solving the Equations of 
Motion op a Spinning Shell. 

§ 3.0. Introductory. 

On the assumptions discussed in Part I. the equations of motion of a spinning 
shell can be written down at once by the rules of rigid dynamics. Three different 
types of these equations will be found of use in practice, all of which may be obtained 
most simply as special cases of the vector equations of motion of the shell, referred to 
axes rotating in the most general manner. The use of the vector notation, in the 
initial stages of the discussion, has the further advantage of showing most clearly 
the meaning of the various terms, and of presenting the results in a synunetrical 
form. 

In order to simplify the general equations, the only components of the force system 
impressed by the air, retained in the initial discussion, are B, L, M, and the spin- 
retarding couple I ( = ANr). The remaining components are of less importance and 
will be inserted later on in § 3.5. 

After obtaining the general equations the three special types are deduced. They 
may be described as follows ; — 

Type a. — Equations in terms of direction cosines, referred to axes moving with 
the tangent to the corresponding plane trajectory. 

Type /8. — Equations in terms of direction cosines or spherical polar co-ordinates, 
referred to axes moving with the tangent to the actual twisted trajectory. 

Type y. — Equations similar to the equations of energy and angular momentum 
of a top (spherical polar co-ordinates), referred to the axes used for type 

In each case the equations obtftined are umplifisd by certain approximations, and 
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the results are suitable for use only under certain conditions. Equations of type a 
are valid when the shell is sufficiently stable and the yaw is small ; type /3 when the 
shell has settled down to a non-periodic motion in which the yaw may be large, tlie 
initial oscillations being damped out ; and type y when the motion of the centre of 
gravity is nearly rectilinear. 

Equations of these types cannot be solved exactly, and the method of approximation 
used to obtain a solution is different in each case. The equations of type a are used 
for the analysis of the jump card experiments, for all sufficiently stable rounds, and 
could be used to compute the entire motion in any trajectory whose initial elevation 
is less than 45 degrees. Equations of type jS have been used to compute the latter 
part of a twisted trajectory at an elevation of 70 degrees. Equations of type y have 
a limited application in analysing the jump card records for rounds which are nearly 
or quite unstable. 

3.01. JVote 091, the Vector Notation . — All letters which represent vector quantities 
will be in clarendon type, to distinguish them from scalar quantities in the ordinary 
type. The three components of any vector A, referred to right-handed rectangular 
axes 1, 2, 3, are written A„ A*, A,. 

If A and B are two vectors, their vector product is denoted by [A . B], This 
represents the vector whose components are 

(A,B3-A,B,), (AaBj-A.B,), (A3,-A,B.). 

It is perpendicular to the plane containing the two vectors in the direction of the 
axis of the right-handed screw, which turns from A to B, its modulus being equal to 
the product of the moduli of A and B into the sine of the angle between them. The 
scalar product of the two vectors is written (A . B), and is equal to the scalar 
quantity 

AjBj "I" AaBj-i- A.3B1 \ 

it is also equal to the product of the moduli of A and B into the cosine of the angle 
between them, being positive when this angle is acute. For simplicity, we denote 
(A . A) by (A)®, which is equal to the square of the modulus of A. 

Constant use is made of the following identities : — 


(3.011) 

[A.A] = 0, ([A.B].A) = 0. 

(3.012) 

[[A . B] . C] = (A . C) B-(B . C) A 

(3.013) 

([A . B] . [B . C]) = (A . B) (B . C)-(B)® (A . C). 


§ 3.1. The General Fecior Equations of Motion. 

We take a system (I, 2, 3) of right-handed akes of reference, see fig. 9, whose 
origin is O, the centre of gravity of the shell, a^ whose angular velocity at any 
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instant is represented by the vector 0 , with components 0i, 6*, 0j. The direction of 
the axis of the shell OA is represented by the unit vector* A, and the direction of 
motion of the centre of gravity_by the unit* vector X. 


2 



With tlie notation already introduced in Part 1., the total angular momentum of 
the shell can be expressed as the sum of two vectors : — 

(i.) The angular momentum about OA, ANA ; 

(ii.) The total angular momentum about a transverse axis. 

If the total angular velocity about a transverse axis is W, the angular momentum is 
TiUU, and is equal to the moment of momentum of a particle whose mass is B and 
whose distance from O is represented by the vector A. Now the actual velocity of 
such a particle relative to O is A'— [A . 0j, and therefore its moment of momentum 
about 0 is 

B{[A. A']-[A.LA.0JJ}. 

The total angular momentum, H, of the shell about O is therefore given by the 
equation 

(3.101) H = ANA + B{[A. A']-[A.[A. 0]]} ; 
using (3.012) this becomes 

(3.102) H = ANA + B{[A. a'] -(a. 0) A + 0}. 


VOL. OCXXI. — A. 


I.e. (A)* = (X)» = 1. 
2 z 
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The force components that we propose to include at this stage are R, L, M, andf 
ANr. To simplify the algebra we write* 

L = Kmv sin M = /x sin 

The various components can then be represented by the following vectors : — 

(i.) The drag R, by the vector — RA ; 

(ii.) The cross-wind force L, by the vector t xmv { A — X cos ; 

(iii.) The couple M, by the vectort mCX . A] ; 

(iv.) The couple ANF, by the vector — ANFA. 

The complete equation for the angular motion is therefore 

( 

(3.103) H'-[H.e] = M[X.A]-ANFA, 

where H is given by (3.102). Taking the scalar product of both sides ot (3.103) into 
A, we obtain, with the help of (3.01l)-(3.013), 

(3.104) N'=-NF. 

After substituting for N', equation (3.103), written in full, reduces to 

(3.105) ANA'-hB[A . A"] -2B(A . 0) A'-B(A . 0') A + Be' 

-AN[A. 0]+B(A. 0)[A. 0] = mLX.A]. 

3.11. Tli-e Equations of Motion of the Cefitre of Gramty. — The velocity of the 
centre of gravity is represented by the vector vX, and its acceleration is therefore 
represented by the vector 

|{t;X}-u[X.0]. 

In addition to the drag and cross-wind force impressed by the air, we shall suppose 
that gravity is acting on the shell. 

* The mass and velocity of the shell are m and v respectively. For the rest of the notation see § 1.3 L 
t If a perpendicular AD be drawn from A to OF, DA is parallel to the direction of the cross-wind 
force L, and its length is sin 6, if OA is of unity length. The vector DA is equal to the difference of the 
vectors OA and OD, so that it is equal to A - X cos 6. Hence { A X cos 6} /sin 8 is the unit vector 
parallel to the cross-wind force. {Similarly [X. AJ/sin 6 is the unit vector normal to the plane AOP 
t.c., parallel to the axis of the couple M. It is easy to verify, with the help of (3.012), that 


A~Xco05=.[[X. A].X]. 
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The acceleration due to gravity is represented by the vector G, whose modulus 
is g.* Under these conditions the vector equation of motion of the centre of 
gravity is 

(3.111) ^{t)X}-«;[X.e] = - — X + ri' [A-X co8^}+G. 

Taking the scalar product of both sides into X, equation (3.111) reduces to 

(3.112) v' = -'Rlm+ (G. X). 

On substituting this value of // in (3.111), and dividing by v, we obtain 

(3.113) X'-[X.0] = ,c{A-Xco8<5j + {G-(G.X)X}/t;. 

Equations (3.104), (3.105), (3.112), and (3.113) determine the motion completely. 

§ 3.2. PJqiiations of Motion of Type a. 

When a shell is initially suflSciently stable, and leaves the muzzle so tliat its initial 
disturbance is small, it will be shown t that the axis OA and the direction of motion 
OP deviate, at any time t, by small angles only from the direction of the tangent to 
the corresponding t plane trajectory at the same time. This is true of the early part 
of all trajectories, and for the whole of a trajectory whose initial elevation is less than 
45 degrees — at any rate, when the muzzle velocity is fairly large Under these 
circumstances we may follow the classical § treatment in regarding the plane trajectory 
as a first approximation to the actual trajectory. It is then convenient to refer the 
motion to axes moving with the tangent to this plane trajectory. The axis C)1 is the 
tangent to the plane trajectory drawn in the direction of motion ; axis 02 is the 
•upward normal ; and axis 03 is horizontal and to the right, as viewed from the gun. 
The components of A and X are {I, m, n) and {x, y, z), which are therefore the direction 
cosines of OA and OP respectively. 

It will now he shown that it is possible to express the complete, motion 
approximately in terms of the two complex variables, m + in and y + iz, and tlie 
elements of the plane trajectory. We suppose that the equations of the plane 
trajectory have been numerically solved, so that, e.g.y Vj and 0„ the velocity and 
inclination in the plane trajectory, may he regarded as tabulated functions of t. 

* The vector Gt may, if desired, be regarded as representing any force which acts through the centre of 
gravity and is a function of position only. 

t See §4.21. 

I The eorrespondirtg plane trajectory is the trajectory which would be described by the same shell, with 
thcveame initial velocity and initial direction of motion, if its yaw remained always zero. 

See, e.^., Cranz, ‘ Zeitschrift fiir JVtath. u. Phys.* The equations we obtain, ^however, appear to 
be new. 


2 z 2 
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The components of 0 are (O, 0, d\). Using tfie foregoing values of the components 
of A, X and 0 in equations (3.104) and (8.105), we obtain 

(3.201) N'=-Nr, 

as before ; the second and third components of (3.105) give 

(3.202) ANm'+B (n/"— Zn")— 2Bnm'6',— BwnO"i + ANZO'i— = ij.{zl—xn), 

(3.203) ANn' + B (Zm"— m/")— 2Bnn'0'i— B»*0"i + B6"j = 

To solve the equations it is necessary to neglect certain terms. A discussion of 
the relative magnitude of the terms neglected, in various circumstances, will be given 
later in §4.3. Some of these terms are negligible in all cases, on account of the 
smallness of 6\ in comparison with the angular spin of the shell. Others are only 
negligible so long as the yaw S is so small that 1— cos5 and 1— 8in^/<^ may be 
neglected in comparison with unity. By such arguments it is not difficult to justify 
the reduction of these equations to the form 

(8.204) ANm'— Bn" + AN^i = At ( 2 — n), 

(3.205) ANri' + Bnt" + B0", = M(w-y). 

For the particular case of the initial motion of the shells from the gun rifled 
1 turn in 30 calibres in the present trials, the terms neglected are, in general, less 
than 1 per cent, of some term retained, and the coefficients of equations (3.204) and 

(3.205) may be regarded as affected by possible 1 per cent, errors. Even in the case 
of the gun rifled 1 turn in 40 calibres, where values of S as great as 7 degrees or more 
are met with among the stable rounds, the employment of (3.204) and (3.205) is 
justifiable. 

We now define new variables and constants by the equations 

i; + cf = m + m, c^=y + iz, 

AN/B = c = cos 01 , e'l + ie^jQ = 

If we multiply (3.204) by i, and subtract from (3.205), we obtain 

(3.206) (,+cf)_,T2^(, + c0-|’ = 

So long as the yaw remains small, equations (3.201) and (8.206) may be taken as 
equivalent to (8.104) and (3.105). 

3.21. The Motion of the Centre of Gravity. — With the present axes, the 
components of G are (— grsin 0i, —g cos6„ O). Equation (3,112) becomest 

(3.21 1) v' = — R {v, S)lm*—g (ac sin 0^+y cos 6,). 

t To avoid confusion the mass of the shell is temporarily denoted by m* 
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The second and third components of (3.113) become 

(3.212) y' ■\-xd/ = K{m—y cos ^)—{g(v) cos By + {ygfv) {x sin S^ + y cosf?,), 

(3.218) z' = K {n—z cos ^)-i-{zg/r) (a^sin f), cos 0,). 

The equation of the plane trajectory cori’espouding to (3.21 1) (c? = = 0, x = l) is 

(8.214) v\ = —'R{v^,0)/m*—y Hindi. 

Therefore, if u — v—Vi, u satisfies the eqxiation 

(3.2141) = — {K ('»>, + w, ^) — U {vi, 0)}/m*'—g {{x— 1 ) sin di + y cos 6i I . 

In §§ 4.22, 4,31, we shall show that it is legitimate to regard the value of u determined 
hy this equation as zero. We can therefore replace v hy e, in (3.206), (3.212) and 

(3.213) . 

A further discussion shows that (3.212) and (3.213) can he reduced tti 

'(/ = K (w-j/) + ( 0 M) //sin Oj, 
z' — K {n—z) + (gjvi) z sin 0 i, 

the accuracy and validity of these equations being the same as those of (3.204) and 
(8.205).t These equations combine to give 


jL 

(it 


{cO 




or, using tlie equation of the plane trajectory, 0'i = —{gl'i'i) cos 0,, 

(3.215) 

In the cases contemplated this equation is equivalent to (3.212) and (3.213). Tlien 

(3.215) , (3.206) and the equations of the plane trajectory represent tin; required 
approximation to the complete equations of motion of the shell. 

In order to convert (3.206) and (3.21 5) into linear differential equations, it is necessary 
to assume that m and k are independent of rl, and regard them as functions of ■?), 
This approximation involves errors no greater than the previous approximations. If 
U is treated as a variable, it must be determined by (3.201), T being regarded as a 
known function of the time. All the coefficients in (3.215) and (3,206) are then known 
functions of the time. 


§ 3.3. Equations of Motion of Type 

In the neighbourhood of the vertex of a trajectory of elevation as great as 
70 ciegrees, the yaw, as stated in § 1.34, may reach large values. In such cases, the 

t With Jibe exceptiou noted in § 4.22. 



332 MESSRS. R. H. FOWLER, E. G. GALLOP. C. N. H. LOCK AND H. W. RICHMOND ' 

* \ ' • . . . ‘ 
plane trajectory can no longer be regarded aa a valid first approximation, and the only 

possible method is to obtain equations of motion which are suitable for direct step-by- 

step integration. For this purpose the following set of moving axes are most suitable, 

as they reduce the equations of motion of the centre of gravity to its simplest form. 

We take the true direction of motion OP for the axis 1 and a horizontal line at right 

angles to OP for the axis 3. We define the position of OP by spherical polar 

co-ordinates 6, yfr with respect to axes fixed in direction at O, see fig. 1 0. Then X has 

components (l, 0, O), 0 has components sin 0, cos 0, 0'), G has components 

{—g sin 0, —g cos 0, O) and A components (I, m, n) as before. 



Fig. 10. OX, Y, Z are fixed axes, OY being the upwards vertical ; the plane XOY contains the 

line of fire. 

Equation (3.105), when written out in full, becomes very complicated. To simpli^, 
it, we can, under certain circumstances, neglect the angular momentum about a 
transverse axis compared to the angular momentum about the axis of the sliell. The 
legitimacy of this approximation, which is equivalent to putting B = 0 in (3.105), is 
discussed in § 4.33. It should be stated that this type of approximation also is 
classical,* hut that the equations we obtain are apparently new and ol‘ a wide range 
of validity. 

As before, we have 

(3.301) N' = -Nr. 

The second and third components of (3.105) reduce to 

ANm'— AN (—w-^' sin 0-/0') = — /un, 

ANw'— AN {—ly}/ cos 0+m^' sin 0) = yum. 

See, e.g., Gha.ubonnibk, ‘ Traits de Balistique Ijlxt^rieure,’ Livre V., Chap. IV. 
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or, writing w for /i/AN, 

(3.302) m' = —n {te + ylr' sin 0)—W, 

(3.303) n' = m {u)+\}/ sin cos 0. 

The corresponding equations of motion of the centre of gravity are 

(8.304) v' = — li {v, sin 0, 

(3.305) 6' = Km—{glv) cos d, 

(3.306) t/.' cos e = KU. 

The six equations (.3.301) to (3.306) can be solved by a step-by-step process, if R, 
fi and r are numerically known functions of v and S. They are valid without 
restriction as to the size of S, and have proved of value for the discussion of 
trajectories at very high elevations. They are, however, necessarily invalid when 
any question of stability is under discussion. * 


§ 3.4. Equations of Motion of Type y. 

For the purpose of discussing the initial motion of a shell which is un8ta})le oi‘ just 
stable, equations of types a and (i are invalid, and it is necessary to make use of 
equations corresponding to the equations of energy and angular momentum for a top. 
The equations we shall tlius obtain are of far less genei’al applicability than 
types a and /3. 

. With this object we take the scalar product of both sides of equation (3,J0f)) into 
the vector [A . A']-f 0, and obtain, after reduction, 

(3.401) P I {(A')>-t2 (0 . [A . A']) + (0)*-(A . 0 )*| = -m (X . { A'-[A .0])). 

Using the axes described in the last section, we note that, over a limited rajige at 
the beginning of a trajectory, the first two components of 0 are numerically very 
small comparetl to the third, 6'. We shall find that the effect of 0' itself is negligible 
in the cases we consider. We shall therefore neglect the other components of 0 at 
once. Taking S and <f> as spherical polar co-ordinates of the axis OA referred to the 
moving axes, so that 

I — cos S, m = sin S cos </>, n — sin S sin <f>,] 

t The angle </> is not exactly the angW measured by the jump cards, but the difference is negligible. 
The angle 3 is exactly the measured angle of yaw. 
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we ''find that (3.401) reduces to 

(3.402) ^ + sin* J + 20' (c^'cos ^'sin S cos ci sin 0) + O'*(l— sin* S sin* ^)| 

f d cos <5 a/ • « j 1 

= —/u I — ^ 0 sin 0 cos <j>y 

This is the equation coriesponding to the equation of energy. The first component 
of (3.105) corresponds to the equation of angular momentum for a top, and reduces in 
the same way to 

(3.403) ^ {AN cos d + B^' sin* +2B0'(f sin* sin — BO" sin ^ cos ^ sin ^ 

— ANO' sin ^ cos <j> + BO'* sin* <5 cos <j> sin ^ = 0. 

Equation (3.201) remains unaltered. Ovejr the range of the jump card experiments 
a mean value of S'jd' is 50. We shall therefore regard it as legitimate for our present 
purposes to neglect all terms containing 6'. On integrating the resulting equations 
we obtain 

(3.404) ^B ((5'* + sin* <1) 4 f jud cos d = 4"^E, 

Jo 

(3.405) AN cos (5+ B^' sin* <1 = BF, 

where E and F are constants of integration. In (3.405) it is assumed that N is 
constant. If fj. is constant these equations are of the same form as those of the 
motion of a top. In the more important applications to the jump card trial which we 
shall make of (3.404) and (3.405), m will he tn^ated as a variable function of <1, and also 
of V. 

§ 3.5. The Additional Force ComponetUs H, J aibd K. 

It is now necessary to consider the effect of the additional force components, 
mentioned in §§ 1 . 1 , 1.12, and denoted by H, J and K. These have so far been 
omitted from the general equations for the sake of simplicity, 'flie couples H and J 
will affect the angular motion of the axis, and the force K will affect the motion of 
the centre of gravity. For algebraic convenience we define new variables h, y, \, by 
the equations 

H = /tBw, J = ANy sin J, K = mNtA sin 

where w is the total angular velocity of the axis of the shell. The force components 
may then be represented, in the notation of § 3.1, by the following vectors: — 

H by the vector —liB {[A . A']— (A . 0) A + 8} ; 

J by the vector ANy (A cos X) ; 

K by the vector mNv\ [A . X]. 
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To include the elfect of these components we add to the right-hand side of (8.105) 
— {[A . A'] — (a . 0) A + 0 } + ANy (a cos (^— X). 

and to the right right-hand side of (3.113) 

NX[A.X]. 

Equations (3.104) and (3.112) (type a) are unaltered. As a result, the following 
additions must be made to the right-hand side of succeeding equations : — 

To (3.202), + ANy (w— j/). 

To (3.203), — /«Bm'-l- ANy (r/.— 2 ). 

To (3.212), -Nx( 2 -n). 

To (3.213), -Nx(m-?/). 

As the total effect of the extra components h, y and X is certainly small in any 
pi’actical case, we have neglected all terms other than those of the lowest order in 5. 
Equations (8.206) (3.215), when modified by the inclusion of these extra terms, become 

(3.501) + + ' 

(3.502) = (-c-/Nx)^/c. 

3.51. The Additional Terms in Equations of Types fi and y. — The additional 
terms in the equations of type /3 can be written down in a similar manner. The 
following additions must be made to the right-hand sides of the equations - 

To ( 3 . 302 ), +ym coH S—h (id' —ln')/U. 

To ( 3 . 303 ), -\-Yn con S—h (Im' 

To (3.305), +NXn. 

To (3.306), — NXm. 

The terms in h are negligible, as they are O (htY/if) compared with the principal 
terms —nu)—W, so long as w/Q is not very small. The principal application of these 
equations is to the motion of a shell near the vertex of a trajectory at an elevation 
of 70 degrees, where the velocity becomes small while the spin probably remains 
large. Under these circumstances the terms y and X arising from the spin rise in 
importance relatively to the terms <•> and k lepresenting the ordinary force 
components. The inclusion of the extra terms y and X in these equations is at 
present of no practical importance, as we have no definite information as to their 
value. 

The corresponding terms could be added to equations of type y by the same 
VOL. ocxxi. — A. 3 A 
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methods, but the results are of no importance as it is impossible at present to solve 
these equations unless these terms are neglected. 

§ 3.6. The Approximate Solution of Equations of Type a.. 

3.61. The Nature of the Solution Required. — The system of equations (3.501), 
(3.502) are linear differential equations with respect to the time of the second order, 
the coefficients being regarded as known functions of the time t. Since these 
functions are in practice empirical and by no means simple, an exact solution is 
impossible. To simplify the discussion we write 

s = A*NV4Bm, m/B = 

so that equations (3.501), (3.502) become 

(8.611) (,+cf)-(iQ-A) I (,+cf)- r> = i ^^ ; 

(3.612) f-(ic-iNx),/c = 0. 

If the terms in.f, h, y be oniitted from (3.611 ), and s, N and U are assumed constant, 
the equation reduces to that for the small oscillations of a top in the neighbourhood 
of tije vertical. 

The coefficient s is the stability flictor as defined in § 1.31. In order to be able to 
apply the approximations on which (3.611) and (3.612) are based, we shall find that 
it is necessary to assume that the shell is more than just stable, e.g., .s‘>l*l. 

We proceed to develop an approximate solution of the equations on the assumption 
that Q is large. If we ignore the dimensions of the various terms, and take the 
unit of time as 1 second, tlien Q is in practice greater than 100 (radians per second), 
all other terms being of the order unity. This is really equivalent to assuming that 
all the ratios k/Q, hjil, ... , which are of no dimensions, are small. It will be found 
necessary to assume furtlier that all derivatives with respect to the time are of order 
unity in units of 1 second, e.g., that k, k", s', ii'..., are of order unity. These 
conditions are satisfied in practice. As a result, we can say that /c/fi, s'jQ..., are 
small quantities of the first order, and k'JQ^, s"fQ’‘, , are small quantities of 

the second order. For simplicity, we shall throughout ignore dimensions, and denote 
such terms of the first order by 0(l/f2), and terms of the second order by 0(l/Q®).* 
The arithmetical values of the various terms are investigated in detail in §4.3 below. 

The above facts indicate the lines on which an approximate solution is to be 
sought — we require the asymptotic expansion of the solution (or its leadmg terms) 
for large values of tlte parameter Q. Methods of obtaining such expansions have 

* In practice the spin N, and therefore £t, decreases slightly along the trajectory, but the diminution 
is not sufficient to affect the aieumption that 0 is large. 
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been investigated in general terms by Horn and Schlesinoer.* A method, v hicb 
is slightly different algebraically, is more convenient here ; the asymptotic properties 
of onr solutions, however, may be regarded as established by the researches of these 
authors. 

The equations (3.611) and (3.612) are a pair of linear differential equations with 
respect to the time for the two dependent variables ti and f, (3.611) being of the 
second order and (3.612) of the first. There must, therefore, be three independent 
solutions. 

It is convenient to eliminate and from (3.611) by the use of (3.612), the result 
being 

(3.613) ti" —{tii—h —Ki) tj' — {Q^/is + Al (k,— y) — /^AT]— (c',— ACjc'/c} ;; 

— {iQc'—hr'—c"\ f 

where ac, is written for (ac— ?'N\). It is believed that Nx is small compared with ac, 
so that for simplicity the term N\ will usually be omitted in subsequent work. The 
term y will however be retained, 

3.62. The Complementary Function. — A first approximation to tlui three inde- 
pendent complementary functions is obtained, following Horn and Scheesincjer, by 
making the substitution, 

t! = C f), i = C f, 

and treating ^ and f as constants in determining a?' and C'. We also neglect all but 
the highest order terms in Q in each equation. The equations then reduce to 

(3.621) { — + 0; 

n 

( 3. 622 ) -kTi/c + iQx'^ = 0. 

On eliminating tj and f, and retaining only the terms of highest order in Q, these 
reduce to 

x' {:r'^—x'+lf4s) = 0, 

a cubic equation for x' whose three roots correspond to the three independent 

* J. Horn, ‘ MathematiBche Aiinalen,’ vol. 62, p. 271 and p. 340. L. Schlksinoer, ibid., vol. 63, 
p. 277 ; ‘Comp. Rend.,’ vol. 142, p. 1031. The invegtigations of the complementary function given by 
these writers are fairly complete, the asymptotic nature of the expansions being established. The latter 
writer considers a system of n linear differential equations. A similar treatment of the complementary 
function and the particular integral of a special equation is suggested (without proof) by M. DK Sparrk 
‘ Atti (Reudiconti) della R. Acc. dei Lincei,’ 1898, Ser. V., vol. 72, p. Ill ; this writer was obviously ler 
to the solution he gives by his researches on the motion of spinning projectiles. 

[Note added July 30, 1920. See also G. O. Bikkhoff, ‘Trans. Amer. Math. Soc vol. 9, p. 219.J 

3 A 2 
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solu ions required. The roots are l/a)*, 0, or writing, for shortness, 

n- = (l — l/s)^ the three values of x are 

iKi = [ ( 1 +'^) ■ .r. = f (l -it) ; .Ts = 0. 

Tt appears that the first two solutions correspond to the complementary function 
of equation {3.G13) with the term in f neglected, so that tj is large compared with 
If .<» < 1 , (T is imagiriar-y, the motion is unstable and the solution fails. In the third 
solution t is large compared with and a first approximation to it gives a constant 
value to obtained by neglecting the term in >> in equation (3.612). It is convenient 
to obtain the first two solutions independently by a special method. 

We first omit the term in ^ in equation (3.613) ; it is not required till the second 
approximation. Write the equation, for simplicity, in the form 

(3.623) A = 0, 

where 

A = Q + 

B = 12 "t 'd2 (at — y ) — liK — K — kc' fc. 

Remove the second terra by substituting 

r) =-y exp ||^’ I A (It j- ' 

giving 

(3.6231) ;v" + M?/ = 0, 

where 

M - iA“-B + i?A' 

= iSiv{,+ 2^.e-. + 2r+N'/N)+0(i)}. 

Substitute y = so that (3.6231) becomes 

(3.6232) R"± {2iP'R'+iP"li) -F^R + MR = 0. 

We may make P and R satisfy any single relation we choose, e.g., 

2P'R/ + P"R = 0. 

giving P' = l/lP,* so that (3.6232) becomes 

(3.6233) F'-l/R'+MR = 0. 

V 

f 

* More generally P' == a/R*, where a is a constant, but the value of this constant is immaterial, as it 
disappears in the result. 
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This equation may be solved asymptotically, by successive approximatior., by 
writing* 

R = Rq ( 1 + Ri + Rj. . . ), 

wnt^e 

R, = O (1/M) = O (l/0»), R, = O (1/12*) .... 


We obtain, in succession, the approximations 

R„ = M-'. 


verifying the relation R, = ()(l/i2^). The order of magnitude of K, in practice will 
be discussed in § 4.3‘J, where it will }ye shown to be negligible, t We therefore take as 
our two standard solutions 


?/i 



= 



giving, for the complementary function of (8.023), 

(3.6234) ^ = (U^)’-Ml +0(1/12)} 

where Kj, are arbitrary constants, and P,, are given by 


P P 

X I, j:2 


fl2(lj:flr) I- / {// -f /r+ (// — #f-i-2y-f NYN)/<t}] d!/*. 


This is the form of solution which is used in analysing the jump card experiments, 
and contains all the terms that can be required in practice. 

It is now necessary to (examine the effect of the term in ^ in (8.613), which has so 
far been omitted. The value ol* obtained from (8.612), corresponding to the first 
solution for r;, is 

f ' = (^c/c) {Q(tY^ 


so that, on integrating by parts to obtain the leading terms. 


2/ci?] 

icQ (l 4- (t) 



* At this point the advantage of our ad hoc method over more general methods is apparent, as w(^ 
obtain in one step a solution with an error O (l/f^^), whereas the general method requires two steps. 

t We assume that the numerical value of Ki, the next term in the expansion, is a measure of the error 
in the solution caused by omitting all terras after the first. The expansions for and are known to 
be asymptotic for large values of 12, so that the error will be some finite multiple of Ri, but the size of the 
numerical factor is unknown. 
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SiTiilarly we have 


»‘cQ (1 — (t) 






verifying that ^ is small compared to tj. The contribution of f to equation (3.613) is 
thus 

2icr't] 


(3.6235) 


o(l ±0-) 


+ 0 


/_l_\ 

\ 0 /’ 


which is equivalent to an addition to the coefficient of tj of terms which are 0(l/Q*) 
compared to the principal term. The solution can be repeated with these terms 
included, hut is unaffected to the order to which we are working. We shall take our 
first two standard solutions in the form 


icii ( 1 + O’) 
icii {I -n-)' 

The differential coefficients of the solutions may be obtained by diffenmtiation of 
these equations. 

For the third solution we have shown that the exponential index is zero to the first 
order, and that a first approximation is given by 


(3.624) 



(3.625) 






= r, = 0, = 1. 


The expansions take a somewhat different form, like those for the particular 
integral, and we write 

(3.6261) ,, = + + , 

(3. 6262) . . . 

Substituting in equations (3.612) and (3.613), we obtain 

= 4sc' = — 4.S o', sin 0„ 

= 4 [ Ksc'dtfc. 

Jo 

The significance of this solution will be considered after the particular integral has 
been discussed. 

Our standard third solution is then 


(3.627) 


4sc' 


c , , 4 k8c' j . 



THE AERODyNAMICS OF A SPINNING SHELL. 


341 


3.63. The Pa/rticular Integral. — 'The question of the particular integral if not 
treated generally by Horn and Sohlesinoer, The former considers shortly a very 
particular case.* Their methods can, however, be extended to obtain the results we 
requi/e. 

We assume an expansion for the particular integral ij, f of the form of 

(3.6261), (3.6262). This integral can be specified in such a way that initially f = 0, 
i.e., = ... = 0, and j;*"’ = 0. It will then be found to be unique. 

On substituting in equations (3.612) and (3.613), with the right-hand side retained, 
and equating powers of Hi, we find first that = 4'^^ = 0 for all time, and then 

(3.631) = = r4«/c<l>(i</c. 

Jo 

The first two terms in the expansions of ^ and f take the forms 

(8.632) , = } ; 

(8.633) ? = f Kfidtjc. 

Jo 

Equations (3.632) and (3.633) will be taken as the standard particular integral. 

Since, moreover, they contain no periodic terms, and the initial value of f is zero and 
those of fj and 4 very small in practice, it is convenient to take this solution as the 
standard solution of the equations of motion in cases where the initial values of »; and 
4 are not exactly known- -c.f/., in calculating the drift. 

The expansions for ^ and f, of wliich the first two terms are given above, can be 
shown to be asymptotic, but we cannot take up this question here. The numerical 
accuracy of (3.632) and (3,633) will be considered in § 4.33. 

3.64. The general solution of (3.612) and (3.613) may be put in the form 

(3.641) t) = 

(3.642) f 

where Kj, K^, Ka are arbitrary complex constants and ij,, ... , fu ... , have the values 
determined in the last section. 

The particular integral ii, I represents the motion in an actual trajectory in which 
f is initially zero, and tj and 4 start with what may be called their equilibrium values, 

which are numerically very small. The solution (Kji/a -l- )j), (K 3 fa + ^ represents the 
motion, of the same type, in a trajectory whose initial tangent makes an angle 
(determined by Ka) with the initial tangent of the chosen plane trajectory. This can 

* Loc. dt., p. 340. We hoye to publish theae extensions in another place. 
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be si en from the following considerations. The motion in a sligtitly different pla/ne 
trajectory would be obtained by omitting all terms in ij from the equations of motion 
of the centre of gravity, and ignoring the equations of angular motion. Equation ( 3 . 612 ) 
then reduces to = 0 ; this represents a trajectory which only differs from a varied 
plane trajectory on account of terms omitted in §3.21, whose retention renders the 
equation non-linear. The value of in (3.627) gives the alteration, through the 
change in direction of projection, of the first term in t\. 

3.65. In the usual practical case, the initial conditions take the form 

fo = 0> Vo = v^o = 

where a and h are arbitrary complex constants. It is desirable in such a case to know 
the degree of importance of the three standard solutions. 

The initial values of the standard solutions (retaining the highest order terms only) 
are as follows ; — 

*)i =1, = 0(l/i2), (l -l-o-), 

Va = 1. fa = O (l/fi), n'i = (l — <r), 

V3 = 0(l/^^)i fa = 1) Va = t)(l/i2), 

^=0(l/i2), f=0, = 0(1/12). 

The constants K,, Ka, Kg are determined by the equations 

= a, 

Kjjji -I-Kaija = 6i2, 

(3.6501) Kifi + Kafa-t-Kafa + f = 0. 

Retaining only the highest order terms these reduce to 

(3.651) Ki-fKg = a, 

(3.652) |^■(l^-<r)K,-t-i«■(l-<r)«a = 

(3.653) Ks-|-0(l/i2) = 0. 

It follows at once that Kg*;, is completely negligible compared to Ki^jj and Kg^g, and 
that in investigating ri we may ignore the third solution (and the particular integral) 
altogether. On the other hand, the contributions of all the solutions to f are of the 
same order of importance. We shall therefore take as the solution satisfying the 
most general initial conditions — 

( 8 . 654 ) 


V = Kj^i-t-Kji/g, 
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where K, and K, a-'e determined by {S.651) and (S.6r>2), and 


(3.655) 

where by (3.6501), 

(3.656) 


t — Kif, + K;,f 2 +Kafa+ r Krjdtic, 

Jq 


K,..= -K,(a-K»(f,)o- 


§ 3.7. Tke Solution of Equations of Type y. 

The equations of type ^ are only soluble numerically by step-by-step intefjration, 
and will not be considered here, but the equations of tyj)e y (§ 3.4) reduce, when n is 
constant and damping effects are negle(^t.ed, to the equations of a sj)inning top, and it 
is convenient to summarize here their solution, in terms of elliptic functions, in the 
form which is most suitable for our purposes. We shall only consider the initial 
conditions <? = 0, = bit ; this is the rosette form of' motion (§ 1.3) and is usually a 

good approximation to the true motion in its earliest stage. In this case we obtain 
from (3.404) and (3.405) 

(3.701) ^' = f2/(] -t- eos<^), 

( 3 . 702 ) sin® (!— sin® 12® (l — cos Kf — {iTl'Zs) ( 1 — cos ^) sin ®fi = 0. 

If we take 122 as indepet ident variable, the motion depends only on two parameters, 
b and s. The solution of (3.702) is given by 


(3.703) 


sin = sin cn (K — A122, kf 


where a, X, and k are given by the formulae 
\3.7041) ^/s — cos cosh 


\3.7041) 

(3.7042) 

(3.7043) 

(3.7044) 


b = tan ^a. tanh 

tan e = sin ^a/sinh ^c, {k = sin e), 
X = (sin |•a)/2i\/ s. 


and K is the complete elliptic integral of the first kind to modulus k. Thus the yaw 
oscillates between the values 0 and a, and the value of the period T — the interval 
between successive zeros — is given by 


(3.705) 


i2T = 2K/X. 


The curve of yaw, S, plotted against 122 is initially concave (convex) upwards, 
when s < l(> l). This corresponds to the case of instability (stability) for smedl 
oscillations. 


VOL. ccxxi.— A. 
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^ . 

li the practical analysis of the results of rounds whose stabilit; ' factor is less than 
or ne^r 1, it is convenient to use graphical methods. If the observed yaw is plotted 
against Qt, it is easy to read off the observed values of a, the maximum yaw, and 
S2T, the period. A chart was therefore constructed with suitable families of cu'. ves, 
according to (3.7041 )-(3.7044), from which, when ilT and a are known, s, h, c, and k 
can be read off directly. 


Part IV. — Analysis op the Experimental Results. 

§ 4.0. Equations of Motion in Polar Co-ordinates. 

The theoretical results of Part III. will now be applied to the analysis of the 
observations described in Part II., which consist of determinations of yaw ^ and 
orientation of yaw <f>, for a shell fired horizontally over a range of about 600 feet. 
When the stability factor is greater than about 1*1, the maximum yaw for the 
corresponding round never exceeds 7 degrees, and it is then possible to make use of 
the complementary function solution of equations of type a as given in § 3.6. These 
rounds give more valuable infoimation than those which are less stable. 

We treat certain of the force coefficients as constants over the range of the 
experiments, and verify that the results of the theory agree with expesiment when 
certain values are given to the foyce coefficients. In particular the spin is treated 
as constant. The way in which the coefficients vary with the velocity is determined 
mainly by firing shells with various muzzle velocities. The final results have been 
already described in § 1.2 above. 

The experiments determine the values, at definite time intervals along the range 
(§ 2.0), of the angle of yaw <5 and the angle ^ turned through by the line in which 
the plane of yaw meets the cards. The measured value of <j> is zero, when this line 
is vertical and increases from 0 to 2^ radians in the direction in which the 
shell is spinning. It is, of course, ambiguous by an integral multiple of 2^. Except 
where specially stated the yaw is assumed to be an essentially positive quantity. 
When OA passes through the position OP, the yaw vanishes ; the value of ^ 
will change discontinuously by an amount ±ir, and d^fdt will change its sign 
discontinuously. 

It is convenient in Part IV. to express the solution of the equations of motion of 
type a in terms of the co-ordinates 8 and The exact relations between the 
measured 8 and (p and the direction cosines (Z, m, n) and {x, y, z) of § 3.2 are 

cos S = Ix+my+nz, 

tan <6 = 6y—iny—mz) sin 6, 

^ mx—ly 
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where 0, is the in Jination to the horizontal of the tangent to the plane trajec jory. 
Since 01 < degrees, we may replace the latter by 

tan tp = {nx—lt)l{mx—ly). 

Since t! is defined by the equation 

,, = (m—y) +i (n—z), 

we obtain, when S is sufficiently small, 

ly = sin Se'* ; 

this expression neglects terms of the second order compared to those retained. It is 
an adequate approximation provided <? < 7 degrees. 

The general solution for the equations of type a, given in § 3.65, equations (3.654) 
and (3.6234), is* 


(4.01) 

„ = (<r„/,r)*(K,e‘"- + Kg«->->),t 

• 

if we. ignore, as 

we may, the particular integral and the third solution. We shall 

write 

P, = Pi + iq^+Pu + iq^ 

Then 

P, = pi + iqi-{p3 + iq»). 

(4.011) 

jOj = ^ Qdt = j^Qt, 1 Qadt, 

Jo Jo 

(4.012) 

S'! = {h+K)dt, g* = \^ {h -K + 2y)dtl(T, 

• 

and = J — 1 /s. 

We observe that pi, p,, gi, g* are all nearly proportional to the 

time t. 



The general solution (equation (4.01)) contains two complex arbitrary constants or 
four real constants. By a suitable choice of origin for t and ^ these may be reduced 
to two. • If the time t = 0 corresponds to a minimum of S and the value tf> — 0, 
equation (4.01) may be written 

(4.02) >7 = J (<ro/<^)* {cos^a sinh {j—q^ +* sin jOg cosh {j—q^], 

* Treating N and fl as constant, t.«., neglecting the spin reducing couple T. 

t Equation (4.01) reduces approximately to the form ij = K<, when s = 1, and to the form 
V — (vo/v)* {Kje*' + Kge*^}, when « < 1, and the shell unstable, the principal parts of 4>i, being real and 
positive. The solution then fails completely as an approximation to the actual motion except over a small 
part of the first period. As .s approaches the value unity from above, the errors from this cause will begin 
to increase, but the magnitude of these errors can only be estimated by comparison with the solution of 
equations of type y, see § 4.3 below. 


8 B 2 



346 MESSRS. R. H. FOWLER, E. G. GALLOP, C. N. H. LOCK AND H. W. RICHMOND : 


whei ^ J and,; are new arbitrary constants; of these.;’ is small if |»;| is small at 
t — .0. The motion is a combination of the following components : — 

(] ) A nniforiti rotation about the origin, represented by the term 

(2) A damping of the amplitude, represented by (o-o/o-)* e”®'. 

(3) An oscillation of period determined by p.^ whose phase is continually changed 
by the factor {j—q-j)- The values of ^ and ^ are given by the equations 

(4.031 ) (5® = ((T„/rr) c”*®' {cosh 2 (j—q-j) — cos 2p^}, 

(4.032) <j> — + arc tan {coth (.;’ —q,^ tan Pa}.! 

So long as {j—q'j) does not change sign, the average rate of increase of (/> over any 
number of comphite periods is {p\±p'^. 

Let a and ^ be the succ(!ssive maximum and minimum values of ^ (assumed positive). 
In determining the values of a, (i, and the corresponding values of t, it is legitimate 

to neglect the changes of g,, q.^, and cr, which are very small in a single period p.^. 

The maxima and minima are then given by putting cos 2j:>j, equal to —1 and +1 
respectively in (4.031). Writing 

(4.041) aj = J (o-o/o-)^ e“®' cosh {j-q-^, 

(4.042) /3. = J (<r„/<r)* e"®' sinh {j-q.^), 


so that «!, /3j are defined for all values of t, we have 


(4.051) 

for values of T„ given by 

(4.052) 

(4.053) 


for values of T'„ given by 

(4.054) 


a = «) (T„), 


Pa(T„) = i(2w+l)ir. 


Ih (T'„) = J'tt. 


An alternative expression for 0 is tlien 


(4.06) 


<i> = 4- arc tan 



The curves of 5 against / appear to have a minimum very near the muzzle of the gim in all rounds 
fired, but it will be seen that, in analysing the results, it is not necessary to assume any definite origin for 
t or </>. 

t Here arc tan (A tan x) is determined in such a way that it changes continuously as x increases 
indefinitely. 
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The curves of fij‘. 11 were calculated from formula (4.06), assuming a, an-, 
constant, and pi, p^ proportional to t. They show the type of curve on which the 
observed values of may be expected to lie. 



§ 4.1. Analysis of the Experimental Results. 

• It is now necessary to make use of these results to analyse the experiments. The 
analysis was carried out by graphical methods. The observed values of H and (p were 
plotted on separate diagrams, examples of which are shown in fig. 12, against the 
abscissa Qt, Q being determined from the muzzle velocity and the observed moments 
of inertia. The constant factor 12 was inserted to make the independent variable ol' 
zero dimensions ; the values of the variable 122, at given distances down the range, 
are also independent of small changes in the muzzle velocity. 'J'he observed values 
of S are sufficient to give a good determination of curves showing the relation 
between S and (it, except in the neighbourhood of the minima j8, where rapid changes 
of curvature occur when /S is small.* These curves give approximate values of the 
periods from minimum to minimum, and also the best determination available of the 
values and times of occurrence T„ of the maxima a. By drawing smooth (non- 
periodic) curves through the values of a we determine a, as a function of 122. 

* When /3 is small it may be convenient, in a preliminary plot, to change the sign of S in each alternate 
period, so as to obtain smooth curves with passing through zero periodically. 



rdulians 
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Ii\ drawing curves for <p against Qt it is necessary to resolve the ambiguities of 
amouiit 2nT as follows: — Equation (4.06), or fig. 11, shows that <f> increases by 


¥>■ 

so- 

.5 


V 

I. 


Fig. 12a. Jump card trial, January and February, 1919. 

3-in. 20-cwt. gun with 16-lb. H.E. shell, Mark IIb. 

Shell, type I. Empty, and fitted with No. 80 fuze. 

The lower curves show the observed values of the yaw (3) on the 
scale 1 unit = 6* yaw, and the upper curves show the observed 
values of the orientation of the yaw (cj)) on the scale 1 unit ■= 500‘. 

Along the base are shown the values of in radians, on the scale 
1 unit ~ 10 radians, where / is the calculated time to each screen 
and 12 AN/B, N being the axial spin of the shell in radians per 
second, and A, B being the axial and transverse moments of inertia 
respectively. The slope of the broken lines in the upper diagrams 
corresfionds to the ratio (^/12 - 

I’hose parts of the curves which are not determined by the obser- 
vations are also shown by broken lines. 

These diagrams show a typical example with each muzzle velocity 
used during the trial. 
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^0T±ir in each i)eriod T, the increase of ±t occurring chiefly in the neighbourhood 
of the minimum, especially when j8i/a, is small. Hence, by adding to the observed <{> 
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multiples of ir, whi ih are alternatively odd and even in successive periods of the 
points can be fitted roughly to a straight line of constant slope. All the points will 
lie fairly well on this straight line, except those in the immediate neighbourhood of 


Fig. 12r Jump card trial, January and February, 1919. Shell, type III, 
weighted to make the centre of gravity as far back as possible. Fitted with 
No. 80 fuae. 
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the minima of S. By producing this straight Ime backwards we can determine the 
initisl value of f The slope of the straight line determmes an independent value 
of Q, which is equal to the value deduced from the muzzle velocity if the slope 
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B, practice the values of £2, obtained by the two methods, i^ere in satisfactory 
agreement, except for the shells with centre of gravity forward, whose dynamical 
constants were considerably altered by the set back of the lead block on firing. For 
these shells the slope of the observed ^-curve was taken as defining £2. The vr lue of 
B after firing was deduced from this value, and the position of the centre of gravity 
was determined by equations (2.21 ) and (2.22). 

Tlie curve showing the true relation of ^ to Qt must pass through the true values 
of <f>, which differ from the observed values only by integral multiples of 2ir. It 
remains doubtful whether the value of <p increases or decreases by the amount x 
radians in passing through a minimum of S, in addition to its steady increase at rate 
^12. This question is settled by the divergence of points near the minimum of S 
from the straight line of fig. 11 ; thus, if the points lie above the straight line in 
approaching a minimum, there will he an increase of amount x, and vice versa. In 
this way a continuous curve may be drawn which is consistent with the equation 
(4.06). Specimens of the curves obtained in the analysis of the actual observations 
are shown in fig. 1 2. The portions of the curves in the neighbourhood of the 
maxima will then coincide approximately with a series of parallel straight lines at 
distances apart of x radians. The method can only fail in one case when none of the 
points diverge appreciably from the straight line of fig. 11. This indicates that the 
value of the minimum yd is indistinguishable from zero, while the value of <[> changes 
almost discon tin uously by ±x at the time of the minimum. It is then immaterial 
whether' the change is taken to be -positive or negative.* 

The observed values of <{> in the neighbourhood of the minimum also yield 
information as to the value of /di/ai and the instant at which the minimum occurs. 
Let P he any observed point on a ^-curve which diverges measurably from the 
nearest straight portion of the 9 i-curve ; lying above it by A degrees. Let be the 
time of occurrence of the nearest minimum, and the change in between the 
minimum and P. Then, by (4.06), 

(4. 101) cot A = ^4^ cot 8pt. 

Pi (^o) 

If, in this equation, A, t,„ Sp.^, and a, (tg) are regarded as known, we can at once 
obtain a value of yd. By adjusting the value of tg we attempt to reconcile the one or 
more values of /3 obtained in this manner and also the value demanded by the 
^-curve. By combining all the available evidence in this manner, remembering that 
the ^-curve is nearly symmetrical about a minimum, and the ^-curve at the same 
time halfway between two straight portions, we can draw fairly precise final curves, 

* The rapid changes or discontinuitiee in the values of <i> and 8', which occur when 6 is very sutall or 
zero, are due to tj^e singularity which occurs at the origin of polar co-ordinate*. The motion of the ahell 
is, of course, in all oases oontinuou*. 
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obtaining values ol jSj (i) and the times of occurrence of the minima with f ome 
accuracy. Such curves are shown in fig. 12. 

The following quantities have now been determined from the observations, viz. : 
the (assumed constant) value of Q, the times T'„ T'j, &c., of the occurrence of the 
minima of S (those are more accurately determined than the times of the maxima), 
and the values of aj (t) and /3, {t) over the range of the experiments. These values 
are given in Table V. 

4.11. Derivation of t}u>. Various Force Components . — It remains to derive the 
values of the various force components. By equations (4.054), (4.011) 

(4.111) P3(T'„)-pa(T',..,) = IT, [ Qtrd/ = 2Tr, 

JTVi 


giving, as a sufilcient approximation, 
(4.112) i2(r = 2ir/T 


(T = 


(4.113) 

(4.114) 


s = 


1 - (2x/i2T)* 


f /!:\ = 

“ \a/ 4Bs/)t>V 


where <r, s, and v correspond to the time (T'„ + T'„_,). T is therefore the time 
between successive minima of S. The values of s and fyi obtained in this manner, or, 
in a similar way, taking an average over several periods, with the corresponding 
values of /u and v/a, are given in Table VI.,* and provide tlie data on which figs. 4 and 5 
and Table I. were constructed. 

By comparing the values of fn for shells of form A, with three different positions 
of the centre of gravity, the values of were deduced by the formulae of § 1.13. 
This deduction was done graphically as shown in fig. 1 3. According to §1.13 the 
relation between f^ and I, the distance of the centre of gravity from the base 
of the shell, should be linear. Fig. 13 shows that all the observed points lie 
on straight lines within the limits of error of the observations. The slope of each 
line determines the value of The values of /l are shown plotted against v/a in 
fig. 4. 


* For the rounds fired from the gun rifled 1 in 30 the time of the first minimum near the muzzle is, 
in general, badly determined, and the first period is therefore omitted in determining a mean value for t. 
For the rounds fired from the gun rifled 1 in 40 the time of the first minimum can be determined with 
fair accuracy by extrapolation. 

VOL. CCXXI. — A. 3 C 
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Fig. 1 3. The determination of the coefficient of the force acting normal to the shell. 

The plotted ])oints show the observed values of the couple coefficient plotted against the distance of 
the centre of gravity from the base. 

The slopes of the lines drawn determine the coefficient of the normal force. 

The numbers against the points for the Type II. shells give the number of observations whose mean 
is represented by the plotted point. 


4. 1 2. The Damping Factors . — It now only remains to derive as much information 
as possible as to the dampin^r factors (c, h, and y from the observed values of aj and 
The factor k is known in terms of the value of yi,, since, by § 3.1, 

(4.121) K = pvi^fjm. 

Squaring and subtracting equations (4.041) and (4.042), we obtain 

g, = —^log {o-(aj*— /3,*)l + const., 

(4.122) h + K = l^log {(r(ay-^i*)}j^ • 

In this formula, as well as in those which follow, k, h, and y may be treated as 
sensibly constant over the whole range of one experiment. On dividing (4.041) by 
(4.042), we obtain 

tanh (y-ga) = 


(4.123) 
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Since j and fre both email over the range of the experiments, the fort ni la 
becomes 


(4J24) 


h — K + 2y 


-1 [AT-. 
(<,— <i) LaJ», 


The three equations (4.121), (4.122), (4.124) for k, h, and 2y are in theory 
sufficient to determine their values completely. It may Ite noted again that 2y is 
probably negligible and ic+2y is always positive, so that q.^ continually increases 
with the time, and /8,/a, continually decreases. The constant j is always very 
small, but may be positive or negative. If it is positive, /8, is initially positive, 
giving the larger average rate of increase of 0, which changes to the smaller rate of 
increase when /S, becomes negative. If j is negative, ^ increases at the slower rate 
from the beginning. Exactly the opposite results would be obtained if h —K + 2y 
were negative. The values of h-\-K and //— (c + 2y, obtained in this manner, are 
given in Table VII. 

In order to illustrate the actual path traced out by the axis of the shell, it is 
necessary to plot ^ and <f> as polar co-ordinates. This is done for three rounds in 
fig. 14. The resulting curves are roughly equivalent to the path of a point on the 
axis of the shell relative to the centre of gravity. They illustrate the decrease of a,, 
the algebraic decrease of /8„ and the tendency to change from quick to slow precession 
and to settle down to a steady slow precession. 

The process described above was evolved gradually during the work of analysing 
the results, so that a number of observations were analysed before it was fully 
developed. It is probable that if the calculations weie to be repeated ah initio a 
number of periods and minima of S would be slightly altered, but it is unlikely that 
any serious systematic errors remain. 

4.13. Details of 'Tables V. to VII. — The information contained in the General 
'A.ble of Kesults, Table V., has been compiled by analysis of the original standard 
diagrams. As first constructed these were drawn with the time t as abscissa and not 
Qt as in fig. 12. It contains practically all the information of importance provided 
by the more stable shells. In the unstable cases, a numbei- of which occurred during the 
trial (see for example fig. 12), a detailed study of the whole yaw curve is required 
which will not be undertaken in this paper. 

Column 5 gives the values of the periods of the yaw curve in units of rt/oo second. 
The periods are read off from positions of the minima and sometimes of the maxima. 
They are entered to the nearest second. They are in doubt by more than this 
quantity in many cases, but mainly in the case of the longer periods, in which small 
errors are of less importance. 

Column 6 gives the values of the maxima of the yaw in degrees and decimals to one 
place of decimals. These values are read straight from the curves and represent 
roughly the accuracy to which the maxima are in most cases determined by the 
observations. 


3 c 2 
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Column 7 p^ives two entries. The first is the value of QT for oach round, where T 
is the mean value of the observed period and Q corresponds to the ohsen'ed value of 
the steady rate of increase of <f> from column 4. 

The second entry in column 7 is the velocity of the shell at the middle point of the 
range of periods whose mean value T is used to determine QT. The stability factor 
determined by QT is taken to correspond to this velocity Finally, in column 8, the 
values of ^^{t) are given with their proper sign as determined incidentally in the 
determination of their times of occurrence (§4.11). 

The effect of the cards on the observed value of the period and on s, is ignored in 
Tables V. and VI. The results obtained here are corrected for this effect, as far as 
possible, before use in Table I. The information given in Table VI. is deduced 
directly from Table V. by the ecjuations of §4.11. In certain cases where the yaw' 
was large it was checked by use of the chart of § 3.7. 

The total percentage spread of the values of s (or /x) in the group is in most cases 
satisfactorily small. Tlie value of 6*7 per cent, for the high velocity group of type I. 
shells is probably partly due to the fact that the fuzes of shells 1 to 4 were slightly 
flamagcid before firing in forcing the shells into the cartridge cases. 

At a velocity of 1580 f.s. results were obtained with guns of both twists of rifling. 
The couple deduced from the results for the gun rifled one turn in 40 calibres is, in the 
cases of shells of types 1. and III., slightly smaller than that deduced from the other 
gun. This is to be expected as the stability in this case is nearly critical and the 
maxima are rather large (one maximum is as mrrch as 13 degrees for a type I. shell). 
The solution of § 3.0 can hardly be expected to apply. The next term in the expression 
for n of the form /xi sin® may b(! expected to be becoming appreciable here ; apparently 
its sign is such that it will tend to diminish the observed value of /x, in agreement 
with wind channel observatigns (fig. 2). For the shells of type II. the maxima of 
the yaw are small in both guns and the results are in agreement. 

No perceptible dependence of « on the maximum yaw among the rounds of any 
one group has been detected in these tables. 

The agreement between the results for the two guns at this velocity, and between 
rounds with diflerent maxima of the yaw, is therefore a satisfactory confirmation of 
the theory. 

The values of h+K and //— /r + 2y, deduced from the observations as explained in 
§4.12, are given in Table VII. Of these, the former is more reliable as it does not 
depend on /3) {t) which is difficult to determine. The actual values vary considerably 
from round to rouml, and only mean values for each group are shown. The results 
are therefore very rough, but they indicate qualitatively the nature of the damping, 
which may also be studied in figs. 12 and 14. For example, in fig. 14c, the motion 
starts with /Sj (t) positive, so tliat the loop encloses the origin, O, or point of zero yaw. 
But since /x— /c + 2y>0, J3j(t) diminishes and has become negative by the second 
minimum, the loop failing to reach O. As /3i (t) diminishes further, the loop shrinks to a 
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cusp at the fourtli minimum, and the motion soon becomes indistinguishable from 
a precession at the slower rate. In the meantime, the maximum yaw a, (t) dec-eases 
steadily. 


VcrtiCtxJ 



Fig. 14a. Path of nose of shell. Round 1.21. 

Path described, relative to the centre of gravity, by a point on the axis of the shell in front of the 
centre of gravity, shown on an enlarged scale. 

The total time taken from 0 to K is 0'2572 second. On the scale used,'! cm. <listance from 0 
represents 1° yaw (very nearly), and corros|>ond8 to a linear displacement of O'llH inch for the nose 
of the shell from the line of motion of the centre of gravity. 


The numerical results for the damping must be alfected to some degree by the 
impacts on the cards, but the available data are not g(.)od ent)Ugh for corrections to 
be worth making. There is, moreovt^r, the curious phenomenon of an increasing 
maximum yaw shown by the rounds at 900 f.s. to be accounted for. 

The value of k is known from equation (4.121) and the values of in Table I., so 
that the damping results determine h and h + 2y or, more accurately, h + 2y—Y 
(§ 3,62). It at once appears that 2y — F is negative and of much the same order as h. 
This is somewhat unexpected. Of course F (or — N'/N) is positive, but it is hardly 
likely that its numerical value is much larger than 0*03. It is natural to expect 
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y tc\ be small and positive,* which does not fit in with the obsfTvations. Further 
expe]J‘ments would be needed to throw light on all these points. 



Path described, relative to the centre of gravity, by a point on the axis of the shell in front of the ' 
centre of gravity, shown on an enlarged scale. 

The total time taken from O to K is 0*3647 second. On the scale used, 2 cm. distance from O 
represents 1° yaw (very nearly), and corresponds to a linear displacement of 0*128 inch for the nose 
of the shell from the line of motion of the centre of gravity. 


In the fourth column what appears to be the most probable value of h is given ; 
the values of /h Table II. are based on these figures and obtained by the equation 
(see §§ 3.5 and 1.12) 

/h = 


hB 


pDV' 


* The coefficient y comes from the swerving couple J (§1.12). This couple will only Arise if the 
swerving force K does not act through the centre of gravity. Since the air pressures are greater near the 
nose than near the base, we may expect K to act in front of the centre of gravity. By analogy with the 
connection between che direction of rotation and the direction of the resulting swerve on a golf or tennis 
ball at low velocities, we may expect K to act along the axis of M reversed in fig. 9, for a right-handed 
twist of rifling. This would result in a positive value for y. 
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The figures in Table VII. were obtained from the sufficiently stable rounds fired 
from either gun. in the one comparative pair of groups available the results for the 
two different stability factors and values of Q were in agreement. 



Fig. 14c. Path of nose of shell. Round IV.1.5. 

Path described, relative to the centre of gravity, by a point on the axis of the shell in front of the 
centre of gravity, shown on an erdarged scale. 

The total time taken from 0 to K is O' 5.502 second. On the scale used, 2 cm. distance from 0 
* represents 1“ yaw (very nearly), and corresponds to a linear displacement of O' 143 inch for the nose 
of the shell from the line of motion of the centre of gravity. 

Note that the first loop encloses 0, corresponding to the “ stepped 'up ” motion in <f>. Subsequent 
loops do not, as the motion in <f> has changed to the “ stepped down ” motion. (See fig. 12.) 


§ 4.2. Determination of ih^e Motion of the Shell in S^tace. 

We now proceed to make use of the results of the experiments to determine the 
true path 6f the centre of gravity of a shell projected in a given manner. The 
solution of the equations of type a is sufficient for this purpose so long as the yaw 
does not* exceed 0*1 radian ; the values of / l , fyi, f^, &c., which we have obtained, 
are sufficient to determine the motion completely in this case. Assuming that the 
maximum yaw due to the initial disturbances is less than 0*1 radian in the first 
period, it will remain so throughout the trajectory ; the yaw arising from the 
particular integral will not exceed 0*1 radian until the velocity has fallen considerably 
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below 700 feet per second. Hence, when the yaw exceeds O*'' radian, the wind 
channel values for the various force components as shown in fig. 2 can be used ; it 
will, however, be necessary to abandon the above method of solution and proceed by 
the step-by-step integration of the equations of type /3. 

Throughout the following work all numerical results will be based on a set of plane 
trajectories of a 16-lb. shell, of external form A, fired at a muzzle velocity of 2000 f.s., 
calculated by the ordinary ballistic methods.* The various elements of the trajec- 
tories at elevations of 30 degrees and 50 degrees and a list of constants for the 
service shell, to which the calculations apply, are given in Table VITIa. 

From the value of ^ for the general solution, as given in § 3.65, we can deduce the 
true path of the centre of gravity in terms of the tabulated elements of the plane 
trajectory. Let (X„ Yj, O) he the co-ordinates of the shell in the plane trajectory at 
time t, and (X, Y, Z) the corresponding co-ordinates in the true (twisted) trajectory. 
The direction cosines of the tangents to the two trajectories are (X',/'i>i, Y'i/'(^i, O), or 
(cos Bj, sin 6,, O) and X'/v, Y'fv, Z/jv, so that, to the usual order of approximation, 

(4.201) cf = (Y'-Y'O (cos aOA’. - (X'-X',) (sin B,)lv,+i7Jlv, 

= (H'+iZ')M, 


say, while the condition v — n, gives 

(4.202) (X'-X'i) cos (Y'-Y',) sin B, = 0. 


It is convenient to separate the parts of the solution arising from the comple- 
mentary function and the particular integral. To determine the latter, we use 
eqiiations (3.632), (3.633), and (4.201), obtaining 


(4.203) 


^ — (. r ~4«<f0/ dt 
nj Ji) cQ 

= C\}r, 


say, neglecting the terms in (see § 3.20). This equation defines 

Therefore 

(4.204) ^ ~ 1 Bjdt, 

Jo 

where ^ may be written (since —^Jc = g/vi) 

Jo mV, mr J o fu{vla) v* 


To the same approximation (X'— X',)/v, and (Y'— Y'j)/v, are 0(l/Q*), so that 
(X,— X) and (Y,— Y) are small compared to Z, so long as the approximations hpld. 
The above result is identical in form with the “classical” formula of Matbtsei, 


* Trajeotoriee were calculated with the bal’istic coefficient 1 '76. 
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freed from the ur necessary restriction that fjjfa and N should he constants.* We 
have thus justified the use of the plane trajectory as an approximation to the true 
motion. The leading terms in (X— X,) arjd (Y— Y,) can be calculated if required. 

Ti e effect on the motion of a change in initial conditions is obtained from the 
complementary function. Equation (3.655) gives the value of f corresponding to the 
general initial conditions = 0, = a, tl„ — hQ, wliere a and h may be complex. 

Substituting in equation (4.201) the part of f arising from the complementary 
function, it appears that H + iZ is made up of three parts : — 

(a) A periodic term 


(6) A term 


H, + »Z, 


4y->’| / Kii?| \ 


Ha + rZ^ — {K| (f,)„ + Kj (fa)„i- 


which is the effect of a variation in the direction of projection, as mentioned in 
§ 3.64. 

(c) A constant term Hg+iZa equal to the initial value of Hj + '/Z, with its sign 
changed. 

4.21. Numerical Results as to Motion of Centre of C rarity . — The only data as 
to the forces on the shell required for the calculation of the drift are the value of 
/l/Zm a function of rja. This is derived fiom the results of the jump card 
experiments for vja > 0*7, and from wind channel experiments for ?’/a < 0’7, and is 
shown plotted in fig. 15. 



* Prescott obtains a solution of the equations of motion in the form of a series of which the first term 
is also equivalent to Mayevski’s formula. (See Introduction, p. 296.) 

VOL. OOXXI. — A. 3 D 
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As the value of the couple F is only known to be small, it is necessary to assume 
that IS is constant. The principal steps in the calculation of the drift Z, by means 
of (4.203) and (4.204), for the trajectories at 30 degrees and 50 degrees, are given in 
Table VIITb. for the gun rifled 1 turn in 30 diameters of the bore. For a different 
rifling the drift (N constant) is proportional to N. 

It is only necessary to estimate roughly the effect of the complementary function 
on the motion of the shell since the total effect is alv^ays fairly small. The periodic 
term Hi + *Z, is obviously smaller than 4/f?»,a,/Q“(l—or)^ in absolute value, where 
is defined as in §4.0, equation (4.041). The initial value of the coefficient of aj is 
1*25 feet for the gun rifled 1 turn in 30 diameters of the bore; both a, and its 
coefficient diminish rapidly. Taking (x, = 0*1 radian as an extreme case, 

I +*Z, I < 1-5 inches. 

The actual value in practice is probably ^always <0*5 inch, which is small. It 
explains why no evidence of helical motion was obtained in the jump card experi- 
ments. The constant value of + is equal to the initial value of |Hi-fiZ, | 
and is also negligible. There remains only the term + This is equivalent to 
an angular deviation of j K, (ci‘)u -(-Kj,(c^g)„| , which is less than 2/fa)/ii (l —o-). The 
coefficient of aj for the gun rifled 1 turn in 30 diameters of the bore is 1*8 x 10”®, so 
that for a value of aj of OT radian the angular deviation is of the order 0° 6'. This 
is of the same order of magnitude, as the angular jump likely to be due to changes of 
form and position in the gun and mounting undei' firing stresses. When it varies 
from round to round in magnitude and direction, it will account for an irregularity 
of the corresponding amount in the observed positions of the shells at any time. 
When, as may sometimes be the case, it remains fairly constant from round to round, 
it will cause systematic errors in the position of the shell at any time. It is probable 
that anomalous values of the drift, sometimes observed at short times, are due to this 
cause. Practical results, however, more often fully justify the use of the particular 
integral alone to give a mean value of the drift when the initial disturbance is only 
known to be small. 

The results of the above calculations of drift will now be compared with observa- 
tions of the Z co-ordinates of the bursts of shells, fired at Portsmouth, at corresponding 
elevations, in February and April, 1918. For this purpose use is made of the azimuth 
of the shell burst Z/X ; the quantity A = Z/X^ is tabulated, since its value varies 
slowly along the trajectory (Table IX.). The agreement between observation and 
calculation is as good as could be expected, in view of the uncertainty in the wind 
effects, and provides important evidence as to the correctness of the whole tlieory. 

4.22. The Dampirtg of the Angular Oscillations and the Effect on the Head 
Resistance. — Wa have now obtained the complete motion of the centre of gravity of 
the shell by uge of the equations of type a for the two standard trajectories ; we 
have, in so doing, assumed that the velocity of the shell is the same in the plane and 
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true trajectories ; we must now examine more closely the possible effect on the 
drag of the angular oscillations and their rate of damping, by nieans of the values of 
h and k obtained above. From equations (4.031) and (4.032) it appears that for 
suflBciently large values of t, S and are given approximately by the equations 

^ (<r«/<r)‘ 

<t> = ^o+(i3i-P2). 

SO that the shell settles down to a steady precession with the slower processional 
angular velocity, the yaw gradually diminishing in proportion to the factor 
(o-„/(r)*e“**'~®*l This quantity is tabulated in column 9, Table VIIIb., on the assump- 
tion that 7 = 0 and h = 3*r. The damping is actually more rapid than is indicated 
by this approximation. 

The question of the rate of damping of the initial oscillations of a shell is of 
importance on account of its effect on the drag It, for the effect, though it may be 
small, will be cumulative, since it tends always to increase R. If it is assumed that 
the effect on R is given by* , 

(4.221) R = R„(l-fy!:cF), 

where R# is a function of v and is a constant, it is possible to obtain an approximate 
formula for the total change in velocity produced on the assumptiorf tlmt the time 
taken to damp out the oscillations is relatively small. We have 

(4.222) -A7' = - f (R-Ro)df, 

TKIj Jo 

m Jo 

Using (4.'03l), and integrating on the assumption that o- is constant, q^, g,, and p 
proportional to t, and j zero, we obtain 

(4.223) - Av = (cosh ’Iq,- cos 2^>,) dt, 

2^71 Jo 

_ ^PR(,(ro ‘‘ (/<„ -!-«„ ) 

2m {(To* (/^o + '^u)^ ~ (/io~'fo + 27 o)^} 

At present we have no information as to the value of k except at low velocities, 
while J varies from round to round so that no numerical results can be given. It 
seems likely that this is a cause of irregularities in range in practice of first class 
importance. The yaw arising from the particular integral will also tend to increase 
the resistance, but the effect is of less importance in a low angle trajectory. 

* By symmetry, there can be no odd powers of 6 in R. 

3 D 2 
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4.23. The Exact Motion in a High Angle Trajectory. — It will be shown in the 
next “^lection that, for a trajectory of much higher elevation tlan 50 degrees, the 
approximations for the particular integral break down, and the equations of type a, 
are not applicable to the later stages of the trajectory when the velocity has fallen 
much below 500 f.s. These later stages occur after the initial oscillations have been 
damped out, and are suitable for the use of equations of type ^8. These equations 
can be integrated step-by-step on the basis of the wind channel values of K, L, and 
M (fig. 2), which apply to velocities up to 700 f.s. The process is analogous to the 
usual method of calculating a plane trajectory, hut rather more laborious, and has 
been carried out in one case only for a 3-inch 12|-lb. shell fired at 70 degrees with a 
muzzle velocity of 2450 f.s. At 40 seconds the yaw has reached the large value of 
60 degrees and is still increasing. This is partly due to the large Initial value of the 
stability factor (about 4*0) indicating that the spin is unnecessarily large for this 
shell. The results of comparing the drift with observation were again fairly 
satisfactory in this case ; but details of these results cannot be given here. 

§ 4.3. Estimate of the Errors in the Various Solutions. 

In the development of the various solutions of the equations of motion in Part III., 
it was found necessary to neglect certain terms. We shall now proceed to examine 
these terms iii succession, and to determine, as far as possible, their numerical values, 
using the values of the various force components obtained from our experiments. By 
so doing we shall justify the use of the solutions by showing that the terms neglected 
are aU very small over the range covered by the jump card experiments. In the 
applications to the later parts of a trajectory, the solutions V)reak down in certain 
cases, and an examination of the eri’or terms enables us to define the circumstances 
under which the solutions are valid. We proceed to examine the various terms. It 
is necessary as a rule to distinguish the terms neglected in obtaining the comple- 
mentary function from the terms neglected in obtaining the particular integral. 

In the complementary function, m, n, y, z are periodic functions of the time with 
periods comparable with il. For the solution to be applicable we have to assume 
that 5 is always small (say ^<0-1 radian). Then m, n, y, z are all small quantities 
comparable with and m'ji}, &c., are also comparable with S, while (l—/), I'/Q, 

l"/Q’‘, &c., are of the order of 8’‘. In neglecting terms independent of 6', from the 
equations (3.202), (3.203), we are guided by the condition that all terms neglected 
should be of the order of iV compared with those retained. As regards the terms 
containing 6'^ or it appears that the maximum value of 8'i/Q in the 50 degrees 
trajectory (for rifling 1 in 30) is 30 x 10~®, its initial value being 5 x 10“®. Hence all 
terms such as nm'd'y, completely negligible in obtaining the complementary 

function. 

If all terms m 6\, 6", are removed from equations (3.202), (3.208), they become 
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equivalent to the equations of type y ; the errors in neglecting further terms may, 
therefore, be detern ined by comparing the solutions of equations (3.204), (3.205), &c., 
of type a with those of equations (3.404), (3.405), of type y (assuming fi constant 
in both cases). Equations (3.7041), (3.7043), (3.7044), (3.705) can be made to give 
the following approximation to the true value of s in terms of T and a : — 

* "" I-47rVQ*T* (2«+ !)“*}• 

This is valid so long as (l) a is so small that a* may be neglected, and (2) s— 1 is 
positive and large compared with a*. Comparing tliis with the corresponding first 
approximation (4.113), we obtain the error in the value of s due to the neglect of the 
terms in (l— 0) &e., in equations (3.202), (3.203). Tlie relative value of the error 
is given in the following table : — 


a 

.<! =■ 1-1. 

.V - 2. 

.s - 3, 

lO** 

0*012 

0*019 

0 027 

S’ 

0*0030 

! 

0*0048 

j 

0 006C 

2 - 6 * 

1 0*0007 

0*0012 

0*0016 


In analysing tbe jump card trial, whenever the error from this cause is appreciable, 
the results have been corrected by determining the values of .s- from the chart 
described in § 3.7. 

, It appears also from the solution of the equations of type y that when s s 1 the 
initial angular motion is still periodic, but no longer of the natui e of a small oscillation, 
since the period is a function of the amplitude and tends to infinity as the initial 
disturbance tends to zero. 

In using equations (3.202), (3.203) to obtain the particular integral, the order of 
magnitude of the various terms is different. The term AN/6'j is now the most 
important, while n is 0(]/Q) and m is 0(l/Q“) with the notation of § 3.G. Most of 
the terms neglected are then 0(l/Q'‘) compared to the principal term, and completely 
insignificant, but UnlQ'^ is 0 (l/f2*) and would aflect the third term in the expansion 
for ij. Its effect however is completely negligible. 

4.31. The Equations of Motion of the Centre of (rravity. — These equations may 
be treated in a similar manner. In obtaining the complementary function, y and z are 
small compared to m and n (see equations (3.624), (3.625)), k/Q being initially less than 
0*01. As regards the dififerential equation for u (3.2141), the effect of neglecting 
the terms arising from the variation of E with S has been discussed in § 4.22 ; no 
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numerical data are available ; the effect is theoretically second order. The term in 
1-ir is obviously negligible. Omitting these terms, the equation can be reduced to 
the form 


where 


u' + au = —gy cos 8i, 


mr cvi 


As a rough approximation we may assume that R = so that a = —2v\fvy We 
then find that 

d _ _ yg cos 6 
dt V* r,® 

In the case of the complementary function, y consists of a constant term less than 
2 X ]0~*, and periodic terms whose period is of order l/O. 

The former makes a contribution to m/v, which is still less than 1 0' * after 20 seconds. 
The latter contributesf a term of order ygfihil which is always less than 3 x lO"*. 

In the case of the particular integral y is 0(l/i2^), see § 4.2. Hence in all cases we 
are justified in putting u = 0, v = v^, so long as the equations of type a hold at all, 
with the proviso that this conclusion may be at fault if the i of § 4.22 is numerically 
large. 

In reducing equations (3.212) and (3.213) we put x = 1, cos ^ = 1. This amounts 
to neglecting 1—x, l—cosS compared to 1, and is obviously justifiable. We omit 
altogether from (3.212) the terms + (p/r) cos 6i, or — p cos 0i {xfvi — \lv). This 
term is excessively small, but could be retained, if desired. Finally we omit the 
terms in y cos justifying the omission by the arguments used above for the same 
term in the equation for u, 

§ 4.32. Errors in the Solution for the Complementary Function . — The second term 
R, in the expansion of R in equation (3.6233) will be taken as representing the 
principal part of the error in the standard solution for the complementary function 
arising at this stage. Its value is 

R. = 


where M has the value appropriate to (3.6231). For simplicity in estimating errors 
we may take only the leading term in M so that here 

M = iSiV. 


The values of s determined from the jump card trial and the data of the 50 degrees 
plane trajectory are tabulated in column 2 of Table VIIIb. The value of er can be 

t This contribution is of the form <22, which is of the order (1/12) x (maximum of /(<)) under 

suitable restrictions on f{t), which are satisfied here. 
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deduced and its first and second difierential coefficients obtained from a difference 
formula. In this way we find that initially 

R,/Ro = 0-000011, 

R,/R„ = 0-0031, 

for the guns rifled 1 turn in 30 diameters and 40 diameters respectively. Moreover, 
the value of Rj/Ru diminishes along the trajectory. The neglect of this terra is 
therefore justified, provided s > 1-1, and the total error in the solution will probably 
be of the same numerical order. 

The contribution of ^ (see 3.6235) to the coefficient of r/ in equation (3.613) is 

2/fc' 

c(l±<r)’ 

the principal term in this coefficient t)eing — The relative value of the error 

in omitting tliis term is therefore 


which is less than 


8sc'k 
( 1 ± O’) 


4 sk 4s^ i 
Q Q 


tan 01 


The values of these three factors can be obtained from Table VIII. The.maximum 
value of this ratio for the 50 degrees trajectory is tan 0,. Tiiis is negligible. 

In evaluating M to obtain equation (3.6234), terms such as Kh/ii^, k'/Q^ are 

neglected. It is unnecessary to evaluate such ternis in detail, since it is known that 
k/Q and h/Q are less than 0-02 in all cases. It would, however, be easy to write 
down equation (3.6234) with such terms included. 

4.33. Errors in the Particular Integral. — The errors of the expression for the 
motion of the centre of gravity of the shell, given in (3.632) and (3.633), may be 
obtained from the expansion of the particular integral in powers of l/Si. The ratio 
i6"ilCi^j of the two terms in § 3.2, can be worked out from the tlata of the plane 
trajectory. Its initial and greatest value for the gun rifled 1 turn in 30 diameters is 
(0-0008), so, that the second term is entirely negligible in comparison with the first. 
Writing therefore = 0'„ it appears that the terms of order l/Q* in (3.632) are real 
and so do not affect the drift. The next term is (with y = 0) 

»;"i+ ^ (Wi) (8s«c-A.— *-) + >;i j^^(4«*:) 4-4s«*-A.*— *-'j| , 


where i/j (= 4s0',) is the coefficient of l/iQ in the first term in the expansion of 
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There are also a number of other terms involving c', c" and c'*. The terms in c' are 
very small initially and vanish at the vertex, so that they are never likely to become 
important. The other terms in c" are certainly very small provided that s is of order 
unity. Since « varies roughly inversely as the square of the velocity {i.e., fu 
constant), the magnitude of the terms containing s rises very rapidly in the later 
stages of the trajectory when v becomes small. The first terra in —iisd'jQ, is 
given numerically in Table VITI., where it appears how rapidly it Increases as the 
velocity falls. The values of tlie second term as given in equation (3.632) are also 
given (Table VIIIb., column 8). It appears that the ratio of the second term to the 
first term is always small so loiig as the first term is small. This term represents the 
effect of the .particular integral in altering the co-ordinates in the platie of fire. The 
third term as given above is more difficult to evaluate, and only a rough estimate 
has been made of its value at two points on the 50 degrees trajectory. The 
results are : — , 


Seconds. 

Third term/first term. 

Third term. 

t - 0 

-2-02x 10-» 

-8-5 X 10-^ 

t = 20 

‘ -1*94x10*2 

- 7 • 2 X lO-** 


The value of the drift as estimated by the first term is therefore slightly too large. 
The first part of the third term, is of special interest, as it represents the 

sole contribution of the term >i'' in equation (3.613) to the value of jj to this order. 
The term t/" represents all that remains in the equations of type a of the 
terms in B neglected in § 3.3 in obtaining the equations of type The initial 
value of —4sf]'\l{iQY is only 3’46xl0~® of the first term in ^ in the 50 degrees 
trajectory, and this ratio does not tend to increase as the velocity diminishes. 
This makes it likely that the equations of type /8 give an accurate solution in all cases 
when the initial conditions are those of the particular integral. 

Returning to the particular integral, we have shown that the third term is only 
0*03 (?) of the first term at the vertex of a 50 degrees trajectory where the velocity is 
as low as 500 f.s. For a trajectory at stiU higher elevation the minimum velocity is 
lower ; the value of the first term soon becomes too great for the use of approximations 
which neglect 1— cos S, while the third term can no longer be neglected in comparison 
with the first term. The solution therefore fails when the elevation much exceeds 

I 

50 'degrees as soon as the velocity has fallen much below 500 f.s. The true degree of 
approximation given by the expansion can only be obtained in a special case. If the 
terms in in equation (3.613), and terms of the solution containing c', &c., arising 
from the terms in f are neglected, it may be shown that the error of the expansion at 
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any stage is less in numerical value than the last term retained.* Hence the 
numerical estimateb of the third term, obtained above, justify the use of th^ first 
term only to obtain an approximate value of the drift at all elevations up to 50 degrees 
and for the initial pai t of a trajectory at any elevation. 

Part V. — Summary and Conclusion. 

§ 5.0. Summary of Preceding Results. 

In the earlier parts of this paper we have suggested a tentative set of components 
for the complete force system acting on a shell moving through air (or other medium), 
in which this complete system may be assumed to depend at any moment only on the 
position and velocities of the shell. We have submitted these suggestions to the test 
of experiment, and found that, so far as we have carried the analysis in this paper, 
the experiments confirm our suggestio.is, and provide, when tlie yaw is small, 
numerical values for two of the force coefficients with a probable error of *2 per cent, 
and fi^ with a probable error of 10 per cent.) for velocities up to double the velocity 
of sound. Rough values for a third coefficient fn are also provided. It appears 
probable that the other components (except of course the drag) are much less 
Important, and that values of the yaw up to perhaps 10 degrees may be regarded as 
small in this connection. 

It is convenient to summarize here what we do and do not know about the 
components of the force system on the shells used in this trial. The values of the 
drag coefficient fi may he regarded as known for all velocities at zero yaw. The 
values of and are roughly known for velocities up to vja = 2*0, and values of 
the yaw less than 10 degrees. From wind channel experiments yi„ and yi, are all 
known for all values of the yaw when vja is small, and these determinations probably 
apply so long as c/a <0*7. The damping effects are only known roughly, but 
sufficient is known to estimate how long a shell will take effectively to settle down to 
a steady state of motion. 

On the other hand the variation of with yaw is entirely unknown except from 
wind channel experiments, and so is the variation of and at values of the yaw 
greater than 10 degrees. The rate of diminution of the axial spin is unknown and so 
is the size of the swerve effect, though this latter is not likely to lie important. 

The variation of with yaw could be studied experimentally by a suitable 
combination of jump card observations, with the use of the solenoid chronograph to 
determine as exactly as possible the deceleration of the shell at every point. The 
values of''/M and f^ for larger values of the yaw could be obtained by a detailed 
analysis of unstable rounds in which large values of the yaw are realized. A stRrt 

* The equation is now of the first order in ij only, so that the exact solution may be written down in 
the form of an integral. By successive integration by parts we obtain the expansion (3.632) together 
with an integral representing the error after n terms. 

YOL. OOXXI. — A. 3 B 
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could be made with the data of the present trial, but we cannot undertaJce this in 
this paper. 

In Part III., we have arrived at two separate solutions of the equations of motioii 
of a shell treated as a rigid body, which together cover practically all types of motion 
which are likely to occur in practical shooting. (We ignore here the case of an 
unstable shell, since it is of no practical use.) A general solution of the equations of 
motion of type a has been developed, which applies with sufficient accuracy to the 
most general type of motion of a shell whose angle of yaw S and inclination of the 
tangents of true and plane trajectories do not exceed (say) 0 • 1 radian. The solution 
of the equations of type ^ can be applied with sufficient accuracy to the steady (non- 
osclllatory) motion of a shell at any angle of yaw. In practice the large angles of 
yaw (> 0*1 radian) only occur in the neighbourhood of or beyond the vertex of a 
high angle trajectory, and by this stage the initial angular oscillations of the shell 
have been completely damped out so that the condition for the applicability of the 
solution of type is satisfied. Thus the solutions we have obtained, though 
theoretically inadequate, are probably sufficient to cover all cases likely to occur in 
practice. 

In order to make use of these solutions to determine the complete motion of 
a shell. Information is necessary as to the complete force system acting on the 
shell. Our information, as we have seen, is fairly complete for angles of yaw up 
to 10 degrees, and can be applied to calculate the true trajectory of any shell for 
which the angle of yaw does not exceed this value, if the loss of spin and increase of 
drag with yaw can be ignored. 

Larger angles of yaw (exceeding 10 degrees) occur in general only as a consequence 
of the low velocity of the shell near the vertex of a high angle trajectory. The force 
system is then mainly covered by wind channel observations. The information as to 
the force system obtained by our methods is thus adequate for the calculation of a 
complete set of twisted trajectories at all elevations, at any rate for a 3-inch shell. 

§ 5.1. Problems for Further Discussion. 

5.11. Unstable Rounds. — We have already mentioned that further information 
about /m andyi,, at yaws greater than 10 degrees, could be obtained by analysis of the 
unstable rounds. This requires the application of* the exact top equation with a 
variable value of (§ 3.7) to the discussion. No means of introducing damping effects 
into these equations has yet been devised. It should, however, be possible to obtain 
fairly reliable information as to the variation oif^ and/j, with yaw between the angles 
of 10 degrees and 30 degrees by the analysis of the unstable rounds fired in this trial 
(Table IV.). 

5.12. Initial Conditions. — By extrapolating the ^-curve and ^-curve backwards 
to the gun muzzle (^ = O) information may be obtained as to the way in which the 
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prcgectile leaves the gun, which may prove of value. Owing to the effect of the 
initial oscillations on the ranging of the shell, it is important to determine whether, 
in general, the initial disturbance takes place at, or nearly at, the same orientation. 
Secondly, it is important to determine whether the initial oscillations may be regarded 
as caused by an impulsive couple whose size is independent of the twist of the rifling. 
If this is so, the amplitude of the initial oscillations of a shell can be cut down 
indefinitely by sufficiently increasing the spin. If, however, as appears to be the 
case from a rough survey of the data of the present trial, the initial circumstances 
are such that the impulsive couple (or its equivalent) increases in proportion to the 
twist of the rifling, then no increase of spin will reduce the oscillation below a 
certain definite limit. This conclusion would be technically important, as in the 
later stages of flight the spin is always in excess of requirements, and so the initial 
spin should be kept down as much as possible. 

5.13. Wind Effects . — In calculating the effect of wind on a shell it is usual to 
assume that the shell at once turns its nose to the relative wind. This is not strictly 
correct, and the true angular motion in a wind when the velocity is known at every 
point can be determined by our theory, sibce the forces acting on the shell depend 
only on its motion relative to the air. Consider, for example, the special case in 
which a shell suddenly enters a cross-wind region from a region of still air ; it 
starts its relative trajectory with a yaw 8 given by the equation 

tan 8 = wjv, 

where w is the wind velocity and v the velocity of the shell. At the same time 
S' = 0 and = 0. The equations of § 3.6 enable the subsequent motion to be 
properly traced, and the errors in the usual treatment calculated. 


§ 5.2. Effect of Size and Shape of Shell. 

The jump card trials described in this paper wen^ carried out with shells of two 
different shapes only. The differences l)etween the two shells may be seen from fig. 6 
to be considerable, form A having an ogival h<;ad of roughly 2 calibres radius, while 
form B is of 6 calibres radius. For form B the experiments determine the moment 
coefficient only, for a single position of the centre of gravity, and give no information 
as to the cross-wind force. As experiments of this type are expensive and laborious 
to carry out, it is of importance to examine how far these results may be applied to 
shells of "other shapes and sizes. 

From the results of § 1.1 it appears that there is no evidence that the size (repre- 
sented by the radius r of the shell) enters into any of the factors on which the force 
coefficients depend, so that the coefficients f^, fi^ may be considered as entirely 
independent of size. It is therefore sufficient to make experiments on shells of as 

3 E 2 
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small a calibre as is* consistent with obtaining accurate measurements of the jump 
cards. 

With regard to the effect of variation of shape we have very little evidence. 

If we compare the moment coefficients for shells of 2 and 6 calibres radius of head, 
as shown in figs. 4 and 5, it is obvious that the difference is much less marked than 
the difference between the two curves of and that the two curves oifyi are very 
nearly of the same shape. No great errors would l)e introduced by assuming that the 
values of for the two shells were in a constant ratio. Thus it seems reasonable, 
until the appearance of evidence to the contrary, to consider that the value of the 
moment coefficient for any shell can be obtained by multiplying the value, obtained 
in this experiment, by a constant independent of the velocity. It will then be 
sufficient to determine the value of this constant at a. single velocity, which may even 
be a low velocity attainable in a wind channel. The value of the cross-wind force 
factor for any shell may Ije obtained in a similar manner hut the results will be more 
uncertain. For rough purposes it may even l)e suflicient to assume /m 

independent of the velocity except when dealing with velocities very near the velocity 
of sound. It thus appears to be possible to treat in the classical way in which 
was treated, in which it was assumed that the values of/n for two different shells are 
in a constant ratio at all velocities. This treatment is inadequate in the case of/u, 
but on present evidence is far more valid in the case of /«. 

By applying the results of the present trial in this way, we may even hope to get 
reasonably accurate estimates of the drift and stability for any type of shell, on the 
basis of wind channel experiments only on the particular shape of shell required. 
The method would be especially valuable in connection with the design of new 
shapes of shell. It is known that, in general, the longer and more pointed a shell is, 
the less is its drag coefficient ; by a series of wind channel tests on a series of shell 
shapes it would be possible to determine the greatest length of shell that would b^ 
sufficiently stable in a gun of given rifling, or the sharpness of rifling required to make 
a given shell stable. Useful information was obtained on this point from wind 
channel experiments l)efore the jump card trial provided certain data for the extra- 
polation to high velocities. It must be emphasised, however, that this one experiment 
needs extension and confirmation before the structure sketched above can confidently 
be reared upon it. 

We have now discussed in general terms the applicability of our theory and 
experiments to the calculation of drift, stability, the effect of wind, and the design of 
improved forms of shell. Though the details of the calculations on these various 
points are not given here, enough has been said to show that the results form some 
advance in the subject of the application of aerodynamics to the flight of shells. 
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Table V. — General Table of Kesnlts. 


Column 1. 




2 . 

3. 

4. 


>> 


>5 


5. 

6 . 

7. 

8 . 


Number of round. 

Muzzle velocity, f.s., for round, or mean for group. 

Air density p, lb./(ft.)'^ and temperature “ F. 

<ji' — degrees/sec. 

Upper entry — Calculated value for round, or mean for group. 

Lower entry — Observed value.* 

Period T, between successive minima of <5, in units of 10“'' sec. 

Maxima of' yaw, aj (t) degrees. 

Mean values of OT, radians, for each round, for mean velocity as stated. 
Minimat of yaw, /&, {t} degrees. 


* When there is only one entry there was no ileteetiihle difference between the observed uiid calculated 
values of </>. 

t Note . — The sign given is the sign of fti (/) at the minimum, see 4.0. The yaw S is always positive. 


Gun rifled 1 turn in 40 calibres. 


1. 

2. 


4. 

5. 

6. 

--- 

7. 

8. 




1 

ype 1. 




I. 11 


0-0792 

2108 

252 

2*1 

19-10 

0*0 


918 

4:r 


267 

2*6 

905 

— 






2-n 



1. 12 


0-0792 

2108 

276 

6*1 

19-79 

-0*4 


918 

43" 


262 

6*9 

905 

-0*6 





— 

7-5 + 



I. 14 


0*0807 

2113 

296 

1 7*2 

21-60 

-0*9 


920 

42" 


i 289 

1 

6*4 

905 

-1*5? 

I. 13 


o'- 0807 

2139 

1 , 

234 

i 

i 1*5 

18-44 

' 1 

: -1*0 


931 

42’ 


260 

31 

919 

-2*4? 





— 

5-5-f 


1 

1. 5 


0-0782 

3595 

230 

12*2 

28*87 

! 

-0*9 ! 


1565 

45" 


— 

8*5 

1 1639 

1 

I 


I. 6 


0-0782 

3595 

227 

! 

1 13*7 

28*49 

0*0 


1565 

45’ 


— 

9-5 

1540 






i 


1 • 
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Table V. (continued). 


1. 

2. 

3. 

4. 

6. 

6. 

7. 

1 

8. 

I. 7 

1565 

Type I. 

(continued] 

1 . 



0-0782 

46“ 

3595 

3375 

i 

i 354 

1 

10-5 

41-71 ■ 
1526 


I. 16 


0-0807 

4892 

2T = 


18-19 



2130 

42® 


213 

17-6 

2082 

-0-4 





t 

5-5 



I. 16 


0-0807 

4892 

2T = 


17-33 



2130 

42“ 


203 

n-5 


-0-6 






5*7 

2085 


I. 1 


0-0786 

4977 

93^ 

4-5 

15-98 

-1-0 


2167 

42“ • 


92 

4-1 


-0*6 





90J 

3-7 

2104 

-0-6 

I. 2 


0-0786 

497'7 

112 

7-6 

18-86 

0-0 


2167 

42° 


105 

6-3 


-0-21 





— 

6-3 

2117 


I. 3 


0-0786 

4977 

107 

4-6 

17-94 

1 -0-3 


2167 

42“ 

1 

99i 

3-5 


-0*4 





— 

3-1 

2120 


I. 4 


0-0786 

4977 

118 

4-1 

20-81 

-0-4 


2167 

42“ 


121i 

3-0 

2113 

-1-41 

I. 19 


0-0813 

6217 

98i 

6*0 

! 

17-20 i 

-0-2 


2272 

40“ 



4-3 

i 

-0-3? 






3-0 

2217 


I. 20 


0-0812 

5388 

964 

8-7 

17-96 

+ 0-4 


2346 

40“ 

6250 

94| 

7*9 


+ 1-0 





— 

7-1 

2288 


I. 21 

i 

0-0812 

6388 

99 

5-6 

18-03 

-1-0 


2346 

40' 


99 

4-0 


-0-C 


1 



— 

3-3 

2282 


i 1 
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Tablk V. (continued). 


L 

2. 

3. 

4. 

5. 

6. 

7. 

8. 



Type 

II. Fori 

n A. C.G. 

forward. 



II. 8 


0-0807 

1960 

1 

i 210 

1-6 

15-30 

-0*9 


934 

42“ 

2020 

224 

3-2 


-•0-6 






3-8 

923 


II. 9 


0-0807 

1960 

246 

4-6 

16*22 

-0*8 


934 

42“ 


228 

4-0 


-1*2 





— 

4-7 

922 


II. 10 


0-0807 

1960 

254 

6*7 

17-46 

-0*8 


934 

42“ 


266 

6-8 


-0*5 





— 

8*1 

921 


II. 5 


0-0780 

3541 

147i 

4-9 

18*11 

-0-7 


1585 

46“ 


145| 

3-7 


-0-7 





— 

2-4 

1554 


11. 6 


0-0780 

3541 

1444 

1-2 

17*92 

-0-61 


1585 

46“ 


14.5| 

1-2 


- 0-51 






1-0 

1555 


II. 7 


0-0780 

3541 

187 

8-1 

22-07 

-0*4 


1585 

46“ 


170 

2-2 

1548 

-0*3? 

II. 1 


0-0786 

4796 

1 99 

3-2 

14-76 

- 0*7 


2024 

42” 

4630 

89J 

2-5 


-0*8 





9l| 

2-3 

1983 

-0-7 

II. 2 


0-0786 

4795 

103 

3-0 

15-34 

0*0 


2024 

42° 

4625 

95 

2*3 


-0*1 





87 

1*9 

1982 

-0*5 

IL 3 

1 

0-0786 

4795 

96 

2*9 

14-29 

-0*2 


2024 

42“ 

4435 

89 

2-6 


-0*2 

• 




92 

2-3 

1984 

-0*2 

n. 4 


0-0786 

4795 

98i 

1-9 

14*75 

0-0 

« 

2024 

42° 


81 

1-7 


0*0 




• 

86 

1-8 

1985 

0-0 





« 
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Table V. (continued). 


1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 



Typ 

.e III. F< 

jrm A. C.G. back. 



III. 8 


0-0807 

2460 

247 

5-7 

20-23 

--0*4 


931 

42' 


226 

5-5 

919 

-1*6 






6*8 



III. 9 


0-0807 

2450 

- 

254 

5*0 

20-10 

-0-4 


931 

42“ 


916 

5-5 

919 

-1-3 






4-3 



III. 10 


0-0807 

2450 

232 

5-2 

19-50 

-0-3 


931 

42“ 


224 

5*5 


-1-5 






7*8 

920 


III. 5 


0-0780 

4166 

217 

8‘7 

31-06 

-3-7 


1683 

46“ 

4100 

— 

7*8 

1656 


III. 6 


0-0780 

4166 

196 

9*0 

28*52 

-3-6 


1683 

46° 


— 

8*2 

1658 


III. 7 



0-0780 

4166 j 

237 

5-5 

32-93 

-2*9 


1683 

46° 

3980 


6*3 

1553 


III. 1 


0-0785 

5331 

125 

1 -5 

20-66 



2025 

43° 


97 

1 *2 


— 




1 

: 

— 

0*8 

1994 


III. 2 


0-0786 

6331 

113 

3-7 

19*54 

-0-7 


2026 

43° 


97 

3*4 

1995 

- 1-5 


1 


i 

1 

— 

3-4 



III. 3 


0-0786 

6331 ' 

109 

2*4 

20-10 

-0-21 

j 

2025 

43° 


107 

1-8 


-0-6 

i 




! 

1 

1*3 

1994 

« 

III. 4 

i 

0-0788 

6331 

1 

106 

2*9 

19*36 

0*0 


2025 

43° 


102 

21 


-0*8 


t 

« 




1-8 

1994 
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Table V. (continued). 

Gun rifled 1 turn in 30 calibres. 


1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 

8 , 



Typ 

B I. Forr 

n A. Empi 

;y shell . 



I . 22 

1119 

0-0811 

3429 

91 i 

2-1 

10-07 

+ 0-1 





864 

1-9 


0-0 





82 

1-9 


- 0-31 



38 " 


86 

— 


— 





791 

1-9 


- 0-2 





87 

2-0 

1089 

— 

I . 23 

1119 

0-0811 

3429 

79 

3-0 

10-34 

+ 0-4 





91 

2-4 


- 0-1 





87 

2 * 2 


- 0-4 



38 ° 


86 

— 


— 





83 i 

2-0 


- 0-4 





84 | 

1-8 

1090 

— 

I . 24 

1119 

0-0811 

3429 

85 

2-8 

10-27 

+ 0*4 





90 

2-4 


^ 0-2 





86 

2-2 


- 0-4 ’ 



38 " 


844 

— 


— 





84 | 

2-1 


- 0-6 





84 

2-1 

1090 

- 0-91 

I . 26 

1326 

1 0-0811 

4061 ^ 

74 J 



20 

9-91 

; 0-0 



i 


71 

' 1-8 


; 0-0 





69 

1-9 


1 0-0 



38 ° 


68 i 

— 


1 





71 

1*6 


0-0 





70 

1-4 

1280 

- 0 * 8 ? 




1 

— 

2-0 



I . 26 

1326 

0-0811 

4061 

71 

3-6 

10-04 

+ 0-4 





74 

2-8 


+ 0-.1 





71 

2-6 


0-0 



38 ° 


73 

— 


— 




1 

664 

2-6 


-01 





69 | 

2-2 1 

1285 

- 0 * 8 ? 

I . 27 

1563 

0-0805 

4786 

60 ^ 

3-8 

9-69 

- 0-3 





65 ^ 

3-7 


- 0 - 3 ? 





59 

3-5 


- 0-2 



36 " 


604 

— 1 


— i 





554 

2-9 


. 0-5 





56 | 

3 - 3 ? i 


- 0-8 




i 

— 

2-5 

1515 











8 F 
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Table V. (continued). 


1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 

8 . 



Type I. 

Form A. 

Empty she 

11 (continuec 

1 ). 


I . 28 

1563 

0-0805 

4786 

59 

3-1 

9-66 

- 0-4 





59 

2-6 


- 0-4 





59 

2-1 


- 0-3 



36 *’ 


59 










67 J 

1-9 


- 0-2 





54 i 

2*0 


- 0-51 






2-1 

1515 




Type 

II. Form A. C.G. forward. 



11 . 17 

1119 

0-0811 

3168 

< 

92 i 

2-8 

9-85 

0-0 





90 

2-76 


0-0 





88 i 

2-6 


- 0-6 



38 '’ 

3128 

91 



- 0-5 





91 i 

2-0 


- 0-7 





— 

1-7 

1092 


II . 18 

1119 

0-0811 

3168 

88 

3-3 

9-88 

+ 0-1 

• 




944 

2-8 


0-0 





87 | 

2-6 


- 0-6 


1 

38 '^ 

3128 

89 

— 


- 0-7 





91 

2-3 


- 0-7 





— 

2-2 

1093 


II . 19 

1119 

0-0811 

3168 

88 

2-9 

9-82 

+ 0-1 





89 

2-4 


0-0 





89 * 

2-0 


- 0-3 



38 ° 

3128 

90 ^ 

— 


- 0-4 





89 J 

2-0 


- 0-51 





91 i 

2-1 

1088 

- 0-51 

II . 24 

1292 

0-0805 

3709 

76 

2-7 

9-70 

-015 





74 

2-9 


- 0-3 





72 

2*7 


- 0-2 



36 ” 


76 

— 


- 0-3 





75 

2-4 


- 0-7 





76 

3-0 

1259 

- 0-5 

II . 22 

1589 

0-0819 

4738 

52 

2-1 

8-93 

+ 0-6 





51 

1-9 


.+ o-n 





54 | 

1-4 






36 ° 


56 | 

1-4 


’ 





54 | 

— 


+ 0-6 





52 

1-1 


— 


i 




55 ^ 

1 

1-4 

1543 

+ 0-1 




1 

1 
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Table V. (continued). 
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Table V. ( continued ). 


* 


1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 

8 . 



Tyi 

DelV. F 

onn B (cont 

inued). 



IV . 2.3 


0-0811 

2431 


1-7 1 

9*84 

+ 0*2 





112 

1-7 


-^ 0*8 





120 

2'6 


— 



38 ** 


114 

— 


- 0*8 





118 

2*0 

884 

- 1-0 





— 

2-0 + 



IV . 1.3 

1078 

0-0811 

2911 

113 

2-0 

12*39 

+ 0*3 





128 

1*8 


- 0*4 





125 

1 * 5 ? 


- 0-6 



38 ° 


113 

1-6 


- 0*9 





— 

20 

1059 


IV . 14 



2911 

109 

1-6 

11*45 

+ 0-2 





123 

1*5 


- 0*3 





110 

1 * 8 ? 






38 ° 


106 

1*6 


- 0*3 



. 


— 

1 -7 

1060 


in 

1078 

0-0811 

2911 

107 

! 2-2 

11-76 

+ 0*3 





121 

1 2-1 


- 0*1 





118 

2-2 


— 



38 ° 


108 

1-7 


- 0*5 

■ 




— 

1-8 

1060 


IV . 16 

1647 

0-0811 

4178 

82 

1*6 

10-72 

+ 0*1 





78 

1*6 


0*0 





67 

1*4 


— 



38 ° 


76 

10 


0*0 





741 

0*9 

1503 

- 0*1 

IV . 17 

1547 

0-0811 

4178 

83 

3*5 

10-72 

+ 0-1 





75 

3‘2 







75 

2*8 


— 



38 ° 


73 

1*9 


- 1*21 





71 

2*6 

1503 

- 0 * 9 ? 

rv. 18 “ 

1647 

0-0811 

4178 

83 

4*2 

11-09 

+ 0-1 





80 

3*9 




i 



75 

3*3 


— 



38 ** 


73 

3*2 


- 0-4 



1 


— 

3*1 

1609 

- 1*1 



1 

I 
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Table V. (continued). 


1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 



Tyi 

36 IV. F. 

orm B (cont 

inned). 

1 

IV. 19 

1547 

0-0811 

4178 

77 

4-0 

10-96 






76 

3*4 








73 

3-4 

1496 


IV. 20 

1647 

0-0811 

4178 

73 

3*3 

10-69 






76 

2-5 


— 



38*^ 


72 

{ 

2-2 

1497 


IV. 24 

2101 

0-0806 

6675 

55 

4-6 

10-70 

-0-2 





67 

3-8- 


-0-3 





51 

3-6 


— 



36” 


65 

3-6 







53 

3-4 

2045 

-1-0? 

IV. 26 

2112 

0-0806 

5705 

66 

2-2 

10-70 

0-0? 

• 




66 

2*2 


0-0 





62 

1-3 


— 



36“ 


55 

1-2 

2073 

0-0? 




1 

54 

1-3 


-0-8 

IV. 26 

2149 

0-0806 

5805 

50 

2-4 

10-60 

-0-1 





53 

2-0 


0-0 





54 

2-0 





36“ 


53 

1-7 








54 

1-2 

2093 

-0-3 
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Table VI. — Valuus of the Stability Coefficient and the Air Couple deduced from 

Analysis of the StMe Shells. 


Summary of Notation used in the Headings of this Table, 
/u sin ^ = couple due to air forces. 

s = — — = stability coefficient. 

4m 


V = mean velocity of shell, f.s. 

P = air density, lb./(ft.)*. 
a = velocity of sound, f.s. 

/m (''’/<*) = m/(/j^’V), the air couple coefficient. 


N.B. — The values of s, p and A have not been corrected in this table for the effect of the cards. 


1. 

2. 

j 

3. 

4. 

5. 

6. 

7. 

8. 




Mean value 



- 

1 

1 

Total 

Round No. 
or group of 
rounas. 

Twist 

of 

Value of .s* of v 

deduced from corresponding 

Value of fi. 

Value of 

Value of 
vja. 

percentage 
spread of 

rifling. 

observation. 

to value 


.S’ or /X in 




of 

i 



group. 

I. 11, 12 

1/40 

1113 

905 

1220 

0-58 

0-824 


1. 14 

1/40 

1-087 

906 

' 1250 

9-71 

0-825 

4-1 

I. 13 

1/40 

V 131 

919 

1230 

9-26 

0-837 


I. 22-24 

1/.30 

1*61 

1090 

22.30 

11-85 

0-996 

3-2 

I. 25,26 

1/30 

1*66 

1283 

3030 

11-62 

1-173 

1-7 

I. 27,28 

1/30 

1-74 

! 1515 

4000 

i 11-09 

1 - 388 

1-1 

I. 6- 7 

1/40 

1-005 

1535 

3920 

10-89 

1-394 

0-9 

I. 15, 16 

1/40 

1-137 

2084 

1 

6410 

! 9-36 

1-897 


1. 1 

1/40 

1-180 

2104 

! 6390 

9-40 

1-916 

6-7 

I. 2- 4 

1/40 

M18 

2117 

6750 

9-80 

1 

! 

1-927 


I. 19 

1/40 

1-152 

2217 , 

7190 

9-22 

2-023 


L 20,21 

1/40 

1-133 

2285 

1 

7800 

9-41 

2-086 

1*9 


11. 8-10 ■ 

1/40 

1-172 

922 

1170 

8-71 

0-840 

4-9 

n. 17-19 

1/.30 

1-69 

1091 

2000 

10-46 

0-997 

0*8 

IL 24 

1/30 

1-72 

1269 

2700 

10-86 

1-153 


11. 6- 7 

1/40 

1-121 

1553 

3680 

9-98 

1-408 

4*7 

II. 22,23 

1/30 

1*94 

1546 

3800 

9-95 

1 416 

3-8 




1 

— -1 
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Table VI. (continued). 


1. 

2. 

3. 

4. 

6. 

6. 

7. 

8. 




Mean value 




Total 

Round No, 
or group of 
rounds. 

Twist 

of 

rifling. 

Value of .s 
deduced from 
observation. 

of V 

corresponding Value of /m. 
to value 

Value of 
fuivla). 

Value of 
via. 

percentage 
spread of 

SOT ill 




of s. 




group. 

II. 1 

1/40 

1-216 

1983 

5506 

9-12 

1*804 


II. 2 

1/40 

1-200 

1982 

5689 

9-42 

1-803 


II. 3 

1/40 

1-232 

1984 

6320 

8-80 

1-806 


II. 4 

1/40 

1-220 

1985 

6809 

9-59 

1-806 


III. 8-10 

1/40 [ 

1-107 

f 

919 

1520 

11-41 

0-837 

0-9 

III. 17-19 

1/30 > 

1-64 

1091 

2570 

13-66 

0-997 

3-3 

III. 20,21 

1/30 

1-76 

1232 

3200 

12-79 

1-156 

2-1 

III. 22, 23 

1/30 

1-84 

1526 

4500 

12-32 

1-398 

2-9 

III. 5- 7 

1/40 i 

1-035 ! 

1556 

4410 

11-96 

1-411 ; 

0-6 

III. 1- 4 

1/40 I 

i 

1-109 ! 

1994 

7020 

11-62 1 

1-814 

1-4 









IV. 21-23 

1/.30 

1-64 

884 

1270 

10-25 1 

0*808 

2-6 

IV. 13-15 

1/30 

1-39 

1060 

2140 

12-06 

0*969 

5-0 

IV. 16-20 

1/30 

1-505 

1602 

4070 

1 

11-41 

1*373 

3-7 

IV. 24 

1/30 ! 

1-525 

_ 

2045 

7420 

11-29 

1-874 

i 

IV. 25 

1/30 ■ 

1-525 

2076 

7600 

11-11 

1-899 

1-0 i 

IV. 26 

1/30 ' 

1-54 

2093 

7680 

11-16 

1-917 

1 
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Table VII. — Observed Values of A+k and h—K-\-2y, the Damping Factors frr 

each Group. 

Groups fired at a velocity of 900 f.s. apparently have negative damping and are not 

included. 


Group. 

Muzzle velocity, f.s. 

Calculated value 
of K. 

h -h K. 

/f - K -f 2y. 

Probable value 
of h. 

I. 

22-24 

1119 

0-4 


1*6 1 

1*8 

I. 

25 , 26 

1326 

0-3 

2-4 

1*2 

1*8 

I. 

27 , 28 

1663 

0-4 

30 

0*5 

1*8 

I. 

1 - 4 

0-7 

2-2 

0*6 

1-4 


2167 





I- 

19-21 

2320 

0-8 

2 * 2 

- 0 - 2 ? 

1*3 

II. 

17-19 

1119 

0-4 

2-2 

1*2 

1-7 

II. 

24 

0*2 

0*9 

0*6 

1*5 


1292 





II. 

5 - 7 

0-4 

3*4 

0*4 



1585 




2*0 

II. 

22, 23 

1589 

0-4 

3-3 

0*6 


II. 

1 - 4 

0-6 

3*0 

0*6 

2*0 


2027 





III. 

17-19 

1119 

0-4 1 

0 * 7 '? 

0*1 ^ 

1*0 

III. 

20 , 21 

1292 

0-2 

31 

0*9 

2*0 

III. 

22 , 23 

1567 

0-4 

3*0 

0*3 

2*0 

III. 

1 - 4 

0*6 

4*2 

1*7 

30 


2025 


! 



IV. 

13-15 

1078 

0*5 

0*7 

1*4 

1*0 

IV. 

16-18 

154 V 

0-5 

31 

1*2 

2*0 

IV. 

24-26 

2120 

0*7 

1 

i 

5*0 

0*9 

3*0 


N.B. — The calculated value of k m obtained by using the value of the cross-wind force coefficient 
• given in Table I. 
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Tabit? VIIL — Plane Trajectories at 50 degrees and 30 degrees, with Calculations 
of the Drift, &c., for Shells of External Form A. 

Constants used in the Calculations. 


Muzzle velocity 
Centre of gravity . 
Weight .... 

Moments of inertia 

„ r gun rifled 1 in 30 
I „ 1 40 

Ballistic coefiicient. . . 



2000 feet per second. 

4*88 inches from the base 
16*02 lb. 

0*1329 lb. (ft.)*. 

1*1555 lb. (ft.)*. 

192*7 radians per second. 

144*5 

1*75. 


Table VIITa. — Plane Trajectories at Elevations of 50 degrees and 30 degrees. 

Column 1. Time t, seconds. 

„ 2. Velocity Cj, feet per second. 

,, 3. Inclination Oj, degrees. 

,, 4. Horizontal distance X, feet. 

„ 5. Vertical height Y, feet. 


1 . 


Elevation 50 degi’ees.' 

Elevation 30 degrees 

2. 

3. 

4. 

5. 

2. 

3. 

1. 

5. 

2000 

50 0 

0 

0 

2000 

0 f 

30 0 

0 

0 

1720 

49 21 

1,199 

1,413 

1726 

29 8 

1,614 

917 

1506 

48 36 

2,254 

2,628 

1515 

28 8 

3,033 

1692 

1342 

47 44 

3,201 

3,686 

1352 

26 69 

4,300 

2354 

1218 

46 45 

4,068 

4,624 

1230 

25 42 

5,454 

2926 

1069 

44 28 

5,648 

6,241 

1076 

22 45 

7,638 

3867 

969 

41 48 

7,116 

7,619 

985 

. ]9 24 

9,455 

4608 

877 

38 43 

8,614 

9,867 

8,805 

916 

15 42 

11,264 

5182 

807 

35 13 

9,819 

860 

11 40 

12,988 

5603 

746 

31 15 

11,166 

10,671 

11,369 

816 

7 19 

14,639 

6881 

693 

26 45 

12,411 

780 

2 43 

16,227 

6021 

647 

21 44 

13,631 1 

11,921 

12,330 

761 

- 2 7 

17,756 

6030 

609 

16 10 

14,817 i 

728 

1-^75 

19,228 

5912 

667 

3 40 

17,098 

12,738 

703 

1 -17 11 

22,017 

5314 

637 

- 9 50 1 

19,266 

12,624 

700 

I -26 65 1 

24,608 

27,011 

4261 

647 

1 -22 65 ! 

21,331 

12,013 

712 i 

1 -36 51 

2790 

679 

t -34 25 

23,293 

10,930 

9,403 

736 

1 -43 40 1 

29,228 

938 

627 

1 -43 54 

25,151 


1 



681 

-51 30 

26,902 

7,466 


1 



736 

-57 32 

28,539 

30,057 

5,157 





786 

-62 23 

2,521 


1 



818 

- 66 25 

1 

31,114 

359 


j 

i 
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Table VIIIb, — C alculation of the Drift, Stability, and Damping Factors, fcr the 

Gun Rifled 1 in 30. 

Column 1. The time t, seconds. 

,, 2. The stability factor a. 

„ 8. — 4s0',/i}. 

,, 4. AskIQ. 

,, 5. equation (4.203). 

,, 6. The drift Z, feet. 

,, 7. The azimuth, arc tan (Z/X), degrees. 

„ 8. The second term in the expansion of equation (3.632), given by 

(1^ “ f, * 1 ^ } • 

,, 9. The damping factor (§ 4.22), 

(<ro/<r)‘e-<«'-»*>. 


Elevation 50 degrees. 


1. 

2. 

3. 

4. 

5. 

6, 

1 7. 

1 _ 

8. 

9. 

0 

1-945 

0-00042 

0-0217 

0 

0 



1 

1 

2 • 698 

0-00062 


0-00038 

0-2 

i 


0-702 

2 

3-334 

0 • 00098 

0-0214 

0-00082 

0-8 



0-520 

3 

4-189 

0-00139 


0-00129 

1-8 



0-404 

4 

5-129 

0-00192 

0-0221 

0-00182 

3-1 


0-00007 

0-330 

6 

7-123 

0-00321 


0-00405 

7-6 

0 5 


0-196 

8 

10-95 

0-00569 

0-0670 

0-00752 

15-9 


0-00066 

0-116 

10 

14-60 

0-00868 


0-0114 

29-1 

0 12 


0-076 

12 

18-39 

0-01240 

0-0618 

0-0155 

47-3 

0 16 

0-00155 

0-055 

14 

22-20 

0-01693 


0-0199 i 

70-4 



0-043 

16 

26-33 

0-0227 

' 0-0685 

0-0250 

98-6 

0 27 

0-00334 

0-034 

18 1 

30-88 

0-0297 


0-0308 1 

133 




20 

35-16 

0-0372 

0-0663 

0-0374 i 

173 


0-0056 


24 

42-63 

0-0511 


0-0530 1 

276 

0 55 



28 

45-87 

0-0562 

0-0756 

0-0705 1 

409 

1 13 



32 

43-24 

0-0486 1 


0-0885 

573 

1 32 



36 

37-11 

0-0353 ! 

0-0700 

0-1050 

762 


0-0012 


40 

30-11 

0-0231 


0-1192 

971 

2 12 



44 

24-02 

0-0147 

0-0696 

0-1315 

1190 




48 




0-1420 

1415 


-0-0019 


52 




0*1510 

1637 

1 




3 0 2 
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Tablb VIIIb. (continued). 


Elevation 30 degrees. 


1. 

2. 

) 

3. 

4. 

6. 

6. 

7. 

0 

1-945 

0-00056 


0 

0 

- , 

1 

2-55 

0-00086 





2 

3-21 

0-00122 


0-00080 

1-1 


4 

4-79 

0-00234 


0-00174 

4-1 


6 

8-43 

0-00368 


0-00351 

9-5 


8 

9-11 

0-00581 


0-00656 

19-2 

0 7 

10 

11-16 

0-00785 


0-01022 

34-4 


12 

14-01 

1 0-01063 

1 

0-01417 1 

56-3 

0 15 

14 

15-76 

0-01276 

' 0-01828 

82-0 


16 

' 17-48 

0-01495 


0-0225 

114-3 

0 24 

18 

18-85 

0-01671 


0-0269 

152-0 


20 

19-92 

0-01810 


0-0316 

195-0 

0 36 

24 


0-0191 


0*0418 

297 

0 46 

28 


0-0174 


0-0525 

419 

0 59 

32 


0-0143 


0-0629 

557 

1 11 

36 


0-0110 


0-0729 

708 

1 23 


Table IX. — Comparison of Calculated Drift with Observations of April-May and 

February, 1918. 

The azimuth of the shell at time t (in minutes of angle) = At. 

Elevation 50 degrees. 


Observations of April-May. 


1 1 

I Rifling 1/30. 

i ^ i 

1 Rifling 1/40. 

! 

Mean observed 
time. 

i 

Mean observed 
A. 

1 

1 

Calculated A. 

! Mean observed 
time. 

1 

Mean observed 
A. 

Calculated A. 

! 10-9 

1-46 

1-27 

10-2 

1-18 

0-90 

23-9 

2*24 

2-29 

i 22-9 

1*30 

1-66 

33-3 

2-89 

2-85 

j 31*0 

1-96 

2-10 

41-3 

^ 3-16 

j 

8-36 

39-1 

2-00 

2-44 
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Tablk IX. (continued). 


Elevation 50 degrees (continued). 


Observations of February. 



Rifling 1/30. 


Mean observed 
time. 

Mean observed 
A. 

Calculated A. 

6-99 

16 03 

26-08 

4*64 

1*68 

1*99 

0-86 

1- 65 

2- 46 



Rifling 1/40. 

1 

Mean observed 
time. 

Mean observed 
A. 

j 

Calculated A. j 

6-33 

3-61 

! 0-63 

1407 

1-40 

I 1-18 

21-93 

1 -47 j 

1 

1-86 

_ 


_ J 


Elevation 30 degrees. 


Observations of April-May. 


Rifling 1/30. 


Rifling 1/40. 

Mean observed 
time. 

. 

Mean observed 

A, 

Calculated A. 


Mean observed 
time. 

Mean observed i 

A. 1 

1 

Calculated A. 

10-04 

0-976 

1*05 

1 

9-58 

1 ' 

1 1*63 ‘ 

0-79 

20-6 

1-575 

1-77 


19*35 

. 0-8() 1 

1*28 

27-9 

2-09 

2*06 

1 


25*95 

i 1-04 ■ 

1*60 


Observations of February. 


Rifling 1/30. 



Rifling 1/40. 


Mean observed 
time. 

Moan observed 
A. 

Calculated A. 


Mean observed 
time. 

Mean observed 
A. 

Calculated A. 

13-2 * 

1-40 

1-32 


13-02 

1*73 

r ~ 

! 0*97 

22-52 

1-36 

1-86 


22-06 

1*26 i 

i 

1 1*38 




[ 389 ] 


\ 1 . ^ J Selective Hot - Wire Microphone. 

By W. S. TvcKVAi, n.Sc., A.Ii.aSc., and E. T. Pakis. M.Se. {Loud.). 
Conmmnieafed t>y Prof. H. L. ( 'aulunpah, F.B.S. 

Keceived November 2, 1920, — Kead January 20, 1921. 


( ^ONTKNTH. 

1. Introduction 

2. l)escri])tion of tlic Mi('i*o])honc 

3. Elcjctrical ConnoctioiiK 

4. vSharpncHS of Tuning of tlnj Microphone . . . 

5. Senaitivity 

6. The Kesistanco Changes in the Wire Grid 

7. Experiments on the Measurement of Sound 

8. The Effect of Tilting the Microphone 

9. Some Observations of Distribution and Intensity of Sound made with the Hot-Wire 

Microphone 

10, Summary 


Page 

389 

391 

394 

396 

400 

404 

411 

416 

423 

429 


§1. Introduction, 

The instrument described in the following paper provides : — 

(i) A convenient means of detecting a note of given pitcli when other sounds are 
present ; and 

(ii) A method of estimating tfie relative intensities of sounds of the same pitch. 

The idea which formed the starting-point for the construction of the instrumentr— viz., 
the placing of an electrically heated grid of fine platinum wire in the orifice of an other- 
wise closed vessel — was originally employed by one of us (W. S. T.) in the construction 
of a sound-detector for the use of Sound Ranging Sections in the British Army.* In 
its original lorm, the detector was intended to respond to heavily damped aerial vibra- 
tions, such as those produced by the firing of guns. Further experiments, however, 
showed that the detector could be tuned to respond to any continuous sound of definite 
frequency by suitably choosing the dimensions of the vessel and its orifice. 

The tuned instrument is highly selective in its action. It is very sensitive when 
used to detect low-pitched sounds, but its sensitivity is diminished for the higher 

British Patent No. 13123 of 1916, an(^ No, 8948 oi 1918 ; United States Patent No. 269902 of 1919. 

VOL, OCXXI. A 592 , 3 H [PubliKhed March 8, 19‘n, 
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pitches. The highest note with which we have experimented hitherto was one of 512 
vibrations per second. 

During the course of a large number of experiments with various types of sound- 
collectors and transmitters, we have found this selective form of hot-wire microphone 
to be of great assistance. It is very simply constructed and easily manipulated, and 
for many purposes the only electrical circuit needed is a Wheatstone’s Bridge. If, 
however, it is desired to use aural methods, or if the sound to be observed is exceedingly 
faint, it is necessary to amplify (by means of thermionic valves) the electrical effects 
occurring in the microphone. When amplification is used it is possible to detect and 
render audible a pure tone which is quite inaudible to the unaided ear. 

This form of microphone provides us with a very convenient instrument for comparing 
the efiiciencaes of various forms of sound-collector — particularly when these are considered 
in relation to the wave-length of the sound employed. It can also be used for deter- 
mining the distribution of intensity at the focus of an acoustical lens or mirror, and 
(what is very important in many practusal problems) the manner in which sound is 
diffracted by obstacles of various shapes and sizes. In addition to these and similar 
experiments, the microphone can be employed to estimate the relative strengths of 
the harmonics in an impure sound such as that produced by the usual form of Seebec;k’8 
siren. Some examples of these applications of the microphone will be given in the last 
section of this paper. 

So far as we are aware, there is no other instrument of a selective character which 
could be used for making observations of the kind indicated above. In nearly all 
cases where attempts have been made to measure or analyse sounds, the instruments 
employed have depended on the setting in vibration of some form of diaphragm. Such 
instruments are generally insensitive to notes of moderately low pitch, and are, moreover, 
easily disturbed by vibrations communicated through the mounting of the diaphragm. 
For this reason methods of amplification are often of little service if the mountings a^e 
to be moved during the experiment. 

The hot-wire instrument here described seeks to avoid this disadvantage by 
measuring directly vibrations which are set up in the air itself, but the displacements 
in progressive waves are so extremely small that they have been increased by resonance. 
This employment of resonance naturally limits the scope of the microphone (so that it 
cannot, for example, be employed for telephony), but it has the advantage nob only of 
magnifying the sound to be recorded, but also of isolating from a complex sound the 
particular tone which it is desired to measure. 

The closed vessel with a single orifice (in which the platinum wire grid is mounted) 
forms the well-known Helmholtz resonator. The advantages possessed by this form of 
resonator are : — 


(1) That the resonance is sharp. 

(2) That the overtones are all relatively high. 
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(3) That the overtones are not in harmonic relation ; and 

(4) That the dimensions of the resonator need only be small compared with th^ wave- 

length of the sound to be observed. 

The simplified theory of such resonators is due to Rayleioh,* who showed that the 
number of vibrations in the resonant note is given by 



where V is the velocity of sound in the gas in the neck, S is the volume of the reservoir, 
and c is a quantity depending on the shape and dimensions of the orifice and callec^ 
(from an electrical analogy) the “ conductivity ” of the orifice. 

§ 2. Descriptiott of the Microphone. 

The complete microphone, comprising the Helmholtz resonator with the platinum 
wire grid suitably mounted in the neck, is made for convenience in three separate parts : — 

(i) The platinum wire grid, mounted in a circular mica plate. 

(ii) The “ holder,’’ which includes the neck of the resonator and the necessary 

contact-pieces and terminals for carrying current to tlie grid ; and 

(iii) The “ container,” or reservoir. 

A short description of each of these three parts will now be given. 

(i) The Platinum Wire Grid. — Fig. 1, A, shows one form of the grid. It tionsists of a 



Fig. 1. 

circular plate of thin mica 4 cms. in diameter, in the centre of which is cut a circular 
hole 0 *66 cm. in diameter. A nunaber of small pin-holes are punched at the edge of 

♦ Rayleioh, ‘ Theory of Sound, ’ vol. II., p. 174. 

3 H 2 
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this circular opening, and through these the wire is threaded to form a zig-zag grid 
as shown in the figure. To each side of the mica plate is attached an annular plate 
of silver foil (shown by shaded portion in the figure), and to each of these plates is 
soldered one end of the platinum wire. The two plates of silver foil thus constitute 
the electrodes of the wire grid. 

Fig. 1 , B, shows another form of grid, for the design and manufacture of which we are 
indebted to the Research Department of the General Post Office. The wire is bent 

into three loops, and is supported by a small 
rod of glass-enamel placed diametrically across 
the opening in the mica plate. 

The grids are made in the first place with 
Wollaston wire, the silver sheath being removed 
by means of nitric acid after the wire has been 
moulded in position. During this part- of the 
process of manufacture the silver foil electrodes 
are protected by a coating of paraffin wax. 

The grids used in the experiments described in 
this paper were, unless otherwise stated, of the 
type shown in fig. 1 , B. The wire, the diameter 
of which was about 0 ‘0006 cm., carried a maxi- 
mum current of about 30 milliamperes, the 
exact amount varying in individual grids ac- 
cording to the sample of wire used in their 
manufacture. The average resistanc^e at 10° C. 
was about 140 ohms, and about 360 ohms when 
(jarrying a safe working current of 25 to 28 
‘ milliamperes. In the case of a particular grid, 

it was found that its resistance was 125 ’5 ohms 
at 0° C., 133 ohms when carrying a current of 
0 *5 milliampere, 156 *2 ohms at 100° C., and 332 
ohms when carrying its working current of 32 
milliamperes. The working current heats the 
grid to just below red heat. 

For certain purposes grids were made from 
wire 0-0015 cm. in diameter and carrying a 
maximum current of about 55 milliamperes. 
The number of loops was increased in these 
grids to eight, four on each side of the glass- 
enamel support. 

(ii) The “ Holder ” — The manner in which the holder is made up is shown in fig. 2. 
The cylindrical neck A, made of brass, is soldered into the centre of the circular plate 




Fig. 2. 
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El made of the same material. E, is provided with the terminal T,. The mic-a plate (M) 
carrying the grid is clamped between E, and the lower ring E^, which is also of brass 
and carries the terminal at the side of the holder. Beneath E^, is a rubber :mg H,. 
and this rests on a bed of ebonite (P) to which also the plate E, is fixed by the screws S. 
The ebonite bed (P) is square, and is bolted at the corners to the square brass plata* (B) 
which forms one end of the container. To ensure an air-tight joint a square plate of 
thin rubber is inserted between the holder and the container. 

When the plate E, is screwetl down on to the ebonite bed, so that the mica plate wit !) 
its silver foil electrodes is firmly held l)etween Ej and Ej,, a current can be passed througli 
the grid by connecting a battery to the terminals Tj and 'J\,. 

The neck (A) forms the channel of communication between the interior of the 
container and the outside air, and from an acoustical point of view is tlic most important 
part of the holder. If the capacity of the container be given, it is on the hydro- 
dynamical conductivity of this neck that the pitch of tlie resonator dcipends. The 
dimensions of the neck generally used were : length 2 -2 cm.-;., internal diameter 0 -75 cm. 
In certain experiments, however, the neck was mad(‘ rather shorter than this in oi(l(‘r 
to tune the resonator to some given pitch. , 

When the grid is being placed in position bet ween E, and E^ it is imporl.ant. to see 
that the circular aperture in the mica plate is coaxial with the neck, since even a small 
displacement from this position will change the pitch of the resonator by an appreciable 
amount. 

(iii) The “ Container ."' — The containers were in most cases made from brass tubing. 
One end of the tubing is closed with a circ.ular brass plate, wldle at the other end is fitt(«l 
a square brass plate of the same dimen-sions as the base of the ebonite bed of the holder, 
which is bolted to it by means of tin; bolts b, as shown in fig. 2. A circular hole J-inch 
in diameter is cut in the middle of this square plate to allow a free passage of air through 
the neck into the container. The thickness of the brass of which the tubing was made 
was 1 mm. 

The natural pitch of the resonator of course depends on the volume of the container. 
Thus, with the form of neck described above, a volume of 290 c.c. gives the resonator 
a pitch of 116 vibrations per second, while a volume of 68 c.c. gives it a pitch of 240 
vibrations per second. For pitches below 200 vibrations per second it has been found 
convenient to use brass tubing from 2 to 2^ inches in diameter, while for higher pitches 
(above 200) tubing about 1 inch in diameter is the most suitable. 

Other forins of container have been made and tested, and reference to some of these 
will be found in a later paragraph. The material from which the container is made, 
and the ohickness and rigidity of the walls, have a very marked effect on its resonating 
properties. The most efficient resonator which was tested was one which had been 
driUed out of a solid piece of brass, and its superiority must be attributed, in the mam, 
to the increased strength of the walls. 

For experimental purposes it is often desirable to have a microphone whose pitch can 
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be varied at will. This can easily be made by fitting a wooden plunger inside the 
brass tubing of the container, or by making the container in two pprts of different sized 
tubing so that one part will slide over the other. 

Anothev method of tuning the microphone is to alter the length of the neck. It is, 
however, inadvisable to reduce the length of the neck to less than 1 cm., as with shorter 
necks than this the grid is exposed to the effect of transient currents of air. 

§ 3. Electrical Connections. 

When the air in the neck of the resonator is set in vibration by a sound of suitable 
frequency, the platinum wire grid suffers a change in resistance, which may be regarded 
as being made up of an oscillatory change and a steady change. There are thus two ways 
in which the microphone can be used. 

(i) Tlie. AmjMjier Method . — If the oscillatory effect is to be observed it is necessary to 
include an amplifier in the circuit. A suitable f6rm for the circiiit to take is shown in fig. 3, 



where the microphone (M) is connected in series with a battery (B), a milliammeter (A), 
a rheostat (R), and the primary of the input transformer of a three-valve amplifier.* 
The sound can of course be heard in the telephones, and provided that the grid lies 
in an approximately horizontal plane {i.e., that the axis of the neck of the resonator 
is vertical) the pitch heard is the same as that of the original sound. The effects which 
occur when the grid is moved out of the horizontal plane are described in § 8 ; but it may 
be noted here that not only the pitch of the note heard in the telephones, but also the 
sensitivity of the microphone, depend on the inclination of the grid to the horizontal 
plane. It is therefore important in any experiment where comparisons of the strength 
of sound are being attempted, that the position of the microphone relatively to a 
horizontal plane should not be changed during the experiment;. The difficulty can be 
overcome by arranging that the microphone shall always hang so that the axis of the 
neck is vertical. Small deviations of one or two degrees from this position do not 
materially affect the sensitivity. 

* Several difEerent types of amplifier have been tried for this purpose. The best results have been 
obtained with a four-valve resistance amplifier specially designed for low acoustic frequencies. 






A SELECTIVE HCT-WIRE MICROPHONE. 


395 


The grid carries, normally, a heating ’current of about 27 millianiperes. When the 
resonator responds to a sound, the to-and-fro motion of the air in the neck produces, 
as already stated, an oscillatory change of resistance, and the effect of this is to super- 
impose on the steady heating current a ripple of small amplitude (generally only a few 
microamperes). It is this ripple which is amplified and which is heard in the telephones. 

It is shown in a later paragraph (§ 7) that the magnitude of the amplified current 
may be used as a means of estimating the amplitude of a sound. For this purpose 
the telephones are replaced by a vibration galvanometer tuned to the pitch of the sound. 

This method of employing the microphone for the measurement of a sound, however, 
is not altogether satisfactory, on account of the difficulty of maintaining an amplifier in 
such a condition that the current amplification is constant for any length of time ; and ■ 
for this reason the Wheatstone’s Bridge method is sometimes preferable. The 
advantages of the Amplifier Method are that it is very sensitive (especially when a 
vibration galvanometer is used) and that the microphone can be placed in a moving 
piece of apparatus, subject only to the restriction that its axis must always be vertical 
(or at some fixed angle to the horizontal). Vibrations communic^ated through the 
mounting of the microphone (even when they are produced by striking the container) 
have very little effect on the sound heard in the telephones. 

(ii) The Wheatstone' s Bridge Method . — This method is preferable to the Amplifier 
Method on account of its greater simplicity, and because there is no danger of the 
sensitivity changing during the course of a long series of observations. A convenient 
form for the Bridge to take is shown diagrammatically in fig. 4. The microphone (M) 



with the inilliammeter (A) forms one arm of the Bridge. The balancing arm (R) is 
made about equal to the resistance of the grid when carrying its working current, i.e., 
about 360 ohms. The rheostat (Rh) is inserted (as shown) in series with the battery, a 
Ibalance being obtained by adjusting (Rh) until the current through the microphone 
brings its resistance (together with that of the milliammeter) up to R. For some purposes 
it is convenient to have ja small variable resistance p in series with the microphone. In 
most experiments it is sufficient to take the deflection of the galvanometer as a measure 
of the intensity of the sound affecting the microphone ; but other methods can of course 
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l)e used, such as meastiring the increase of current required to bring the grid back to its 
initial (Tesistance, or determining the alteration in resistance when the current is main- 
tained at a constant value. 

It is important when using the microphone in this way that it should not be moved 
during the course of an experiment. This is one of the disadvantages of the method. 
A small alteration in the tilt of the microphone upsets the balance of the Bridge and 
renders the sound-measurements inacctirate. If B is the angle between the axis of 
the microphone and a vertical line (so that 0 — 0 when the microphone is held in its 
normal position with neck uppermost), then it is found that as 0 is increased the 
resistance of the grid gradually falls and reaches a minimum when 0 is about 100 degrees. 
The fall in resistance is then about 3 ohms (see fig. 13). 

The resistance of the grid also changes when the microphone is rotated about its 
own axis, except of course when the axis is vertical. Thus, if the microphone is held in 
a horizontal position and in such a way that the glass-enamel support also lies horizontally, 
then a rotation of 90 degrees, bringing the glass-enamel support, into a vertical position, 
is accompanied by a fall in the resistance of the grid of about 1 ohm. 

All these effects are due to the influence of the convection currents issuing from the 
heated wire, and it apjiears that if the convection current from one part of the wire 
impinges on another part, of the wire the resistance of the grid as a whole is always 
lowered.* As will be seen from the experiments descril)ed later, these convection currents 
play a very important part in the working of the microphone. 

Although the resistance of the grid is changed (current being constant) when the 
plane in which it lies is altered, there is but httle change in the sensitivity of the microphone, 
whether it is held horizontally or vertically, provided that its initial resistance is the 
same. 


§ 4. Sharpness of Timing of the Microphone. 

The natural pitcdi of a microphone can best be determined by plotting its resonance 
curve. For this purpose the microphone to be tested is set up at a distance of two or 
three feet from a siren (a modified form of Seebeck’s siren was used in the present 
experiments), and the grid is connected into one arm of a Wheatstone’s Bridge as shown 
in fig. 4. The strength of the blast of air in the siren having been adjusted to a suitable 
value, a series of readings are taken of the deflection of the galvanometer and the pitch 
of the siren note. The curve formed by plotting deflection against the interval nfp 
(w/ 27 r being the resonant pitch of the microphone and p/2Tr the pitch of the sjren note) 
gives what we shall call the “ resonance curve ” of the microphone. 

* The mutual action due to convection of two electrically heated fine platinum wires is described 
by J. S. G. Thomas: “An Electrical Hot-Wire Inclinometer/’ ‘Proc. Phys, Soc. Lond.*, vol. XXXII) 
pp. 291-314 (1920), 
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A typical example of a curve obtained in this way is shown in fig. 6, the natural 
pitch of the microphone being 240 vibrations per second. 



f-l2 1-08 I'OA 1-0 0-96 0-92 0-88 

njf, 

Fig. 5. 

In order to obtain reliable resonance curves it was lound necessary to make observations 
out of doors. When the experiments were performed indoors the results were in nearly 
all cases vitiated by the setting up of stationary waves in the room containing the 
apparatus. 

Experiments are described in a later paragraph (§ 7) which show that— within limits— 
the change of resistance of the grid is proportional to the square of the amplitude (and 
therefore to the energy) of the vibration in the neck of the resonator, when the pitch 
of the stimulating sound remains constant. The influence of a change in the pitch of 
the sound upon the resistance change of the grid (apart from its effect on the response of 
the resonator) has not yet been investigated. In dealing with the resonance curves, 
where in any particular experiment we are concerned only with a comparatively narrow 
range of frequencies, we shall regard the deflection of the galvanometer as being 
proportional to the vibrational energy in the neck. Precautions were of course taken 
to ensure that the deflections were proportional to the chaoges in resistance suffered 
by the grid. 

As stated above, the source of sound used in these experiments was a modified form 
of Seebeck’s siren. It consisted of a heavy circular brass plate pierced wji&i a ring of 
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twelve equidistant holes. This plate was rotated by an electric motor, the speed of 
which could be regulated by means of a rheostat in series with the urmature. A stream 
of air, forced through a nozzle against the ring of holes, was supplied from a gas- 
compressOr. The speed of the siren-plate was given by an Elliott speed-indicator attached 
to the motor, the readings of this instrument being proportional to the frequency of 
the fundamental note of the siren. The end of the nozzle and the holes in the siren- 
plate were so shaped that the area through which air cculd escape from the nozzle was 
proportional to (1 — cos pt), p /2x being the number of holes passing the end of the nozzle 
per second.* It was found by experiment (using a Hot-Wire Microphone) that with 
this arrangement the note produced by the siren was remarkably free from harmonics. 
It will be assumed in what follows that, within the limited range of frequencies over 
which a resonance curve is plotted, the amplitude of the sound produced by the siren 
remained sensibly constant. 

On the understanding that the results may ,be subject to some revision on account 
of these assumptions, we can deduce the degree of damping of the Helmholtz resonator 
used to obtain the curve in fig. 6. 

If the equation of motion of the forced vibration in the neck of the resonator is 
written 

. -f-2K ^ +n^x = /’cos pt, 

at. at 

dx 

where is the instantaneous current of air in the neck, and w* = V*c/S, then the 
forced vibration is 

* = {-rn’-p-^ 4Ky}* ““ 

and the average energy of the vibration in the neck is proportional to the average 
value of is, to 

\p nj 

It is found that the experimental curves can be fairly well represented by an 
expression of this type, provided that a suitable value is given to K. Thus, by choosing 
K = 38 *6, we obtain the dotted curve shown in fig. 6, which approximates closely 
enough to the experimental curve to show that this is about the proper value for the 
damping factor. In all cases so far examined the value of K required' to fit the 
experimental curves has been found to lie between 20 and 40, and it has generally been 
foimd that K is less for the low-pitched resonators. For example, with a resonator 
whose natural pitch was 112 vibrations per second, the value of K was found to be 22 '2. 

* For the desijjjj of this siren-plate we are indebted to Meters. R. H. Fowlbb and E. A. Milne, of 
Trinity College, Cambridge. 
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The forced vibrations of a resonator, due to an external source of sound, have been 
considered by Rayleigh (“ Theory of Sound,” vol. II., p. 196). If the periodic change 
of pressure at the mouth of the resonator is represented by Fe*''*, the equation of 
motion applicable to the forced vibration in the neck is 


d?x 

dt^ 


f?c dx 
dt 


+n^x 



where c is the hydrodynamical conductivity of the neck and p is the density of the air. 
The term representing dissipation is here a function of frequency, but it represents “ only 
the escape of energy from the vessel and its neighbourhood, and its diffusion in the 
surrounding medium, and not the transformation of ordinary energy into heat.” It 
is found to be quite inadequate to account for the experimentally determined rate of 
dissipation. If /)/2x = 112 vibrations per second, c = 0-13 cm. (determined experi- 
mentally), and V = 33760 cm. per second, then 


47rV 


0 - 15 , 


which must be compared with the experimentally determined value of 22 -2. It is clear, 
therefore, in the case of resonators such as those used in these experiments, that the 
dissipation is due in the main to other causes than the escape of energy through the 
neck, such as the effect of viscosity on the motion in the neck, and the lack of rigidity 
in the walls of the container. When we consider the obstructions caused by the glass- 
enamel rod supporting the grid and the sharp edge of mica at the base of the neck, 
the comparatively high rate of dissipation is not altogether surprising. 

The expression for the natural frequency of a Helmholtz resonator (calculated without 


allowance for dissipation) is 





If N is found from the resonance curve and S is measured, the conductivity c can be 
calculated, and this should be a constant for a given size and shape of neck. For the 
cylindrical necks 2 *2 cms. long and 0 *75 cm. in diameter, and partially obstructed by 
the platinum wire grid, it is found that c is about 0 *13 cm. The following is an example 
of the kind of measurement taken : — 


N. 

s. 

c 

vibrations/sec. 

c.c. 

cm. 

240 

68 

0 133 

235 

1 73-6 

0*138 

140 

197 

0*l31 

116 

290 

0*132 


Temperature 13° -3 C. Mean value of c - O' 133 cm. 


2 
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As a rough check on these observations, we may calculate from hydrodynamics 1 
principles approximate upper and lower limits to the conductivity of the neck. The 
required expression is given by Rayleigh (“ Theory of Sound,” vol. II., p. 181). For 
a cylindiical neck of length L and radius R, 

ttR* 

L+aR’ 

where aR is the “ end correction ” to be added to L on account of both ends. Since 
one end is flanged and the other unflanged, we take « = 0 *8 + 0 *6 = 1 '4. To find 
an upper limit to c, take L = 2 -2 cms., 2R = 0 '76 cm. ; and for the lower limit take 
L = 2 '2 cms., 2R = 0 -66 cm. (the diameter of the circular hole in the mica plate). 
We then find ' 

0*]62> c >0-125. 


§5. SmsUiinty. 

The following experiment gives some idea of the smallness of the sound of which the 
microphone is capable of recording when it is used in conjunction with an amplifier. 
A microphone was constructed from brass-tubing 1 inch in diameter and tuned to 
respond to a note of 256 vibrations per seconcl. This microphone was placed in one comer 
of a large field and connected by u long pair of leads to an army amplifier of the 
“ C Mark II.” pattern, the output terminals of which could be connected either to a 
pair of Brown telephones or to a Campbell vibration-galvanometer (also tuned to 266 
vibrations per second). In order to test the sensitivity ,of the microphone, a tuning-fork 
giving a note of frequency 256 was sounded over a resonator at various distances from 
the microphone. The sound produced was as a rule inaudible to the unaided ear at 
distances greater than 80 yards. It could, however, be heard in the telephones up 
to distances of about 200 yards, and when the vibration-galvanometer was used quite 
well-marked deflections were obtained up to a distance of 400 yards or more. 

As regards the conditions which determine the sensitivity of the microphone, these 
may be divided into two groups according to whether they have reference to the resonator 
or to the grid. We will deal first with those that refer to the resonator. Amongst 
them the most important is obviously that the resonator be accurately tuned to the note 
which it is required to record. The effect of mistuning is clearly shown by the resonance 
curve in fig. 6. 

When the resonator is accurately tuned, i.e., when n — p, the maximum velocity 
in the neck, according to the equations given in § 4, is 

(i^\ = / . 

2K 
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Since f , F being the variable’ part, of the presaure at the moutli of the 

p 

resonator, the actual “ magnification ” of the displacements and velocities obtidned by 
using the resonator is seen to be 

Vc 

2K’ 

and is determined by the ratio of the conductivity of the neck to the damping factor K. 
Since, when c is constant, K is found to be larger the higher the pitch of the resonator 
employed, the efficiency of the microphone for the higher notes is correspondingly 
diminished. 

As a numerical example, we may quote the case of the resonator used to obtain the, 
cxirve in fig. 6 , for which N = 240 and K — 38 -5, so that, putting V = 33760 cm. /sec. 
and c — 0 -IS cm., the “ magnification " is about 67 ; while for a resonator of pitch 1 12 , 
and K — 22*2, the “ magnification ” is^about 100. It may be noted here for future 
reference that if K — 38 - 5 , and the amplitude of the sound outside the resonator is 
1 '27 >: 10 -" cms., i . e ., Rayleigh’s value for the minimum amplitude audible when 
N — 256 , then the maximum velocity in the neck of the resonator will be about 
0 -one cm. per sec., and that, even if the amplitude is two hundred times the above value, 
the maximum velocity in the neck will still be less than 2 ’6 cins. per sec. 

One of the most import-ant factors in determining the efficiency of a resonator is the 
rigidity of the walls of the container. This was well shown by the following 
experiment. 

A cylindrical resonator of rolled veneer was tested and found to respond to the same 
frequency as a brass resonator of the same volume with the same orifice. The resonant 
note was 79 vibrations per second. Experiment showed that, its degree of re8])onHe 
(measured with a Wheatstone's Bridge) was only one-third of that of the brass one, the 
conditions being as nearly as possible the same in both cases. The resonance curve 
for the veneer resonator showed that the appropriate value of K was about 36 . 

We have next to consider some points in connection with the sensitivity of the grid. 
Almost the first problem that arises in constructing a microphone of this pattern is 
the choice of a suitable diameter for the wire. In the first experiments that were made 
with microphones of this type the diameter of the wire used was 0 •0016 cm. It was 
found, however, that better results were obtained with finer wire, and from time to time 
experiments have been carried out with wire of various diameters down to 0 -0002 cm. 
These experiments showed that the finer the wire the greater was the sensitivity (more 
especially for high-pitched notes), but that the increased sensitivity obtained with very 
fine wires was very often counter-balanced by their extreme fragility, which rendered 
them unsuitable for anything but very special purposes. Finally, a wire of diameter 
about 0 -0006 cm. has been adopted as being sufficiently sensitive, and at the same time 
not too fragile to prevent its being employed in ordinary out-of-door experiments. 

The sensitivity is most easily controlled by altering the heating current. No matter 
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in what manner the microphone is employed, it is found that its sensitivity is always 
increased by increasing the working current. The curves in fig. 6 show this effect in 



Heating current in milliamperes 


Fig. 6. 

two cases : (1) when the microphone is connected in series with the primary of a trans- 
former, the secondary of which is joined to a vibration-galvanometer ; and (2) when 
the microphone is employed with an amplifier and vibration-galvanometer. 

The curves were obtained by clamping the microphone so that its orifice lay just 
between the prongs of an electrically maintained tuning-fork making 260 vibrations 
per 8e(!ond. The tuning-fork was carefully maintained at a constant amplitude while 
the heating current of the microphone was gradually increased from zero to the maximum 
safe current of about 28 -5 milliamperes. In fig. 6 the heating current is plotted against 
the deflection of the vibration-galvanometer. Curve I refers to the case when the micro- 
phone is used with a transformer alone, while the effect of introducing an amplifier is 
shown by Curve II.* In the latter case, however, it must be borne in mind that the 
amplification itself is in all probability a function of the magnitude of the effect produced 
in the microphone. It will be observed that the effect produced by the sound is almost 
negligible until the heating current reaches a value of nearly one-third of the safe 
maximum. 

In the case of the Wheatstone’s Bridge, the effect of a change in the heating current 
of the microphone is complicated by the altered sensitivity of the Bridge. The variation 
of the sensitivity was therefore investigated by measuring the change in resistance of 
the grid with various heating currents for a given constant value of soimd intensity. 
The method adopted in the experiment was as follows. A microphone was connected 
into a Wheatstone’s Bridge circuit in the usual manner, and its resistance measured with 
various heating currents so that a current-resistance curve could be plotted. An 
electrically maintained tuning-fork, with a resonator to' reinforce the sound, was then set 

* For oonvenience the eeasitivity of the galvanometer wa? reduced when uiung the amplifier. 
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in vibration at a convenient distance frorA the microphone. The amplitude of vibration 
of the tuning-fork could be observed through a microscope, and it was found that, with 
care, its amplitude could be maintained at a given value to within 2 or 3 per cent. A 
second series of ob8er-<'ation8 of current and resistance of microphone grid was ttien made 
and the new current-resistance curve plotted on the same chart. The results obtained 
in a particular e.vperiment are given in the following table : — 


Without 

Sound. 

i 

With Sound. j 

(Current in 
milliampereH. 

Rpsistanco 

in 

Curnuit, in 
niil]iamper(‘K. 

RrHistanco ! 

in ohms. 


ir.7-.5 

il -0 

1,57 -T) 


177-5 

N •!* 

177-5 

KM 

197-5 

17-(t 

197-5 

18-5 

217-5 

20-3 

217-5 

2o-;j 

237-5 

22-(; 

237-5 

221 

257-5 

’ 21-5 

257-5 

23-8 

277-5 

25-3 

277-5 

25-2 

297-5 

28-0 

297-5 

26-7 

317-5 

29-5 

317-5 

28-0 

337-5 




The current-resistance curves are plotted in fig. 7. If, for some particular value of 



Heating current in milliamperes 
Fig. 7. 


the heating current, the ordinate of the lower curve is subtracted from that of the upper 
curve, we find the change which the sound produces in the resistance of the grid 
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under the condition that the current remains constant. That is, (5R is the change 
in resistance which would be measured if the bridge were re-bdanced by inserting 
resistance in the microphone arm ; or if a bridge of the “ constant current ” t)^.is 
used, 'is simply proportional to the galvanometer deflection. 

The relation between (?R and R (the initial resistance of the grid), is a linear one, viz. ; 


^R = 0’2 (R-140), 


140 ohms being the resistance of the grid at air temperature. Therefore, by altering R- -- 
or, what is the same thing, by altering the heating current^ — ^the sensitivity of the grid 

can be varied in a perfectly definite manner. Con- 
versely, observations which have been made with 
the same microphone with different heating cur- 
rents can be very easily made to correspond by 
reducing 'tnsm to some standard value of the 
current. If observations are taken under different 
conditions of air temperature, a correction on this 
account can easily be made if desired. 

A quantity which is more characteristic of 
the wire from which the grid is made is 

ar 

the change in resistance for a given sound in 

XV 

ohms per ohm. Probably the value of for a 

given heating current and sound would provide the 
most convenient method of defining the sensitivity 

of a grid. The values of obtained from 

the above table, are plotted against R in fig. 8, 
and show very clearly the way in which the sensitivity of the grid increases as its 
temperature rises. 
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§ 6. The Resistance Changes in the Wire Grid. 

In this and the following two sections we shall examine more closely the means by 
which the platinum wire grid is enabled to record electrically the aerial vibrations 
which are set up in the neck of the resonator. Suppose in the first inst^^nce that a 
microphone is held with its axis vertical (neck uppermost), and that the grid is connectea 
in series with a battery and the primary of the first stage transformer of an amplifier. 
It is found by experiment that the temperature of the platinum wire, when carrying its 
normal safe working current of about 29 milliamperes, is in the neighbourhood of 
600° C., and we know that in these circumstances the energy supplied to the wire in 
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the form of heat is lost mainly by convection. There is in fact above the grid a free 
convection current ’vhose velocity depends on the temperature and diameter of the 
platinum wire. A sound of suitable pitch produces in the neck of the resonator an 
alternating current of air which is superimposed upon the free convection current, 
with the result that the convection of heat from the platinum wire is alternately retarded 
and accelerated. It can easily be seen that if the maximum velocity of the alternating 
air-current does not exceed the velocity of the convection current, the periodic, tempera- 
ture change produced in the platimim wire will have the same frequency as that of the 
sound stimulating the i-esonator. 

This is in accordance with the observed fact that when the microphone is held 
vertically the note heard in the telephones has the same pitch as that of the original 
sound. 

Next, suppose that the microphone is held so that its axis is horizontal and the grid 
lies in a vertical plane. The free convetdion current is now at right angles to the axis 
of the neck, and the effect of an oscillatory motion of the air in the neck (parallel to its 
axis) will be to produce a periodic change in the temperature (and therefore resistance) 
of the grid whose periodicity will be twice that of the sound which produces it. This 
is in fair agreement with observations, for when the microphone is gradually tilted 
over from a vertical to a horizontal position, the fundamental note heard in the telephone 
slowly dies away and the octave becomes more and more prominent. The octave is 
heard best, however, when the neck is pointed slightly downwards so that the axis 
makes an angle of abouf. 20 degrees with the horizontal. This peculiar effect, which 
appears to l)e due to the asymmetrical construction of the neck of the resonator, will be 
referred to in a later paragraph (§ 8). 

We shall in the present section confine our attention to the case when the microphone 
is held vertically with the ne(;k pointing upwards, and it will be assumed that the 
resistance changes which the sound produces in the grid can be attributed to the changes 
in the velocity of the air in the neck. In order to ascertain the nature of the resistance 
changes which are likely to occur, it is first of all necessary to determine the relation 
between the resistance K of the grid and the velocity U of the air-current which cools 
it. U here refers to the velocity of the forced air- current, the actual current passing 
the wires of the grid being the sum of the forc.ed current and the free convection current. 
The velocity of the undisturbed convection current rising from the grid will not, of course, 
be evenly distributed in the neck of the resonator, but the effects of free convection can 
be represented by an “ effective ” current supposed uniform throughout the neck. 
The actual current passing the grid is then V = U -f V#, the downward vertical being 
' Regarded as the positive direction. We shall first obtain a relation between R and IT 
for small steady values of U, and afterwards extend the results obtained to the case of 
oscillatory currents by putting II sin pt in place of II. 

On accoimt of the applications to be found in Hot-Wire Anemometry, the cooling of 

electrically heated fine platinum wires by steady currents of air has received a good deal 

VOL. ooxxi. — A 3 K 



406 


DE. W. S. TUCKER ANP MR. E. T. PARIS ON 


of attention from physicists. The most complete investigation available is that contained 
in the well-known paper by L. V. King.* King shows that, for fine wires in air-currents 
of low velocity, the heat-loss per cm. is given by an equation of the form 

H = a0„/log:^, 


where a and /8 are constants, is the excess temperature of the wire above its 
surroundings, V is the velocity of the air-current, and d the diameter of the wire. 



This equation is theoretically applicable whenever 
Vd < 0 ’0187, a condition which is amply fulfilled in the 
present case with d ~ 0 -0006 cm. and V not greater 
than 6 cms. per second. AVe have not, however, been able 
to adapt this eqtiation in any way which leads to useful 
results in the caso of the Hot-Wire Microphone. It may 
be remarked that both the diameter of the wire and the 
magnitude of the air-currents with which we are concerned 
are considerably smaller than those used in the experi- 
ments of King, or of other investigators to whose work 
■reference will be fo\md in King’s paper. In view of this 
fact, and of the rather special form of the grid and its 
mounting, it was thought desirable to determine experi- 
mentally the relation between R and II for such small 
values of U as are likely to be required to account for 
the behaviour of the grid under the influence of alter- 
nating air-currents. 

The arrangement of the apparatus used in the experi- 
ments is shown diagrammatically in fig. 9. A micro- 
phone grid is mounted in the holder at A. The interior 
of the small brass container (B), carrying the microphone 
and holder communicated by means of the short tube (C) 
with the reservoir (D), which was partly filled with water. 
A current of air could be produced past the microphone 


grid by opening the tap (T), which allowed the water in D 


Fig. 9. 


to escape through the tube (E) into a second reservoir 
from 4 to 6 feet below D. A current in the reverse 


direction could be produced by allowing water to siphon into D from another reservoir 
at a higher level. 

The average velocity of the air-current passing the grid was deduced from a knowledge 
of the area of the aperture in which the grid lies, the area of the cross-section oi D, 


* ‘ Phil. Trans.,’ A, vol. 214, pp. S7S-432 (1914), 
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and the velocity of the fall (or rise) of the sxirface of the water in D. The latter was 
found by timing the movement of the level of the water in the gauge (G). The maximum 
velocity of the fall or rise in D required in the experiments was 0 *09 cm. per second, 
corresponding to a velocity of 6 cms. per second for the air passing the grid. 

The microphone formed one arm of the Wheatstone’s Bridge shown in fig. 4. The 
method of taking an observation was as follows. The balancing resistance R was given 
some prearranged value about equal to the sum of the resistance of the grid (carrying 
its normal current), the milliammeter and the variable resistance p set at 10 ohms. 
The resistance p could be varied by steps of 0 *1 ohm from 0 to 20 ohms. With the taj) (T) 
closed, the bridge was then balanced by adjusting the rheostat (Rh), that is, by altering 
the heating current until the total resistance of the microphone, milliammeter and p - 
was equal to R. The tap (T) was then opened and adjusted to give an air-current past 
the grid of approximately the required velocity. The exact velocity of the air-current 
was determined by timing with a stop-watch the fall or rise of the level of the water in 
G for 1, 2 or 3 cm., according to the magnitude of the velocity employed. The change 
in the resistance of the grid was determined at the same time by increasing or decreasing 
the resistance p so as to restore the balance. The resistance-change was determined 
to 0 *01 ohm by noting the deflection which remained after the bridge had been balanced 
as nearly as possible by altering p. The effect of a forced air-current on the resistance 
of the grid was thus determined under the condition that the electric current carried by the 
grid remains constant. 

The results of one experiment are shown in the following table, which gives U, the 
impressed air-current, in centimetres per second, and t® the change in the resistance of 
the grid. The air-current U is taken as positive when it flows into the container — in 
this case vertically downwards. 


'IiCROPHONE Grid A1079. Heating current 28 *6 milliamperes. Resistance of grid 
when impressed air-current is zero = 270 *8 ohms. 


u. 

cm. per sec. 

SR. 

ohms. 

U. 

cm. per sec. 

m, 

ohms. 

-412 

-9-73 

fO-27 

-fO-46 

-3*54 

-7-76 

4-0-53 

+0-50 

-313 

-7-46 

4-0-55 

+0-56 

-3 04 

-6*83 

4-0-90 

+0-73 

-2*20 

-4-34 

4-1 *33 

■fO-79 

^ -2-07 

-4*18 

+1-40 

-fO-74 

-1*66 

-2-91 

4-1-97 

-HO -47 

-1-33 

-2*15 

4-1-99 

-HO -43 

-0*74 

-Ml 

+2-40 

-HO -10 

-0*48 

-0*76 

+2-67 

-0-37 

-0*45 

-0*61 

+3-61 

-1.92 

0 

0 

1 

+4-30 

-3-36 


3 K 2 
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The values of U and are plotted in fig. 10 and a smooth curve drawn throi^h the 
points. As the impressed air-current increases from zero the resistance of the grid 



, V !n cmsjsec. 
Fig. 10. 


(given by R = 270 -8 -)- ^R) rises and passes through a maximum, the curve cutting 
the U-axis at U =- 2 -46 cms. per second. The maximum occurs when U = | X 2 -46 
= 1 -225 cms. per second. When U has this value, the impressed air-current balances 
the free-convection current V„, so that V„ = 1 *225 cms. per second. Somewhat similar 
curves to that in fig. 10 are given in a recent paper by J . S. G. Thomas,* who used this 
method to determine the velocity of free convection from a platinum wire 0 -00784 cm. 
in diameter and carrying current of 0 -6 to 1 -2 amperes. 

The symmetrical form of the curve about the line U = Vo = 1 -226 suggests that 
the relation between ^R and U can conveniently be represented by a formula of the 
type 

^R = mo-Ha(U-Vo)*+6(U-Vo)^ + &c., 

where ^R# is the maximum increase in resistance occurring when U = Vo. It was found 
that the results of the above experiment could be very fairly represented by ti-e formul" 

^R = 074-0-50 (U-l•225)*-^0•0044(U-r225)i^ 

A series of points for U = 0, ± 1, + 2, etc., calculated from this expression, are indicated 
* ‘ Phil Mag.’, vol. XXXIX, pp. 618-523, and PI. XI, fig. II (1920). 
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in fig. 10. In all such experiments, where U did not exceed 5 cms. per second, it was 
found that the resuli could be expressed within the errors of the experiment by a formula 
of the type 

= m„4-a(U-Vo)»+6(U-V.,y. 

% 

In the above experiment the resistance was measured under the condition that the 
electric current carried by the grid was the same with and without the air-current. 
In many experiments, however, the cooling of the grid will be ac(!ompanied by an 
increase of electric current, which tends to restore the temperature to its initial value. 
The extent to which this takes place depends of course on the particular circuit in which 
the microphone is used, but in most cases its effect will not be very marked, owing to’ 
the dead resistance in series with the microphone. 

In a sec.ond experiment, performed with a grid of similar type to that used in the 
first experiment, the resistance was measured for various values of U by rebalancing 
the bridge with the resistance R, so that the heating current, did not remain quite* 
constant but increased or dee^reased according as the grid was cooled or heated. 'I'he 
resistanc e llh was 240 ohms. It was found ’that the resistance -velocity c.urve had the 
same character as that in the first experiment, and up to velocities of 5 cms. per second 
the change in resistance could be quite adequately represented by an expression of the 
above type. 

It is convenient to write the expression for (Ut in the form 

m. = -2V„ {a + 2hY,!‘) lJ + {a + 6hY„’‘) 

If the values of a, h and V,, determined in the above experiment are inserted we get 
<?R = 1•19U-0•4^;U*-0•022U* + 0•0()44U^ 

so that if II is not much greater than 1 cm. per second, is given by the first two terms 
to within 2 or 3 per cent. 

In applying these results to the case of oscillating air-currents, we shall at first suppose 
that 11 is so small that the third and fourth terms are negligible. If it is assumed that 
the resistance of the grid at any instant is the “ equilibrium ” value which it woqld take 
up if the instantaneous velocity were maintained, then the changes in resistance produced 
by an alternating air-current U sin pt will be given by 

(?R = — 2V„ (a-f 26Vo*) U sin 
+ {a + 6bY„’‘) IP8in>< 

= i(a-^66V,*) U* 

— 2 Vo (a -1- 26 Vo*) U sin pt 
— J (a-i-66Vo*)U* cos 2pt. 
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Tlic total chaiij^e wf»uld therefore be made up of three parts 

( 

(1 ) A steady drop in resistance given by dR, = ^ (a + GbVf) 

( 2 ) A pei iodic change of resistance ^Rj = — 2V„(a + 26Vo^) bJ sin of the same 

frequency as the sound stimulating the resonator. 

(;}) A periodic resistance change = —^(a + 6bV/) U^'cos 2pt of frequency twice 
that of the sound stimulating the resonator. 

The relative im[)ortance of these effects can be gauged by putting in the values of 
a. h, ajid previously found. This gives 

= -()-2:1TP, 

JRj = + r 1 9lT sin pt, 

,1R., = +0-2311^ ;ioH 2pt. 

These resistance changes correspond to the three most obvious effects of a sound of 
suitable pitch upon the niuuophone. 

(lRi is the effect made use of when the nricrophone is employed in a Wheatstone 
Bridge. Since it is proportional to TF, that is, to the energy of the vibration in the 
nec.k, it should be proportional to the intensity of the sound-wave stimulating the micro- 
phone. This is confirmed by the experiments described in § 7. 

rlRo is the effect which causes the ripple on the heating current, and whicdi can be made 
audible by the use of an amplifier. It will be seen that the amplitude of this effect is 
proportional to IF and therefore to the amjditude of the sound affecting the microphone. 
The extent to which this is confirmed by experiment is described in § 7. It should also 
be noted that the amplitude of the effect is proportional to V,,, the free convection 
current from the grid. It should therefore be possible to increase the loudness of the 
sound heard in the telephones by artificially increasing the steady air-current passing 
the grid. That this conclusion is correct can easily be demonstrated by gently heating 
the brass container with a flame so that a current of air is forced out past the grid. 

I’he existence of ffRj, which should prodm* a note in the telephones an octave above 
the fundamental, is not easy to demonstrate when the microphone is held vertically. 
It cannot of course be heard in the telephones because it is completely swamped by the 
fundamental. When, however, the microphone is tilted the octave becomes relatively 
more important, and is easily heard at certain angles. These effects are described 
in §9. 

In order to discover what will occur in the case of very loud sounds, it will be necessary 
to use the more complete expression for (?R which involves the third and fourth powers 
of U. Thus, writing the relation between <fR and U for steady currents in the form 
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and substituting U sin ft for U, we find that the total resistance change can now be regarded 
as being made up o^ five parts, namely : — 

dlt, = o/U (l + f sin p(, 

(t 

= -|//lT='(l + ^ U^’) cos 2pt, 

(Ut, = — sin ‘^pf, 
cos 

The interpretation of the various terms is obvious, and it remains only to estimate 
their relative importance. To do this, we can take as an example the grid examined 
in the experiment described above and use tlie numerit^al values of a\ h' , c! and d' 
already given. It will also be supposed that P = 2 -5 ems. per second, which, as 
previously shown (§ 5), would be the maximum velocity produced in the neck of the 
resonator if its natural frequency were 240 vibrations per second, and the amj)litude in 
the primary wave were 200 times as great as the minimum amj)litude audible. We 
find then that 

.nt, = -0-23lP(l-0-0072lP) = -r;!7, 

(5R,, = 4 I • 1911 (1-0-0I4U*) = 4- I -09 sin pi. 

,5R, = 4-0-23U"(1 -O'OOOOlP) cos 2p1 = +1-35 cos 2pl . 

JR^ = 4-0- 005511'' sill 'ipi = 4- O' 086 .sin Zpi. 

(^Rj = 4-0 -0005511^08 \pi = 4-0-021 cos Apt. 

So that, even with a comparatively loud sound, the notes of pitch three and four 
times the fundamental arc quite unimportant. 

One other point remains to be noted. From the expressions just given it can be seen 
that the simple rule, that is proportional to the intensity of the sound stimulating 
the resonator, does not hold for very loud sounds. Similarly, the amplitude, of the 
fundamental o8(!illatory effect is not proportional to the amplitude in the primajy wave 
when very intense soimds are used. In both cases the effect with very loud sounds 
falls short of what it would be if the simple relations continued to hold. 

§ 7. Experiments on the Measurement of Sound 

Two experiments will now be described which were undertaken with the object, of 
testing the correctness of two of the conclusions arrived at in the previous section, 
yiz. : — 
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(i) That the steady resistaiwie change dRi ' is proportional to the intensity of the 

sound affecting the microphone ; and 

(ii) That the amplitude of the oscillatory resistance change is proportional to 

the amplitude of the sound which produces it. 

As pointed out at the end of § G, neither of these conclusions would be expected to 
hold quite exactly in the case of very loud sounds. 

(i) Firat Fxperiment . — The object of the experiment was to find out if the change of 
resistance AR, is proportional to the intensity of the sound. In order to do this it is 
only necessary to expose a microphone to different sounds of known relative intensities, 
and to observe in each (^ase the value of The method adopted in fhe experiment 

was to observe the efl'ect produced on the microphone when it was placed at various 
distances from a sourc(' of sound working at. a constant rate, the relative intensities of the 
sound to which tlie microphone was exposed being deduced from the inverse Square 
law. 

'Phe source of sound was an electrically maintaitied tuning-fork vibrating in front of a. 
glass bottle resonator, the frequency of the fork being 250 vibrations per second. The 
fork with its resonator was placed on the ground in a suitable open space.* 'Plu^ 
amplitude, of vibration of the fork could be observed by means of a micjoscope and 
micuometer eyepiece, and it was found that with care the fork could be made t,o vibrate 
with an amplitude which would remain constant within a few per cent, for quite long 
periods of time. 

The microphone was clamped with its axis vertical in a heavy retort-stand, so that 
it was held at a height of about 1 foot G inches above the grouml. The grid was 
connected by a long pair of leads to a Wheatstone's Bridge, whii h was set up inside a 
laboratory. A reflecting galvanometer was used, and a preliminary experiment showed 
that for the small changes in resistance to be observed (not exto.eding 0 -25 ohm), the 
defl(‘.ction shown by the galvanometer was j)roportional to the resistance change in the 
microphone. 

The fork having been set in vibration, the stand carrying the microphone was placed 
at a convenient distance and the reading of the galvanometer noted. A piece of card was 
then placed over the mouth of the glass-bottle resonator, so that the sound from the 
fork became negligible. This enables the observer to obtain a zero reading on the 
galvanometer, the difference between the two readings being the deflection due to the 
sound. The microphone is then moved into another position at a greater or less distance 
from the fork and the process repeated. The reuilt of one experiment is given below. 
The distances vary from 12 to G4 feet, and the deflections shown in the tab’e are th.. 
means of three or four observations in each position. The actual readings for any 
particular dLstance did not differ amongst themselves by more than 0 -3 cm,. 

The was curried out on Woolwich Connuon, about one hour after sun.st‘t on a calm 

evening. 
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except in the case of the first two deflections, when the maximum variation was 
0 -6 cm. 


Distance i:i 

Deflection in 

Distance in 

Deflection in 

feet. 

centimetres. 

feet. 

centimetres. 

12 

i:j-o 

a(> 

1 -7 

1() 

9-J 

40 

I *4 

20 

5-7 

44 

1 1 

21 

a -.‘I 

48 

0-85 

28 

a-o 

50 

0*8 

:]2 

2 a 

f;4 

()•(; 


In fig. 11 the deflection d is plotted against the distance r. By plotting log d against 
log r we obtain a straight line represented by 

= 3-34-2 log,,, /•, 

which shows that the deflection d is proportipjial to that is, to the intensity of the 
sound. 



r in Feet 

Fig. 11. 


According to the equations given in § 6, we should have 

= -0 -2317^ (1-0 •007211*) 

for all values of IJ up to about 4 cms. per second. It becomes of interest to estimate 
VOL. ucxxi. — A. 3 L 
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what is the probable maximum value of U in the above experiment. It was foimd that 
the sound from the fork was certainly inaudible to the unaided ear at a distance of 250 
feet, this being probably rather an over-estimate of the distance at which the sound was 
just lost. Taking the amplitude of the sound at this distance to be 1 *27 X 10“^ cms. 
(Raylf.igii’s value for the minimum amplitude audible when the note is 256), we find 
that the amplitude of the sound at 12 feet 'from the lork is about 2 -7 X 10“*, so that 
the maximum value of velocity in the sound-wave does not exceed 0 *005 cm. per 
second, and the maximum velocity U of the air in the neck of the resonator will probably 
not be greater than 0 *3 cm. In this case the effect of the second term in the expression 
for ARi is negligible. 

A second experiment performed on another occasion under almost identical conditions 
confirmed the results already obtained. The distances employed in this experiment, 
however, did not exceed 32 feet. 

(ii) S(xond Experimeut. — The expression deduced in § 6 for the oscillatory resistance- 
change of the same frequency as that of the sound is 

^R, = a'u(l+|~ir)sin;X., 

where J is very small, so that, except for exceedingly loud sounds, 

O/ 

^Rj = a'U sin pi. 

In the case of experiments such as that just described, we may write 

^R^ = — sin pt, 
r 

since ARj is proportional to the amplitude of the sound affecting the resonator. 

When an amplifier is used as a means of observing this effect, its working depend*' 
in the first place on the fluctuation of the current in the priniary circuit. The effect of 
the small oscillatory resistance change in the microphone is to produce a “ ripple ” on 
the steady heating current, the amplitude of which to a first approximation is proportional 
to the ampUtude of the oscillatory resistance change. Without considering the processes 
by which this ripple is amphfied by the series of transformers and thermionic valves 
which constitute a transformer amplifier, we shall at once proceed to enquire by an 
experimental method whether the amplitude of the cmrent on the output side of the 
amplifier is proportional to the amplitude of the sound affecting the microphone. It is 
perhaps scarcely necessary to point out that in such an experiment it cannot be assumed 
that the amplification is constant for different values of the ampUtude of the ripple. 
For ripples of very small ampUtude, however, it seems probable that the ampUfication 
may be sensibly constant over a moderate range. In spite of these difficulties, which 
make the interpretation of the observations somewhat obscure, the results obtained 
appear to be of sufficient interest to justify their inclusion in this paper. 
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The general procedure followed in the experiment was similar to that alrea’dy 
described. The Wlieatstone’s Bridge was replaced by an Amplifier of the Army pattern 
known as “ C Mark II.,” the output terminals being connected to a Campbell vibration - 
galvanometer tuned to respond to 250 vibrations per second. The source of f^ound was 
the same as before. It was not necessary in this case to take a zero reading for each 
position of the microphone. 

The results of two experiments, carried out on different occasions and mth different 
strengths of the source, are given in the following table : — 


Experinuint A. 

Experiment B. 

Distance in 

Deflection in 

Distance in 

Defl(*.ction in 

feet. 

centimetres. 

feet. 

centimetres. 

8 

11-4 

20 

10-1 

12 

9‘0 

24 

7-3 

16 

7-2 

28 

6*1 

20 

6-0 

32 

5-6 

24 

5-4 

36 

4*8 

28 

51 

40 

4-4 

32 

4-G 

44 

4-2 

36 

4-2 

48 

4-1 

40 

3-8 

52 

3-9 

44 

3-2 

56 

3*7 

48 

3-0 

60 

3'0 



64 

2-7 


The curves A and B (fig. 12) show the results of plotting the observations in 



Fig. 12. 
8 L 2 
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experiments A and B respectively. The curve A' I fig. 12) is calculated from d — • 

It will (he seen that the observed curve A lies along A' when r is greater than about 
28 feet, that is, when the sound has fallen below a certain amplitude. When r is less 
than 28 feet, the amount of deflection is less than it would have been had the simple 
inverse first-power rule continued to hold. 1’his is indeed what might be expected 
from a consideration of the action of the microphone grid, as pointed out at the end of 
§ 6, blit the observed falling off in deflection is too great to be accounted for in this 
way alone. 

In experiment B (curve B, fig. 12), the agreement between the observations and 

the relation dec - is better. The broken curve B' is calculated from d — ^ . 

r T 

Although the deflection corresponding to a given value of r is greater in the B curve 
than the A curve, it must, not be inferred that the sound was louder in the former 
case. The deflection obtained depends not oiily on the. loudness of the sound but also 
on the sensitivity to which the amplifier is adjusted and which can be varied over a very 
wide range. As a matter of fact the sound was louder in th<“ A than in the B 
experiment. It may also be noted that in both cases the sound was louder than in 
the Wheatstone’s Bridge experiment. 

To sum it up, it may be said that the available evidence points to the fact that, when 
the microphone is employed with an amplifier and vibration galvanometer and only very 
faint soimds are observed, the deflection shown by the galvanometer is approximately 
proportional to the amplitude of the sound. 


§ 8. The Effect of Tilting the. Microphone. 


It has already been mentioned that, when taking sound measurements with a Hot- 
Wire Microphone, it is necessary to keep the axis of the microphone inclined at some 
fixed angle to the horizontal. In fig. 13 a curve has been given showing the relation 
between the resistance of the grid and the angle of inclination of the axis to the vertical, 
the electric current carried by the grid being maintained at a constant value throughout 
the measurements. It is obvious from this curve that the tilt of the axis must not be 
altered while measurements are being taken by the Wheatstone’s Bridge method. 

The two most noticeable features about the curve are : 


(i) That the resistance of the grid is less when the microphone is held upside down 
(0 — tt) than when it is in its normal upright position {0 = 0), although in both 
cases the plane in which the grid lies is approximately horizontal ; and 
(ii) That the resiotance is least— that is, the rate of cooling is greatest — when 0 is 


somewhat greater than 


TT 
2 ’ 


These two experimental results are curious and difficult to explain. They are both, 
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j^owever, quite characteristic of the form of microphone under disciission, and cannot be 
attributed entirely to adventitious circumstances, such as the bending of the wire loops 
0 ^ the grid out of their normal positions. 

Another point which may be noted is that, since the disposition of the loops ^ibout the 
axis of the microphone is not symmetrical, a rotation of the microphone about its own 
axis produces a change in resistance. It follows from this that when observations 
such as those shown in fig. 1 II are continued for values of d between 0 and - tt, the curve 
is not in general symmetrical about the line 0 = 0. 



Fig. 13. 


It is clear from these results that the resistance of the grid depends, not only on the 
magnitude of the current of air by which it is cooled, but also on the direction of this 
current relatively to the plane in which the grid lies. This is due to the free convection 
from one part of the grid acting upon another part, and is essentially the same phenomenon 
as that used by J. S. G. Thomas in the construction of a “ Hot-Wire Inclinometer.”* 
When the Amplifier method is used it is found, as stated previously, that the effect 
of tilting the microphone is to change the character of the sound heard in the telephones. 

As 0 is increased from 0 to - the fundamental note becomes gradually weaker, while 

2 

♦ “ An Electrical Hot-Wire Inclinometer,” by J. 8 . G. Thomas, ‘ Proc. Phys. Soc.’- Lond., vol. XXXIL, 
pp. 291-314 (1920). 
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at the same time the octave becomes more and more prominent. For some value of 

f) exceeding , but varying somewhat with different grids and the way in which the 

microphone is held, the fundamental is almost suppressed and the^octave is heard with 
corresponding clearness. When d is still further increased the fundamental becomes 
gradually restored, and the sound of the octave is altdgethei lost to the ear when 9 = tt. 
The value of 0 at which the octave is most clearly heard (generally between 110° and 
120°) is altered slightly if the microphone is rotated about its own axis. 

To demonstrate tliis effect, a microphone (M) was mounted with its neck projecting 


.j.|^ into a tube (TT) (fig. 14), which could be rotated 

— ^ about a horizontal axis. When so rotated the axis 

of the microphone could be inclined to the vertical at 
U M any desired angle, while the open ends of the tube (TT) 

were exposed to the same amoimt of sound throughout 


the experiment. The microphone was connected to an amplifier in the usual manner, 
and the output terminals of the amplifier were joined to a vibration galvanometer. 
The source of sound used was an electrically maintained tuning-fork making 250 vibra- 
tions per second, the microphone and vibration galvanometer being also tuned to this 
frequency. 

The curve in fig. 15 shows the deflection of the vibration galvanometer plotted 
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Fig. 16 . 
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against 0, and demonstrates clearly tliat’ the amplitude of the fundamental vibration 
passes through a minimum when 0 is about 126°. 

An application of the experimental method of investigation described in § (> leads 
to some interesting lesults. For example, an experiTnent was performed t.o determine 
the relation between the resistance R of the grid and the impressed velocity LI of t.he 

air-current when 0 — - . The results are given in the following table. The value of 

0 indicates only the tilt of the axis of the container and neck, and does not necessarily 
mean that the plane containing the loops is exactly vertical. 


Microphone Grid A1079. Heating current 28 -5 milliamperes. Resistance of grid 
when impressed air-current is zero = 200 -85 ohms. 


u. 

m. 

IT. 

m. 

f*m. per krc. 

ohms. 

citi. i)(“r .sec. 

ohms. 

-5*54 

9-25 

+I 

4-0 •002 

->4-22 

()-21 

+ \-\\ 

- 0-02 

-416 

5-64 

+ 1 -58 

0-31 

-2-98 

2-92 

+2 • I T) 

()-84 

-2-32 

-1-78 

+3-48 

- 2- 99 

■~]-36 

0-93 

+ 1-49 

-n-ic 

-1-17 

-0-70 

+5 • 1 ] 

-(i-ni 

—0-64 

"0-34 




These observations are shown graphically in fig. 10. 



Fig. 16 . 
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Assuming, as in the case when the microphone axis is vertical, that the relation 
between U and can be put in the form 

.m = cUt„+a{lJ-V,.)='+?>(U-V„)‘, 

we find that a fair agreement is obtained when 

(?R„ = +0*02 

a = - 0-8 
h = +0*0007 
V,, = +0*25 

that is, 

(Hi = 0-02-0-3 {U-0-2.')f + 0*0007 (17-0*25^. 


Points calculated from this formula when P == 0, + 1, etc., are shown by the crosses 
in fig. 10. It will be seen that the fit is not so good as in the case when tlie microphone 
was held vertically (fig. 10), and also that the experimental curve is not quite symmetrical 
about the line 1) — ¥„ — 0 -25 when is small. It is, however, difficult to obtain reliable 
readings of the resistance of the grid when the microphone axis is horizontal or nearly 
so, and the above formula appears to represent the experimental results sufficiently 
well for the present purpose. It may be written 

(5R = +0*15U-0*3U^-0*00035lP + 0*0007PP, 

and by putting U sin pt in place of U, and disregarding the terms in U*'* and IP, it can be 
seen that the three principal effects to be expected when the microphone is exposed to 
a sound-wave of suitable frequency are 

= -0-15U*, 

(JR^ = + 0‘15U sinjoi, 
f^Rj = + 0 ■ 1 5U* cos 2pt. 

If these are compared with the corresponding expressions in § 6, it will be seen that 
for a given value of U the magnitude of the steady resistance change and the amplitude 
of the octave are reduced in the proportion 16/23, but that the amplitude of the 
fundamental vibration is reduced to .15/119 of its value when 6 = 0. Although, 
therefore, all these effects are diminished when the microphone is laid horizontally, it 
is the fundamental vibration which suffers the most. So far the deductions made from 
the results of the experiments with steady air-currents are in accordance with 
observation. 

For values of (' between 0 and ^ , curves intermediate in form between those in figs. 10 

( 

and 16 are obtained. "When 6 is greater than 0, no longer represents the velocity 
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of free (jonvection from the grid, but is more nearly the component of the free convection 
along the axis of tne microphone. That is, V„ is approximately equal to V cos 8, 
\ being the velocity of free convection from the grid. If this were strictly true, we 

should have Vj = C when 8 — but this is not generally the case, probably owing 

to the fact that the loops are slightly displaced and do not lie in a plane which is just 
at right angles to the microphone axis, and it may even happen that they are not all 
in the same plane. For example, in the case of the grid used in the experiment just 
described, it was found that 


and 


V„ = 1 ’225 cms. per second when 8 = 0, 

V„ = O' 25 cm. per second wlieu 0 = ^- 

A 


As an approximation 


near — , so that 
2 


Whence 


vvt* may takt^ V = ] *225 and = V cos(f^4a) when 0 is 


1 ‘225 cos 



0-25. 


a 


~11 


o 

9 


and we should have V„ = 0 when 8 = 101°. 

When V|i = 0 the expressions for the resistance changes produced by an oscillatory 
air-current (§ 6) reduce to 

.Ul, - 

< 511,2 = 0 , 

= — i^o-U* COS 2pt, 


so that the total resistance change is made up of two parts only — a steady change and 
tlie octave — while the fundamental vibration is completely suppressed. Now the 
curve in fig. 15 shows that in that particular experiment the fundamental was suppressed 
when 8 was about 125 degrees, and this is indeed about the usual value of 8 for this 
phenomenon to occur, while (as in the above example) V„ vanishes when 8 is at most 
about 100 degrees. It appears therefore, that merely writing U sin pi instead of U, in 
the equation connecting U and (5R for small steady velocities, does not in this case 
explain all the observed phenomena. 

A satisfactory explanation of this difficulty has not yet been found, but the hypothesis 
that a jet may be formed in the neck of the resonator may be put forward. The 
possibility of this occurring in the mouths of ordinary resonators is discussed by 
Rayleigh (“ Theory of Sound,” vol. II., § 322). If a jet were formed in the neck of 
the resonator, then, in order to account for the observed phenomenon, it would have to 

VOL. ccxxi. — A. 3 M 
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be of such a nature that the outward movement of the air takes place principally along 
the central axis of the neck, while the inward movement takes place close to the walls 
of the neck. Since the platinum grid is placed centrally in the neck and does not 
occupy a/sxy space near the walls, the effect of the jet could be represented by adding 
a term V' to V^, so that (approximately) 

V<, = Vcos(04-a) + V'. 

The fundamental would then be suppressed when 


V cos (O+a) +V' = 0. 


If a = —11° (as in the case of the grid used in the experiment described above), then 

V' 

0 will be 125° if y — 0 *4. 


A further point in favour of this hypothesis i'^ that the angle at which tlic microphone 
must be tilted for the octave to be heard best depends to some extent on the intensity 
of the sound. 

On the other hand, if a jet were formed, then since the amplitude of the fundamental 
is approximately proportional to V,,, the amplitude when 0 — 0 sliould be to the 


amplitude when 0 = x in the approximate ratio 


V + V' 
V- 


And since we must have 


V' 

^ about equal to 0 ‘4 in order to make 0 - 125 degrees when the octHv<' is heard best. 


it follows that the microphone should be more than twice as sensitive to the fundamental 
vibration when it is held upright than when it is held upside down. This is not borne 
out by experiment, which shows that the sensitivity is only slightly reduced by turning 
the microphone upside down (see fig. 15). 

Rayleigh* points to the near agreement between observed and calculated pitch in 
support, of his view that jets are not formed “ to any appreciable extent at the mouths of 
resonators as ordinarily used.” The further argument, however, that ” the persistence 
of the free vibration . . . seems to exclude any important cause of dissipation beyond 
the communication of motion to the surrounding air,” does not apply to the resonators 
used in the present experiments, for it is sliown in § 4 that the dissipation caused by the 
c;ommunication of motion to the surrounding air is negligible compared with the total 
amount of dissipation which occurs. 

It appears, therefore, that the jet hypothesis, while offering a plausible explanation 
of the suppression of the fundamental at such large values of 6 as 125 degrees, is open to 
objection on account of 


(i) The nearly equal sensitivity shown by the microphone in the erect and inverted 
positions ; and 

(ii) The near agreement between observed and calcidated pitch (see § 4). 


* Loc. ctt., p. 217. 
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§ 9. Some Ohservaiions of Distf Umlion and Intensity of Sound made with the 

Hot-Wire Microphcme. 

The applications of the microphone to sound measurements are siifficiently numerous 
to justify a short description. It. is quite obvious that the apparatus is not adapted to 
the measurement of the total quantity of a medley of sounds, since the microphones 
are selective, and the j)itch or wave-length of the sound measured must therefore always 
be given. 

Jfull advantage can be taken of the two alternative methods of using the microphone 
for soumf measurement. In general, it should be laid down that the Wheatstone's 
Bridge method should be adopted for cases in which the sound distribution can be altered 
by keeping the microphone fixed in space and changing the position of the source of 
sound or by movement of any screen, reflector, trumpet, etc., while source and microphone 
occupy given positions. 

If, however, the microphone has to be attached to some moving object the amplifier 
method has to be enq)loyed, records of amplitude being given by a vibration galvano- 
meter, or in certain cases by rectifying the current and using a reflecting galvanometer. 

The simplest experimem to perform is that of observing the distribution of intensity 
of sound in a closed room. By the Wheatstone’s Bridge method the microphone can 
occupy sonu*. fixed position while a steady source of sound such as a timing-fork is 
carried about the room. 

The effects are sufficiently strong for a pivoted galvanometer to be employed for 
observation. 

A variant of this experiment i.s f.o keeqj the source of sound in one place, and observe 
the effects of moving either one’s self, of altering the position of furniture in the room, 
or of opening of doors or windows. It is quite easy to vary these arrangements in such 
a manner as to reduce the intensity of sound as recorded by the microphone from a 
maximum value to zero. The jiosition of nodes and antinodes in the room (^an be 
investigated by moving the microphone and emnloying the amplifier method with tele- 
phones or vibration galvanometer, 'fhe results obtained are sufficiently striking to 
condemn an)^ method of sound measurement in a closed room— the mere movement of 
the observer being sufficient to vitiate any experimental results. Methods of ear 
testing, which so commonly employ tuning-forks, are equally unsatisfactory. All 
measurements must therefore he made in the open-air and fuU precautions must be 
taken to avoid obstacles presenting reflecting surfaces. 

Moreover, open-air work can only be performed under exceptionally calm conditions 
such as exist on ceBjain nights or during a fog. 

These phenomena are of far reaching importance, in architectural acoustics. It 
sedms evident that in any room or concert hall there is a considerable difference between 
the musical piece as rendered by instruments and the sounds which the eudience observes ; 
and it also follows that various members of the audience hear the same rendering 

3 H 2 
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somewhat differently owing to their positions in the room. That the sensation of 
suppression of a note is not obvious is no doubt due in some measure to the distance 
between the two ears. 

Experipients on TteJIecfion . — A large sheet of uralite was set up out of doors with its 
plane vertical. An electrically driven tuning-fork served as the source of sound, and was 
mounted opposite the centre of the uralite at a distance of 30 feet irom it. The sound 
was thus incident normal to the surface and capable of producing stationary waves. 

The curve connecting deflection of the galvanometer and distance from the reflector 
is shown in fig. 17 and indicates clearly the position of nodes and antinodes. The 


c: 

.0 







Df stance from mirror surface. 


Fig. 17. 


distance between the nodes agrees well with that obtained from a wave-length of 43 
inches, except for that nearest to the mirror. All observations taken with various surfaces 
showed that the first antinode was nearer the mirror surface than was anticipated, 
which may be due to the lack of rigidity of the reflecting surface. The effect at the 
reflecting surface varies very largely with its|nature ; thus, when a wooden door is employed, 
the effect is greatest at the centre of the door midway between the four panels and least 
at the panels where there is minimum rigidity. 

The reflecting qualities of different surfaces for sound can thus be compared. It is 
also obviously a simple matter to test the transmitting properties of various media — 
taking care to confine the sound transmitted to the material under test. 

Experiments with Trumpets . — A trumpet has certain magnifying and directional pro- 
perties, which depend on its dimensions and the wave-length of the sound employed ; 
and another important factor in magnification is the material of which the trumpet is 
made. In the experiments described below the trumpet employed was conical, having 
a mouth 18 inches in diameter, a throat ^ inch in diameter and a slant side of 
26 J inches. It was made of 1-inch wood in 16 segments. 

The tnimpet was mounted on a stand with its axis horizontal, and was capable of 
rotating about a vertical axis, its bearing being indicated by a pointer travelling over 
a horizontal circle graduated in degrees. The narrow end of the trumpet received the 
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aperture of a resonant microphone, and the connection with the trumpet was such 
as to leave unchanged the resonant note of the microphone by modification of its 
oi^ce. 

The source of sound was the electrically maintained tuning-fork previously referred 
to and its distance *from the trumpet was 60 yards. In order to enhance the source 
of sound the prong?) of the timing- fork were caused to set in resonant vibration the 
air in a glass bottle, and the mouth of the bottle was taken as the position of the 
source. 

To get the zero of bearing, cross-threads were fixed to the trumpet mouth so tliat tlicy 
coincided with two perpendicular diameters of the mouth. A small sighting- hole was 
drilled in a brass plate covering the narrow end of the trumpet. By looking througli 
this aperture and rotating the trumpet until the cross-threads appeared in line with the 
source one was able to observe the zero of bearing on the scale. 

The following table gives readings of the vibration galvanometer for various 
orientations of the trumpet : — 


Bearing in 
degrees. 

Deflection in 
divisions. 

Bearing in 
degrees. 

Deflection in 
divisions. 

0 

48 

50 

36 

5 

48 

55 

34 

[0 

47-5 

60 

31 

15 i 

‘17 

65 

28 

20 

4(> 

70 

25 

25 

45 

75 

22 

;^o 

‘13*5 

80 

1 18*5 

;i5 

42 

85 

1 15 

40 

40 

90 

11 

45 

38 




It is interesting to note that the intensity of sound at the throat of the trumpet 
increases again as the bearing approaches 180 degrees and gives a maximum. 8uch an 
effect can be easily observed by fitting a stethoscope to the narrow end of the trumpet- 
and listening by ear as the trumpet is rotated. 

When the trumpet is removed and the sound recorded by a microphone alone, an 
estimate of magnification is given. It was found that the ratio 

Maximum deflection with the trumpet _ ^ ^ . r, 

Deflection without the trumpet 


which is a measure of amplitude magnification, since it has been shown in § 7 that 
deflection is proportional to amplitude. 
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The diagram (fig. 18) shows the natiire of the* polar curve of amplitudes. Experiments 
with sources of different pitches indicated that the higher the jfitch the sharper the 
cufvature in the region of the zero bearing. For highly directive apparatus, therefore, 
every advantage is to be gained by using big trumpets. 



The Hot-Wire Microphone gives an easy method of testing the resonance frequencies 
of trumpets, but the effect must not be complicated by using a resonant nfiicrophone 
of the type described above. In this case the trumpet its('lf may be used as the resonating 
cavity. A bare grid with an orifice of the type above described is fitted to the narrow 
end of the trumpet, as shown in fig. 19, and the amplifier is used with rectifier and 



Fig. 19. 


reflecting galvanometer. The bridge method cannot be employed m this case as 
the open trumpet is subject to draughts, and there is constantly a movement of air 
in one direction or the other which would cause a change in resistance of the heated 
grid. 

The source of sound is the specially constructed siren referred to in § 4. As the pitch 


A selkctivp: H' -t-wire microphone. 
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rises a deflection is produced in the neighbourhood of resonance. The diagram 
(fig. 20) shows a reUtion between the pitch of the siren note and the response of the 



80 100 120 140 160 180 200 220 240 260 280 300 

Frequency. 

Fig. 20. 

trumpet. The amount of resonance is expressed in terms of galvanometer deflection as 
shown by the following table : — 


Fn'queiiry 
(vibrations per see.). 

l)f‘ii«‘(*lion 

(divisions). 

Fu^qiioncy 

(vibrations p(*r scm-.). 

DoHection 

(flivisions). 

80 


2rK) 

30 

100 

5*5 

22f) 

40 

120 

7-5 

240 

32 

140 

10 

260 

17 

160 

\\\ 

280 

16 

180 

20 

SfH) 

24 


The t-able shows an upward curve at the highest frequently, thus indicating approacli 
to the next overtone. The maxim\im at 220 indicates the fundamental resonance 
note. 

By means of the microphone, therefore, the whole properties of a truYnpet as a 
receiver of sound can be investigated, both as regards directive action and 
resonance. 

Since by the principle of reversibility we may employ the trumpet as a transmitter 
for any given note, we may also derive its properties as a distributor and magnifier 
of any sound produced at the narrow end. 

This has an obvious application to gramophone trumpets, in which, the diaphragm 
jacts as the source of sound. 
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In conclusion, one example may be given of the use of the micropnone to measure 
diffraction of sound. 

An interesting example is that of the diffraction effect of a single disc. A large wooden 
disc, 1 inch thick and 10 feet in diameter, is suspended by one edge. The tuning-fork 
described above serves as a steady source of sound and is placed opposite the centre of 
the disc and 30 feet from it. The microphone, in tune with this fork, is moimted with its 
orifice at the centre of the back of the disc — the axis of the microphone being of course 
vertical. The disc, with microphone, is now swung round about its vertical diameter 
and readings are taken with the vibration galvanometer — using the Amplifier method. 
The bearings were observed by means of a sighting-tube passing normally through 
the disc at a point on its vertical diameter about one-quarter of the way from its lower 
edge. As the disc was rotated one could observe through the sighting-tube a number 
of white posts, which were driven into the ground on the circumference of a circle of 
50 yards radius, the sighting-tube being at th'- centre. The pegs were 10 degrees apart, 
and the zero reading was given when the central post, the source of sound, and the 
sighting tube were in line. 


Bearing 

(degrees). 

Deflection 

(divisions). 

Bearing 

(degrees). 

Deflection 

(divisions). 

90 

45 

0 

43 

80 

31 -5 

-10 

16 

70 

17 

-~20 

Min. 2 

60 

5-5 

—30 

10 

52 

Min. 1 *4 

-37 

Max. 14*5 

50 

1-5 

-40 

12 

40 

12*5 

-50 

2 

37 

Max. 14*5 

-51 

Min. 2 

30 

10 

-60 

6 

20 

2 

-70 

18*5 

19 

Min. 2*0 



10 

20 

-80 

32 

0 

43 

l 

-90 

45 


If we plot bearing and deflection, which for faint sounds measures the amplitude 
of the vibration, a curve of the fonn shown in fig. 21 is obtained. 

It is thus seen that the diffraction gives a central maximum equal in intensity 
to the sound which passes the edge of the disc, and this is surrounded by a ring 
maximum. 

A variant of this experiment was performed in which the disc was set to give different 
angles of incidence for the sound, and the microphone was moved along a horizontal 
diameter until a maximum effect was given. One thus obtains an image of the source 
for each angle cf incidence, and the distance of this image from the centre of the disc 
gradually increases as the angle of incidence is increased. 
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The image, however, becomes ill-defined fot angles of imddence exceeding 20 degrees, 
and the tendencj^ is then to obtain a train of maxima of nearly equal intensity when 
the microphone moves from one edge of the disc to the other. 



The above illustrations give some indication of the manner in which the microphone 
can be applied to the investigation of acoustical problems. Many of the measurements 
described in this paper were made in a locality where a certain amount of noise was 
constantly occurring, Imt which the microphone, being highly tuned, failed to record. 
Tuned recept on for sound has all the advantages of tuned reception in “ wireless 
in distinguishing and magnifying faint signals. 

A distinct limitation of this microphone is its restriction to the measurement of low- 
frequency sounds, but it is hoped to devise a microphone of the Hot-Wire type sufficiently 
sensitive to deal with speech frequencies. 


§ 10. Summary. 

A new form of Selective Hot-Wire Microphone is described, consisting of an electrically 
heated grid of fine platinum wire placed in the neck of a Helmholtz resonator. The 
effect of a sound having the same frequency as that natural to the resonator itself 
is to produce an oscillatory notion of the air in the neck, which in turn causes a change in 
resistance of the platinum wire grid. The total resistance change comprises a steady fall 
VOL. ccxxi. — A, 3 N 
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in resistance due to an average cooling of the grid, and a periodic change due to th^ 
to-and-fro motion of the air. Two methods of using the microphone are described : — 

(i) A Bridge method, depending on the steady drop in resistance ; and 

(ii) An Amplifier method which makes use of the periodic resistance changes. 

fiurves are given showing the sharpness of resonance as measured by the Bridge 
method. 

The various factors affecting the sensitivity of the microphone are discussed. The 
most important, from a practical point of view, is the variation of the sensitivity witli 
the heating current of the grid. It is found by experiment that the sensitivity always 
incieases as the heating current is increased. In the case of the Bridge method, it is 
found that the steady resistance change produced by a sound of given intensity is a 
linear function of the temperature of the grid above its surroundings measured on the 
platinum scale. 

The results of experiments on the cooling of the grid by low velocity air-currents are 
described. From these results it is deduced that the principal resistance clianges to 
be expected when the grid is cooled by an oscillatory air-currents are - 

(1) A steady drop due to an average cooling ; 

(2) A periodic resistance change at the same frecpiencv as that of the sound ; and 

(3) A periodic resistance change of frequency twice that of the sound. 

All these effects are found in practice. 

Further deductions are that the steady change of resistance is proportional to the 
infetmty of the sound, while the periodic resistance (diange in (2) is proportional to the 
am'plitude. These conclusions are confirmed by experiment. 

A description is given of the effect to be observed when the microphone is tilted at 
various angles, and the observed facts are t;ompared with what would be expected from 
the results of experiments with steady air-currents. 

Finally, an account is given of some experiments which exemplify the use of the 
Hot-Wire Microphone for ol)8erving the intensity and distribution of sound. 

The work described in this paper forms part of an investigation commenced in the 
Munitions Inventions Department, and continued later at the Signals Experinrental 
Establishment, Woolwich. 

In conclusion, the authors wish to express their indebtedness to the Chief Experimental 
Officer of this Establishment for the interest which he has taken in the progress o^ the 
work, and for the facilities which they have received for carrying out experiments. 
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